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Preface 


This book was written for an introductory one-semester or two-quarter course 
in probability and statistics for students in engineering and applied sciences. No 
previous knowledge of probability or statistics is presumed but a good under- 
standing of calculus is a prerequisite for the material. 

The development of this book was guided by a number of considerations 
observed over many years of teaching courses in this subject area, including the 
following: 


e As an introductory course, a sound and rigorous treatment of the basic 
principles is imperative for a proper understanding of the subject matter 
and for confidence in applying these principles to practical problem solving. 
A student, depending upon his or her major field of study, will no doubt 
pursue advanced work in this area in one or more of the many possible 
directions. How well is he or she prepared to do this strongly depends on 
his or her mastery of the fundamentals. 

e It is important that the student develop an early appreciation for applica- 

tions. Demonstrations of the utility of this material in nonsuperficial applica- 

tions not only sustain student interest but also provide the student with 
stimulation to delve more deeply into the fundamentals. 

Most of the students in engineering and applied sciences can only devote one 

semester or two quarters to a course of this nature in their programs. 

Recognizing that the coverage is time limited, it is important that the material 

be self-contained, representing a reasonably complete and applicable body of 

knowledge. 


The choice of the contents for this book is in line with the foregoing 
observations. The major objective is to give a careful presentation of the 
fundamentals in probability and statistics, the concept of probabilistic model- 
ing, and the process of model selection, verification, and analysis. In this text, 
definitions and theorems are carefully stated and topics rigorously treated 
but care is taken not to become entangled in excessive mathematical details. 
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Practical examples are emphasized; they are purposely selected from many 
different fields and not slanted toward any particular applied area. The same 
objective is observed in making up the exercises at the back of each chapter. 

Because of the self-imposed criterion of writing a comprehensive text and 
presenting it within a limited time frame, there is a tight continuity from one 
topic to the next. Some flexibility exists in Chapters 6 and 7 that include 
discussions on more specialized distributions used in practice. For example, 
extreme-value distributions may be bypassed, if it is deemed necessary, without 
serious loss of continuity. Also, Chapter 11 on linear models may be deferred to 
a follow-up course if time does not allow its full coverage. 

It is a pleasure to acknowledge the substantial help I received from students 
in my courses over many years and from my colleagues and friends. Their 
constructive comments on preliminary versions of this book led to many 
improvements. My sincere thanks go to Mrs. Carmella Gosden, who efficiently 
typed several drafts of this book. As in all my undertakings, my wife, Dottie, 
cared about this project and gave me her loving support for which I am deeply 
grateful. 


T.T. Soong 
Buffalo, New York 
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Introduction 


At present, almost all undergraduate curricula in engineering and applied 
sciences contain at least one basic course in probability and statistical inference. 
The recognition of this need for introducing the ideas of probability theory in 
a wide variety of scientific fields today reflects in part some of the profound 
changes in science and engineering education over the past 25 years. 

One of the most significant is the greater emphasis that has been placed upon 
complexity and precision. A scientist now recognizes the importance of study- 
ing scientific phenomena having complex interrelations among their compon- 
ents; these components are often not only mechanical or electrical parts but 
also ‘soft-science’ in nature, such as those stemming from behavioral and social 
sciences. The design of a comprehensive transportation system, for example, 
requires a good understanding of technological aspects of the problem as well 
as of the behavior patterns of the user, land-use regulations, environmental 
requirements, pricing policies, and so on. 

Moreover, precision is stressed — precision in describing interrelationships 
among factors involved in a scientific phenomenon and precision in predicting 
its behavior. This, coupled with increasing complexity in the problems we face, 
leads to the recognition that a great deal of uncertainty and variability are 
inevitably present in problem formulation, and one of the mathematical tools 
that is effective in dealing with them is probability and statistics. 

Probabilistic ideas are used in a wide variety of scientific investigations 
involving randomness. Randomness is an empirical phenomenon characterized 
by the property that the quantities in which we are interested do not have 
a predictable outcome under a given set of circumstances, but instead there is 
a Statistical regularity associated with different possible outcomes. Loosely 
speaking, statistical regularity means that, in observing outcomes of an exper- 
iment a large number of times (say 7), the ratio m/n, where m is the number of 
observed occurrences of a specific outcome, tends to a unique limit as n 
becomes large. For example, the outcome of flipping a coin is not predictable 
but there is statistical regularity in that the ratio m/n approaches 5 for either 
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heads or tails. Random phenomena in scientific areas abound: noise in radio 
signals, intensity of wind gusts, mechanical vibration due to atmospheric dis- 
turbances, Brownian motion of particles in a liquid, number of telephone calls 
made by a given population, length of queues at a ticket counter, choice of 
transportation modes by a group of individuals, and countless others. It is not 
inaccurate to say that randomness is present in any realistic conceptual model 
of a real-world phenomenon. 


1.1 ORGANIZATION OF TEXT 


This book is concerned with the development of basic principles in constructing 
probability models and the subsequent analysis of these models. As in other 
scientific modeling procedures, the basic cycle of this undertaking consists of 
a number of fundamental steps; these are schematically presented in Figure 1.1. 
A basic understanding of probability theory and random variables is central to 
the whole modeling process as they provide the required mathematical machin- 
ery with which the modeling process is carried out and consequences deduced. 
The step from B to C in Figure 1.1 is the induction step by which the structure 
of the model is formed from factual observations of the scientific phenomenon 
under study. Model verification and parameter estimation (E) on the basis of 
observed data (D) fall within the framework of statistical inference. A model 


A: Probability and random variables 


B: Factual observations 


and nature of scientific C: Construction of model structure 
phenomenon 


b>] D: Observed data E: Model verification and parameter estimation 


y 
F: Model analysis and deduction 


Figure 1.1 Basic cycle of probabilistic modeling and analysis 
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may be rejected at this stage as a result of inadequate inductive reasoning or 
insufficient or deficient data. A reexamination of factual observations or add- 
itional data may be required here. Finally, model analysis and deduction are 
made to yield desired answers upon model substantiation. 

In line with this outline of the basic steps, the book is divided into two parts. 
Part A (Chapters 2-7) addresses probability fundamentals involved in steps 
A—-C, B—C, and E— F (Figure 1.1). Chapters 2-5 provide these funda- 
mentals, which constitute the foundation of all subsequent development. Some 
important probability distributions are introduced in Chapters 6 and 7. The 
nature and applications of these distributions are discussed. An understanding 
of the situations in which these distributions arise enables us to choose an 
appropriate distribution, or model, for a scientific phenomenon. 

Part B (Chapters 8-11) is concerned principally with step D — E (Figure 1.1), 
the statistical inference portion of the text. Starting with data and data repre- 
sentation in Chapter 8, parameter estimation techniques are carefully developed 
in Chapter 9, followed by a detailed discussion in Chapter 10 of a number of 
selected statistical tests that are useful for the purpose of model verification. In 
Chapter 11, the tools developed in Chapters 9 and 10 for parameter estimation 
and model verification are applied to the study of linear regression models, a very 
useful class of models encountered in science and engineering. 

The topics covered in Part B are somewhat selective, but much of the 
foundation in statistical inference is laid. This foundation should help the 
reader to pursue further studies in related and more advanced areas. 


1.2. PROBABILITY TABLES AND COMPUTER SOFTWARE 


The application of the materials in this book to practical problems will require 
calculations of various probabilities and statistical functions, which can be time 
consuming. To facilitate these calculations, some of the probability tables are 
provided in Appendix A. It should be pointed out, however, that a large 
number of computer software packages and spreadsheets are now available 
that provide this information as well as perform a host of other statistical 
calculations. As an example, some statistical functions available in Microsoft® 
Excel'™ 2000 are listed in Appendix B. 


1.3. PREREQUISITES 


The material presented in this book is calculus-based. The mathematical pre- 
requisite for a course using this book is a good understanding of differential 
and integral calculus, including partial differentiation and multidimensional 
integrals. Familiarity in linear algebra, vectors, and matrices is also required. 
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2 


Basic Probability Concepts 


The mathematical theory of probability gives us the basic tools for constructing 
and analyzing mathematical models for random phenomena. In studying a 
random phenomenon, we are dealing with an experiment of which the outcome 
is not predictable in advance. Experiments of this type that immediately come 
to mind are those arising in games of chance. In fact, the earliest development 
of probability theory in the fifteenth and sixteenth centuries was motivated by 
problems of this type (for example, see Todhunter, 1949). 

In science and engineering, random phenomena describe a wide variety of 
situations. By and large, they can be grouped into two broad classes. The first 
class deals with physical or natural phenomena involving uncertainties. Uncer- 
tainty enters into problem formulation through complexity, through our lack 
of understanding of all the causes and effects, and through lack of information. 
Consider, for example, weather prediction. Information obtained from satellite 
tracking and other meteorological information simply is not sufficient to permit 
a reliable prediction of what weather condition will prevail in days ahead. It is 
therefore easily understandable that weather reports on radio and television are 
made in probabilistic terms. 

The second class of problems widely studied by means of probabilistic 
models concerns those exhibiting variability. Consider, for example, a problem 
in traffic flow where an engineer wishes to know the number of vehicles cross- 
ing a certain point on a road within a specified interval of time. This number 
varies unpredictably from one interval to another, and this variability reflects 
variable driver behavior and is inherent in the problem. This property forces us 
to adopt a probabilistic point of view, and probability theory provides a 
powerful tool for analyzing problems of this type. 

It is safe to say that uncertainty and variability are present in our modeling of 
all real phenomena, and it is only natural to see that probabilistic modeling and 
analysis occupy a central place in the study of a wide variety of topics in science 
and engineering. There is no doubt that we will see an increasing reliance on the 
use of probabilistic formulations in most scientific disciplines in the future. 
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2.1 ELEMENTS OF SET THEORY 


Our interest in the study of a random phenomenon is in the statements we can 
make concerning the events that can occur. Events and combinations of events 
thus play a central role in probability theory. The mathematics of events is 
closely tied to the theory of sets, and we give in this section some of its basic 
concepts and algebraic operations. 

A set is a collection of objects possessing some common properties. These 
objects are called elements of the set and they can be of any kind with any 
specified properties. We may consider, for example, a set of numbers, a set of 
mathematical functions, a set of persons, or a set of a mixture of things. Capital 
letters A,B,C, ®,0,...shall be used to denote sets, and lower-case letters 
a, b,c, d,w,...to denote their elements. A set is thus described by its elements. 
Notationally, we can write, for example, 


A = {1,2, 3,4, SOs 


which means that set A has as its elements integers | through 6. If set B contains 
two elements, success and failure, it can be described by 


B = cee 


where s and fare chosen to represent success and failure, respectively. For a set 
consisting of all nonnegative real numbers, a convenient description is 


C={x:x>0}. 
We shall use the convention 
aca (2.1) 


to mean ‘element a belongs to set A’. 

A set containing no elements is called an empty or null set and is denoted by @. 
We distinguish between sets containing a finite number of elements and those 
having an infinite number. They are called, respectively, finite sets and infinite 
sets. An infinite set is called enumerable or countable if all of its elements can be 
arranged in such a way that there is a one-to-one correspondence between them 
and all positive integers; thus, a set containing all positive integers 1, 2,...is a 
simple example of an enumerable set. A nonenumerable or uncountable set is one 
where the above-mentioned one-to-one correspondence cannot be established. A 
simple example of a nonenumerable set is the set C described above. 

If every element of a set A is also an element of a set B, the set A is called 
a subset of B and this is represented symbolically by 


ACB or BOA. (2.2) 


TLFeBOOK 


Basic Probability Concepts 9 


Figure 2.1 Venn diagram for A Cc B 


Example 2.1. Let 4 = {2,4} and B= {1,2,3,4} Then 4 C B, since every 
element of A is also an element of B. This relationship can also be presented 
graphically by using a Venn diagram, as shown in Figure 2.1. The set B 
occupies the interior of the larger circle and A the shaded area in the figure. 


It is clear that an empty set is a subset of any set. When both A C B and 
BCA, set A is then equal to B, and we write 


A=B. (2.3) 


We now give meaning to a particular set we shall call space. In our develop- 
ment, we consider only sets that are subsets of a fixed (nonempty) set. This 
‘largest’ set containing all elements of all the sets under consideration is called 
space and is denoted by the symbol S. 

Consider a subset A in S. The set of all elements in S that are not elements of 
A is called the complement of A, and we denote it by A. A Venn diagram 
showing A and A is given in Figure 2.2 in which space S is shown as a rectangle 
and A is the shaded area. We note here that the following relations clearly hold: 


S=0, @=S, A=A. (2.4) 


2.1.1 SET OPERATIONS 


Let us now consider some algebraic operations of sets A, B,C ,...that are 
subsets of space S. 

The union or sum of A and B, denoted by A UB, is the set of all elements 
belonging to A or B or both. 


Uf, GY. 
oO 


Figure 2.2. A and A 
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(a) AUB (6) ANB 
Figure 2.3. (a) Union and (b) intersection of sets A and B 


The intersection or product of A and B, written as A 1 B, or simply AB, is the 
set of all elements that are common to A and B. 

In terms of Venn diagrams, results of the above operations are shown in 
Figures 2.3(a) and 2.3(b) as sets having shaded areas. 

If AB = @, sets A and B contain no common elements, and we call A and B 
disjoint. The symbol ‘+’ shall be reserved to denote the union of two disjoint 
sets when it is advantageous to do so. 


Example 2.2. Let A be the set of all men and B consist of all men and women 
over 18 years of age. Then the set A U B consists of all men as well as all women 
over 18 years of age. The elements of A 1 B are all men over 18 years of age. 


Example 2.3. Let S be the space consisting of a real-line segment from 0 to 10 
and let A and B be sets of the real-line segments from 1-7 and 3-9 respectively. 
Line segments belonging to 4 U B, AN B, A, and B are indicated in Figure 2.4. 
Let us note here that, by definition, a set and its complement are always disjoint. 


The definitions of union and intersection can be directly generalized to those 
involving any arbitrary number (finite or countably infinite) of sets. Thus, the set 


AIA. A= A (2.5) 
j=l 
A 
|~« { >|~<¢ A T | >| 
a a a 
0 2 4 6 | 8 10 
~< B >| 
~< ANB | 
I“ AUB 
: | 
: 


Figure 2.4 Sets defined in Example 2.3 
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stands for the set of all elements belonging to one or more of the sets Aj, 
jJ=1,2,...,n. The intersection 


A, Ap... An =) 4j (2.6) 
j=l 
is the set of all elements common to all Aj,j=1,2,...,n. The sets 


Aj,j =1,2,...,n, are disjoint if 
A;A; =, for every i,j (i #/). (2.7) 


Using Venn diagrams or analytical procedures, it is easy to verify that union 
and intersection operations are associative, commutative, and distributive; that is, 


(AUB)UC=AU(BUC) = AUBUC, 

AUB= BUA, 

(AB)C = A(BC) = ABC, (2.8) 
AB = BA, 

A(BUC) = (AB) U(AC). 


Clearly, we also have 


Moreover, the following useful relations hold, all of which can be easily verified 
using Venn diagrams: 


AU (BC) = (AUB)(AUC), 
AUB=AU(AB)=A+(AB), 


(AUB) =A B, 

(AB) = AUB, 

i. a (2.10) 
j=l j=l 
j=l j=l 
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The second relation in Equations (2.10) gives the union of two sets in terms 
of the union of two disjoint sets. As we will see, this representation is useful in 
probability calculations. The last two relations in Equations (2.10) are referred 
to as DeMorgan’s laws. 


2.2 SAMPLE SPACE AND PROBABILITY MEASURE 


In probability theory, we are concerned with an experiment with an outcome 
depending on chance, which is called a random experiment. It is assumed that all 
possible distinct outcomes of a random experiment are known and that they are 
elements of a fundamental set known as the sample space. Each possible out- 
come is called a sample point, and an event is generally referred to as a subset of 
the sample space having one or more sample points as its elements. 

It is important to point out that, for a given random experiment, the 
associated sample space is not unique and its construction depends upon the 
point of view adopted as well as the questions to be answered. For example, 
100 resistors are being manufactured by an industrial firm. Their values, 
owing to inherent inaccuracies in the manufacturing and measurement pro- 
cesses, may range from 99 to 101. A measurement taken of a resistor is a 
random experiment for which the possible outcomes can be defined in a variety 
of ways depending upon the purpose for performing such an experiment. On 
the one hand, if, for a given user, a resistor with resistance range of 99.9-100.1 
is considered acceptable, and unacceptable otherwise, it is adequate to define 
the sample space as one consisting of two elements: ‘acceptable’ and ‘unaccept- 
able’. On the other hand, from the viewpoint of another user, possible 
outcomes may be the ranges 99-99.59, 99.5-100Q, 100-100.5 2, and 
100.5-101 2. The sample space in this case has four sample points. Finally, if 
each possible reading is a possible outcome, the sample space is now a real line 
from 99 to 101 on the ohm scale; there is an uncountably infinite number of 
sample points, and the sample space is a nonenumerable set. 

To illustrate that a sample space is not fixed by the action of performing the 
experiment but by the point of view adopted by the observer, consider an 
energy negotiation between the United States and another country. From the 
point of view of the US government, success and failure may be looked on as 
the only possible outcomes. To the consumer, however, a set of more direct 
possible outcomes may consist of price increases and decreases for gasoline 
purchases. 

The description of sample space, sample points, and events shows that they 
fit nicely into the framework of set theory, a framework within which the 
analysis of outcomes of a random experiment can be performed. All relations 
between outcomes or events in probability theory can be described by sets and 
set operations. Consider a space S of elements a,b,c,..., and with subsets 
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Table 2.1 Corresponding statements in set theory and probability 


Set theory Probability theory 

Space, S Sample space, sure event 

Empty set, 0) Impossible event 

Elements a, b,... Sample points a, b,... (or simple events) 

Sets A, B,... Events A, B,... 

A Event A occurs 

A Event A does not occur 

AUB At least one of A and B occurs 

AB Both A and B occur 

ACB A is a subevent of B (i.e. the occurrence of A necessarily implies 
the occurrence of B) 

AB=06 A and B are mutually exclusive (i.e. they cannot occur 
simultaneously) 

A,B,C,.... Some of these corresponding sets and probability meanings are 


given in Table 2.1. As Table 2.1 shows, the empty set @ is considered an 
impossible event since no possible outcome is an element of the empty set. 
Also, by ‘occurrence of an event’ we mean that the observed outcome is an 
element of that set. For example, event A U Bis said to occur if and only if the 
observed outcome is an element of A or Bor both. 


Example 2.4. Consider an experiment of counting the number of left-turning 
cars at an intersection in a group of 100 cars. The possible outcomes (possible 
numbers of left-turning cars) are 0,1,2,...,100. Then, the sample space S is 
S = {0,1,2,...,100}. Each element of S is a sample point or a possible out- 
come. The subset A = {0,1,2,...,50} is the event that there are 50 or fewer 
cars turning left. The subset B = {40,41,...,60} is the event that between 40 
and 60 (inclusive) cars take left turns. The set A U Bis the event of 60 or fewer 
cars turning left. The set 41 Bis the event that the number of left-turning cars 
is between 40 and 50 (inclusive). Let C = {80,81,...,100} Events A and C are 
mutually exclusive since they cannot occur simultaneously. Hence, disjoint sets 
are mutually exclusive events in probability theory. 


2.2.1 AXIOMS OF PROBABILITY 


We now introduce the notion of a probability function. Given a random experi- 
ment, a finite number P(A) is assigned to every event A in the sample space S of 
all possible events. The number P(A) is a function of set A and is assumed to 
be defined for all sets in S. It is thus a set function, and P(A) is called the 
probability measure of A or simply the probability of A. It is assumed to have the 
following properties (axioms of probability): 
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e Axiom |: P(A) > 0 (nonnegative). 
e Axiom 2: P(S) = | (normed). 


e Axiom 3: for a countable collection of mutually exclusive events A;,A2,...in S, 


Pay Wad.) = (4) = PoP) (additive). 


(2.11) 


These three axioms define a countably additive and nonnegative set function 
P(A), A CS. As we shall see, they constitute a sufficient set of postulates from 
which all useful properties of the probability function can be derived. Let us 


give below some of these important properties. 


First, P(@) = 0. Since S and @ are disjoint, we see from Axiom 3 that 


P(S) = P(S + 0) = P(S) + P(@). 
It then follows from Axiom 2 that 
1=1+ P(0) 
or 
P(0) =0. 
Second, if A C C, then P(A) < P(C). Since A C C, one can write 
A+B=C, 
where B is a subset of C and disjoint with A. Axiom 3 then gives 
P(C) = P(A + B) = P(A) + P(B). 


Since P(B) > 0 as required by Axiom 1, we have the desired result. 
Third, given two arbitrary events A and B, we have 


P(AUB) = P(A) + P(B) — P(AB). 


(2.12) 


In order to show this, let us write A UB in terms of the union of two 
mutually exclusive events. From the second relation in Equations (2.10), 


we write 


AUB=A+AB. 
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Figure 2.5 Venn diagram for derivation of Equation (2.12) 


Hence, using Axiom 3, 
P(AUB) = P(A+ AB) = P(A) + P(AB). (2.13) 


Furthermore, we note 
AB+ AB=B. 
Hence, again using Axiom 3, 
P(AB) + P(AB) = P(B), 


P(AB) = P(B) — P(AB). 


Substitution of this equation into Equation (2.13) yields Equation (2.12). 

Equation (2.12) can also be verified by inspecting the Venn diagram in Figure 
2.5. The sum P(A) + P(B) counts twice the events belonging to the shaded 
area AB. Hence, in computing P(A UB), the probability associated with 
one AB must be subtracted from P(A) + P(B) giving Equation (2.12) (see 
Figure 2.5). 

The important result given by Equation (2.12) can be immediately general- 
ized to the union of three or more events. Using the same procedure, we can 
show that, for arbitrary events A, B, and C, 


P(AU BUC) = P(A) + P(B) + P(C) — P(AB) — P(AC) 


(2.14) 
— P(BC) + P(ABC). 
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and, in the case of n events, 


= i=l j=2 i=1 j=2 k=3 (2.15) 


where Aj, j = 1,2,...,n, are arbitrary events. 


Example 2.5. Let us go back to Example 2.4 and assume that probabilities 
P(A), P(B),and P(C) are known. We wish to compute P(A U B) and P(A UC). 
Probability P(A UC), the probability of having either 50 or fewer cars turn- 
ing left or between 80 to 100 cars turning left, is simply P(A) + P(C) This 
follows from Axiom 3, since A and C are mutually exclusive. However, 
P(A UB), the probability of having 60 or fewer cars turning left, is found from 


P(AU B) = P(A) + P(B) — P(AB) 


The information given above is thus not sufficient to determine this probability 
and we need the additional information, P(AB), which is the probability of 
having between 40 and 50 cars turning left. 


With the statement of three axioms of probability, we have completed the 
mathematical description of a random experiment. It consists of three funda- 
mental constituents: a sample space S, a collection of events A, B, ..., and the 
probability function P. These three quantities constitute a probability space 
associated with a random experiment. 


2.2.2. ASSIGNMENT OF PROBABILITY 


The axioms of probability define the properties of a probability measure, which are 
consistent with our intuitive notions. However, they do not guide us in assigning 
probabilities to various events. For problems in applied sciences, a natural way to 
assign the probability of an event is through the observation of relative frequency. 
Assuming that a random experiment is performed a large number of times, say n, 
then for any event A let n4 be the number of occurrences of A in the n trials and 
define the ratio n4/n as the relative frequency of A. Under stable or statistical 
regularity conditions, it is expected that this ratio will tend to a unique limit as n 
becomes large. This limiting value of the relative frequency clearly possesses the 
properties required of the probability measure and is a natural candidate for 
the probability of A. This interpretation is used, for example, in saying that the 
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probability of ‘heads’ in flipping a coin is 1/2. The relative frequency approach to 
probability assignment is objective and consistent with the axioms stated in Section 
2.2.1 and is one commonly adopted in science and engineering. 

Another common but more subjective approach to probability assignment is 
that of relative likelihood. When it is not feasible or is impossible to perform an 
experiment a large number of times, the probability of an event may be assigned 
as a result of subjective judgement. The statement ‘there is a 40% probability of 
rain tomorrow’ is an example in this interpretation, where the number 0.4 is 
assigned on the basis of available information and professional judgement. 

In most problems considered in this book, probabilities of some simple but 
basic events are generally assigned by using either of the two approaches. Other 
probabilities of interest are then derived through the theory of probability. 
Example 2.5 gives a simple illustration of this procedure where the probabilities 
of interest, P(A U B) and P(A U C), are derived upon assigning probabilities to 
simple events A, B, and C. 


2.3. STATISTICAL INDEPENDENCE 


Let us pose the following question: given individual probabilities P(A) and P(B) 
of two events A and B, what is P(AB), the probability that both A and B will 
occur? Upon little reflection, it is not difficult to see that the knowledge of P(A) 
and P(B) is not sufficient to determine P(AB) in general. This is so because 
P(AB) deals with joint behavior of the two events whereas P(A) and P(B) are 
probabilities associated with individual events and do not yield information on 
their joint behavior. Let us then consider a special case in which the occurrence 
or nonoccurrence of one does not affect the occurrence or nonoccurrence of the 
other. In this situation events A and B are called statistically independent or 
simply independent and it is formalized by Definition 2.1. 


Definition 2.1. Two events A and B are said to be independent if and only if 


P(AB) = P(A)P(B). (2.16) 


To show that this definition is consistent with our intuitive notion of inde- 
pendence, consider the following example. 


Example 2.6. In a large number of trials of a random experiment, let n4 and 
ng be, respectively, the numbers of occurrences of two outcomes A and B, and 
let 14g be the number of times both A and B occur. Using the relative frequency 
interpretation, the ratios n4/n and ng/n tend to P(A) and P(B), respectively, asn 
becomes large. Similarly, n4g/n tends to P(AB). Let us now confine our atten- 
tion to only those outcomes in which A is realized. If A and B are independent, 
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we expect that the ratio n4g/n, also tends to P(B) as ng becomes large. The 
independence assumption then leads to the observation that 


This then gives 


or, in the limit as n becomes large, 
P(AB) = P(A)P(B), 


which is the definition of independence introduced above. 


Example 2.7. In launching a satellite, the probability of an unsuccessful 
launch is g. What is the probability that two successive launches are unsuccess- 
ful? Assuming that satellite launchings are independent events, the answer to 
the above question is simply g?. One can argue that these two events are not 
really completely independent, since they are manufactured by using similar 
processes and launched by the same launcher. It is thus likely that the failures of 
both are attributable to the same source. However, we accept this answer as 
reasonable because, on the one hand, the independence assumption is accept- 
able since there are a great deal of unknowns involved, any of which can be 
made accountable for the failure of a launch. On the other hand, the simplicity 
of computing the joint probability makes the independence assumption attract- 
ive. In physical problems, therefore, the independence assumption is often 
made whenever it is considered to be reasonable. 


Care should be exercised in extending the concept of independence to more 
than two events. In the case of three events, Aj, Az, and A3, for example, they 
are mutually independent if and only if 

P(AjAx) = P(Aj)P(Ak), FAK, jk =1,2,3, (2.17) 

and 
P(A A2A3) = P(A))P(A2) P(A3). (2.18) 
Equation (2.18) is required because pairwise independence does not generally 
lead to mutual independence. Consider, for example, three events A;, Az, and 


A3 defined by 


A, =B,UB), Ar=B,UB3, A3= Bo. UB, 
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where B,, Bz, and B; are mutually exclusive, each occurring with probability i. 
It is easy to calculate the following: 


P(A)) = P(B, U Bo) = P(Bi) + P(Bo) = 
P(A2) = PAs) = 5, 
P(AiA2) = Pl(B) U Ba) 9 (BU Bs)] = PCA) = 5. 


P(A, A3) = P(A243) = - 
P(A, A7A3) = P[(B, U Bz) 9 (Bi U B3) M(B U B3)] = P(O) =0. 


We see that Equation (2.17) is satisfied for every j and k in this case, but 
Equation (2.18) is not. In other words, events A;, Az, and A3 are pairwise 
independent but they are not mutually independent. 

In general, therefore, we have Definition 2.2 for mutual independence of 
n events. 


Definition 2.2. Events A;,A2,...,A, are mutually independent if and only if, 
with kj,ko,...,km being any set of integers such that 1 <k, < ko...< ky <n 
and m = 2,3,...,n, 


P(A, Ak, --- Ak,,) = P(A, )P(Ak,) .-. P(Azx,,)- (2.19) 


m m 


The total number of equations defined by Equation (2.19) is 2” —n—1. 


Example 2.8. Problem: a system consisting of five components is in working 
order only when each component is functioning (‘good’). Let §;,i = 1,...,5, be 
the event that the ith component is good and assume P(S;) = p;. What is the 
probability g that the system fails? 

Answer: assuming that the five components perform in an independent 
manner, it is easier to determine g through finding the probability of system 
success p. We have from the statement of the problem 


p= P(S)S7S3S4S5). 


Equation (2.19) thus gives, due to mutual independence of $1, S3,...,55, 
p = P(S\)P(S2)... P(Ss) = pipopspaps- (2.20) 
Hence, 
q=1—p=1-—pip2pspaps. (2.21) 
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An expression for g may also be obtained by noting that the system fails if 
any one or more of the five components fail, or 


gq = P(S; US, US3U S4U Ss), (2.22) 


where S; is the complement of S; and represents a bad ith component. Clearly, 
P(S;) = 1-—p;. Since events S;,i=1,...,5, are not mutually exclusive, the 
calculation of g with use of Equation (2.22) requires the use of Equation (2.15). 
Another approach is to write the unions in Equation (2.22) in terms of unions of 
mutually exclusive events so that Axiom 3 (Section 2.2.1) can be directly utilized. 
The result is, upon applying the second relation in Equations (2.10), 


S; US. US3U S4U S5 = SS} + SS. + S1S2S3 + S1S2S3S4 + S1$2S3S4S5, 


where the ‘U’ signs are replaced by ‘+’ signs on the right-hand side to stress the 
fact that they are mutually exclusive events. Axiom 3 then leads to 


q= P(S\) + P(SS>) + P(S)S2S3) + P(S1SS3S4) + P(S)S2S3S4Ss), 
and, using statistical independence, 


g=(1—p1) + p10 — p2) + pip2(1 — ps) + pip2p3(1 — pa) 
+ pip2p3pa(1 — ps) 


Some simple algebra will show that this result reduces to Equation (2.21). 


(2.23) 


Let us mention here that probability p is called the reliability of the system in 
systems engineering. 


2.4 CONDITIONAL PROBABILITY 


The concept of conditional probability is a very useful one. Given two events A 
and B associated with a random experiment, probability P(A|B) is defined as 
the conditional probability of A, given that B has occurred. Intuitively, this 
probability can be interpreted by means of relative frequencies described in 
Example 2.6, except that events A and B are no longer assumed to be independ- 
ent. The number of outcomes where both A and B occur is nag. Hence, given 
that event B has occurred, the relative frequency of A is then n4g/ng. Thus we 
have, in the limit as ng becomes large, 


P(AB 
Alp) 228 = at / M8 (AB) 


ng nfon P(B) 


This relationship leads to Definition 2.3. 
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Definition 2.3. The conditional probability of A given that B has occurred is 
given by 


P(A|B) = 


P(B) £0. (2.24) 


Definition 2.3 is meaningless if P(B) = 0. 

It is noted that, in the discussion of conditional probabilities, we are dealing 
with a contracted sample space in which B is known to have occurred. In other 
words, B replaces S as the sample space, and the conditional probability P(A|B) 
is found as the probability of A with respect to this new sample space. 

In the event that A and B are independent, it implies that the occurrence of B 
has no effect on the occurrence or nonoccurrence of A. We thus expect 
P(A|B) = P(A), and Equation (2.24) gives 


P(AB) = P(A)P(B), 


which is precisely the definition of independence. 

It is also important to point out that conditional probabilities are probabilities 
(i.e. they satisfy the three axioms of probability). Using Equation (2.24), we see that 
the first axiom is automatically satisfied. For the second axiom we need to show that 


P(S|B) = 1. 
This is certainly true, since 
P(SB)  P(B) 
P(S|B) = — = SO = IL. 
S18) ="pB) ~ PB) 


As for the third axiom, if A;,A2,... are mutually exclusive, then A,B, A2B,... 
are also mutually exclusive. Hence, 


P[(A, U ADU...) BI 
P(B) 
P(A\BU ABU...) 
P(B) 
P(A\B) _ P(A>B) 
P(B) P(B) 
= P(A\|B) + P(A2|B) +---, 


PI(Ay U Ad U...)|B] = 
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and the third axiom holds. 

The definition of conditional probability given by Equation (2.24) can be 
used not only to compute conditional probabilities but also to compute joint 
probabilities, as the following examples show. 


Example 2.9. Problem: let us reconsider Example 2.8 and ask the following 
question: what is the conditional probability that the first two components are 
good given that (a) the first component is good and (b) at least one of the two 
is good? 

Answer: the event 5,52 means both are good components, and S$; U S2 is the 
event that at least one of the two is good. Thus, for question (a) and in view of 
Equation (2.24), 


P(SiS2S1) _ P(SiS2) _ Pipe 
P(S,S2|S1) = = = = 
(S1S>|S1) P(S1) P(S1) Pr P. 
This result is expected since S; and S» are independent. Intuitively, we see that 
this question is equivalent to one of computing P(S2). 
For question (b), we have 


P(S)S2(S1 US 
P(SSo]Sy U Sy) = S521 US3)] 


P(S; US) 
Now, $1S2(S) U $2) = S,S2. Hence, 
P(SS2) P(S,S2) 
P(S,S>|S} U So) = = 
S152151 052) = Bes US) PG) + PS) — SiS) 
_ Pip2 
Pit p2 — pip2 


Example 2.10. Problem: in a game of cards, determine the probability of 
drawing, without replacement, two aces in succession. 

Answer: let A; be the event that the first card drawn is an ace, and similarly 
for Ay. We wish to compute P(A ,A2). From Equation (2.24) we write 


P(A, Az) = P(A2|A1) P(A). (2.25) 


Now, P(A) = 4/52 and P(A2|A1) = 3/51 (there are 51 cards left and three of 
them are aces). Therefore, 
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Equation (2.25) is seen to be useful for finding joint probabilities. Its exten- 
sion to more than two events has the form 


P(A, Ay... An) = P(A,)P(Az|A1)P(A3|41 42)... P(An|A1 42 -.- Ani). (2.26) 


where P(A;) > 0 for all i. This can be verified by successive applications of 
Equation (2.24). 

In another direction, let us state a useful theorem relating the probability of 
an event to conditional probabilities. 


Theorem 2.1: theorem of total probability. Suppose that events B,, B2,..., and 
B, are mutually exclusive and exhaustive (i.e. S = B; +B. +---+B,). Then, 
for an arbitrary event A, 


P(A) = P(A|B)) P(B1) + P(A|Bo) P( Bo) +--+ + P(A|Bn) P(Bn) 


=> P(A|B) PCB). a 
j=l 


Proof of Theorem 2.1: referring to the Venn diagram in Figure 2.6, we can 
clearly write A as the union of mutually exclusive events AB;,AB>,..., AB, (i.e. 
A= AB,+ AB)+.---+ AB,). Hence, 


P(A) = P(AB,) + P(AB2) +--+ + P(ABn), 


which gives Equation (2.27) on application of the definition of conditional 
probability. 


AB; 


mn 
am 


mS 
= 
ABs AB, 


W/, 
Dy 


Figure 2.6 Venn diagram associated with total probability 
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The utility of this result rests with the fact that the probabilities in the sum 
in Equation (2.27) are often more readily obtainable than the probability of A itself. 


Example 2.11. Our interest is in determining the probability that a critical 
level of peak flow rate is reached during storms in a storm-sewer system on the 
basis of separate meteorological and hydrological measurements. 

Let B;,i = 1,2,3, be the different levels dow, medium, high) of precipitation 
caused by a storm and let A;,j = 1,2, denote, respectively, critical and non- 
critical levels of peak flow rate. Then probabilities P(B;) can be estimated from 
meteorological records and P(A,|B;) can be estimated from runoff analysis. 
Since B,,Bs, and B3 constitute a set of mutually exclusive and exhaustive 
events, the desired probability, P(A,), can be found from 


P(A1) = P(A; |Bi) P(Bi) + P(Ai|B2)P(B2) + P(A1|B3)P(Bs). 
Assume the following information is available: 
P(B,) =0.5, P(B)) =0.3, P(B3) = 0.2, 
and that P(A;|B;) are as shown in Table 2.2. The value of P(Aj) is given by 
P(A1) = 0(0.5) + 0.2(0.3) + 0.6(0.2) = 0.18. 
Let us observe that in Table 2.2, the sum of the probabilities in each column is 


1.0 by virtue of the conservation of probability. There is, however, no such 
requirement for the sum of each row. 


A useful result generally referred to as Bayes’ theorem can be derived based 
on the definition of conditional probability. Equation (2.24) permits us to write 


P(AB) = P(A|B)P(B) 
and 

P(BA) = P(B\A)P(A). 
Since P(AB) = P(BA), we have Theorem 2.2. 


Table 2.2 Probabilities P(A;|B;), for Example 2.11 


Aj B; 

B ‘Bs B; 
Al 0.0 0.2 0.6 
A> 1.0 0.8 0.4 


TLFeBOOK 


Basic Probability Concepts 25 


Theorem 2.2: Bayes’ theorem. Let A and B be two arbitrary events with 
P(A) 4 0 and P(B) 4 0. Then: 


P(A|B)P(B) 


P(BIA) = Sp 


(2.28) 


Combining this theorem with the total probability theorem we have a useful 
consequence: 


P(B;|A) = P(A|B;) P(Bi) S > [P(A|B) P(Bi)]- (2.29) 
j=l 


for any i where events B; represent a set of mutually exclusive and exhaustive 
events. 

The simple result given by Equation (2.28) is called Bayes’ theorem after the 
English philosopher Thomas Bayes and is useful in the sense that it permits us 
to evaluate a posteriori probability P(B|A) in terms of a prioriinformation P(B) 
and P(A|B), as the following examples illustrate. 


Example 2.12. Problem: a simple binary communication channel carries 
messages by using only two signals, say 0 and 1. We assume that, for a given 
binary channel, 40% of the time a 1 is transmitted; the probability that a 
transmitted 0 is correctly received is 0.90, and the probability that a transmitted 
1 is correctly received is 0.95. Determine (a) the probability of a 1 being 
received, and (b) given a | is received, the probability that 1 was transmitted. 

Answer: let 


A =event that | is transmitted, 


A =event that 0 is transmitted, 
B=event that | is received, 


B=event that 0 is received. 


The information given in the problem statement gives us 


P(A) = 0.4, P(A) = 0.6; 
P(B|A) = 0.95,  P(B\|A) = 0.05; 
P(B\A) = 0.90, P( BIA) = 0.10. 


and these are represented diagrammatically in Figure 2.7. 
For part (a) we wish to find P(B). Since A and A are mutually exclusive and 
exhaustive, it follows from the theorem of total probability [Equation (2.27)] 
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Figure 2.7 Probabilities associated with a binary channel, for Example 2.12 


that 


P(B) = P(B|A)P(A) + P(B\A) P(A) = 0.95(0.4) + 0.1(0.6) = 0.44. 


The probability of interest in part (b) is P(A|B), and this can be found using 
Bayes’ theorem [Equation (2.28)]. It is given by: 


P(B|A)P(A) _ 0.95(0.4) 


ae P(B) —=«0.4 


= 0.863. 


It is worth mentioning that P(B) in this calculation is found by means of the 
total probability theorem. Hence, Equation (2.29) is the one actually used here 
in finding P(A|B). In fact, probability P(A) in Equation (2.28) is often more 
conveniently found by using the total probability theorem. 


Example 2.13. Problem: from Example 2.11, determine P(B2|A2), the probabil- 
ity that a noncritical level of peak flow rate will be caused by a medium-level storm. 
Answer: from Equations (2.28) and (2.29) we have 


P(B2|A2) = ae 

= P(A>| Bz) P(B2) 

— P(A2|B,) P(B1) + P(A2| Bz) P( Bo) + P(A2|B3)P(B3) 
_ 0.8(0.3) 

~ 1.0(0.5) + 0.8(0.3) + 0.4(0.2) 


= 0.293. 


In closing, let us introduce the use of tree diagrams for dealing with more 
complicated experiments with ‘limited memory’. Consider again Example 2.12 
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Figure 2.8 A two-stage binary channel 


by adding a second stage to the communication channel, with Figure 2.8 
showing all the associated probabilities. We wish to determine P(C), the prob- 
ability of receiving a | at the second stage. 

Tree diagrams are useful for determining the behavior of this system when the 
system has a ‘one-stage’ memory; that is, when the outcome at the second stage is 
dependent only on what has happened at the first stage and not on outcomes at 
stages prior to the first. Mathematically, it follows from this property that 


P(C|BA) = P(C|B), P(C|BA) = P(CIB), ete. (2.30) 


The properties described above are commonly referred to as Markovian 
properties. Markov processes represent an important class of probabilistic 
process that are studied at a more advanced level. 

Suppose that Equations (2.30) hold for the system described in Figure 2.8. 
The tree diagram gives the flow of conditional probabilities originating from 
the source. Starting from the transmitter, the tree diagram for this problem has 
the appearance shown in Figure 2.9. The top branch, for example, leads to the 
probability of the occurrence of event ABC , which is, according to Equations 
(2.26) and (2.30), 


P(ABC) = P(A)P(B|A)P(C|BA) 
= P(A) P(B\|A) P(C|B) 
= 0.4(0.95) (0.95) = 0.361. 


The probability of C is then found by summing the probabilities of all events 
that end with C. Thus, 


P(C) = P(ABC) + P(ABC) + P(ABC) + P(A BC) 
= 0.95(0.95)(0.4) + 0.1(0.05)(0.4) + 0.95(0.1)(0.6) + 0.1(0.9)(0.6) 
= 0.472. 
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Figure 2.9 A tree diagram 
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More accounts of early development of probability theory related to gambling can be 
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David, F.N., 1962, Games, Gods, and Gambling, Hafner, New York. 


PROBLEMS 


2.1 Let A, B, and C be arbitrary sets. Determine which of the following relations are 
correct and which are incorrect: 
(a) ABC = AB(C UB). 
(b) AB= AUB. 
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2.2 


2.3 
2.4 


2.5 


2.6 


2.7 


2.8 


2.9 


(e) ABC AUB. 
(f) (AB)\AC) = 0. 


The second relation in Equations (2.10) expresses the union of two sets as the union 
of two disjoint sets (i.e. dU B= A+ AB). Express AU BU C in terms of the union 
of disjoint sets where A, B, and C are arbitrary sets. 


Verify DeMorgan’s laws, given by the last two equations of Equations (2.10). 


Let S = {1,2,...,10}, A = {1,3,5}, B= {1,4,6}, and C= {2,5,7}. Determine 
elements of the following sets: 

(a) SUC. 

(b) AUB. 

(c) AC. 

(d) AU(BC). 

(e) ABC. 

(f) AB. 

(g) (AB)U(BC)U (CA). 

Repeat Problem 2.4 if S= {x:0<x< 10}, A={x:1<x<5}, B={x:1<x< 6}, 
and C={x:2<x<7}. 


Draw Venn diagrams of events A and B representing the following situations: 
(a) A and B are arbitrary. 

(b) If A occurs, B must occur. 

(c) If A occurs, B cannot occur. 

(d) A and B are independent. 


Let A, B, and C be arbitrary events. Find expressions for the events that of A, B, C: 
(a) None occurs. 

(b) Only A occurs. 

(c) Only one occurs. 

(d) At least one occurs. 

(e) A occurs and either B or C occurs but not both. 

(f) Band C occur, but A does not occur. 

(g) Two or more occur. 

(h) At most two occur. 

(i) All three occur. 


Events A, B, and C are independent, with P(A) =a, P(B)=b, and P(C)=c. 
Determine the following probabilities in terms of a, b, and c: 

(a) P(AB). 

(b) P(AU B). 

(c) P(AU BIB). 

(d) P(AU BC). 


An engineering system has two components. Let us define the following events: 


A : first component is good; A: first component is defective. 
B : second component is good; B: second component is defective: 


Describe the following events in terms of A, A, B, and B: 
(a) At least one of the components is good. 
(b) One is good and one is defective. 
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2.10 For the two components described in Problem 2.9, tests have produced the follow- 
ing result: 


P(A) =0.8, P(BIA) =0.85, P(BIA) = 0.75. 


Determine the probability that: 

(a) The second component is good. 

(b) At least one of the components is good. 

(c) The first component is good given that the second is good. 

(d) The first component is good given that at most one component is good. 


For the two events A and B: 
(e) Are they independent? Verify your answer. 
(f) Are they mutually exclusive? Verify your answer. 


2.11 A satellite can fail for many possible reasons, two of which are computer failure 
and engine failure. For a given mission, it is known that: 


The probability of engine failure is 0.008. 

The probability of computer failure is 0.001. 

Given engine failure, the probability of satellite failure is 0.98. 
Given computer failure, the probability of satellite failure is 0.45. 


Given any other component failure, the probability of satellite failure is zero. 


(a) Determine the probability that a satellite fails. 

(b) Determine the probability that a satellite fails and is due to engine 
failure. 

(c) Assume that engines in different satellites perform independently. Given a 
satellite has failed as a result of engine failure, what is the probability that 
the same will happen to another satellite? 


2.12 Verify Equation (2.14). 
2.13 Show that, for arbitrary events 41, A2,..., An, 


P(A, U A2U...U An) < P(A1) + P(A2) +--+ + P(An) 


This is known as Boole’s inequality. 


2.14 A box contains 20 parts, of which 5 are defective. Two parts are drawn at random 
from the box. What is the probability that: 
(a) Both are good? 
(b) Both are defective? 
(c) One is good and one is defective? 


2.15 An automobile braking device consists of three subsystems, all of which must work 
for the device to work. These systems are an electronic system, a hydraulic system, 
and a mechanical activator. In braking, the reliabilities (probabilities of success) of 
these units are 0.96, 0.95, and 0.95, respectively. Estimate the system reliability 
assuming that these subsystems function independently. 

Comment: systems of this type can be graphically represented as shown in 
Figure 2.10, in which subsystems A (electronic system), B (hydraulic system), and 
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A 


B Cc 


Figure 2.10 Figure for Problem 2.15 


A 
| _ | 
Figure 2.11 Figure for Problem 2.17 


C (mechanical activator) are arranged in series. Consider the path a — b as the 
‘path to success’. A breakdown of any or allof A, B, or C will block the path from 
ato b. 


2.16 A spacecraft has 1000 components in series. If the required reliability of the 
spacecraft is 0.9 and if all components function independently and have the same 
reliability, what is the required reliability of each component? 


2.17 Automobiles are equipped with redundant braking circuits; their brakes fail only 
when ail circuits fail. Consider one with two redundant braking circuits, each 
having a reliability of 0.95. Determine the system reliability assuming that these 
circuits act independently. 

Comment: systems of this type are graphically represented as in Figure 2.11, in 
which the circuits (A and B) have a parallel arrangement. The path to success is 
broken only when breakdowns of both A and B occur. 


2.18 On the basis of definitions given in Problems 2.15 and 2.17 for series and parallel 
arrangements of system components, determine reliabilities of the systems 
described by the block diagrams as follows. 

(a) The diagram in Figure 2.12. 
(b) The diagram in Figure 2.13. 
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Figure 2.12 Figure for Problem 2.18(a) 
A B 
a 
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Figure 2.13 Figure for Problem 2.18(b) 


2.19 A rifle is fired at a target. Assuming that the probability of scoring a hit is 0.9 for 
each shot and that the shots are independent, compute the probability that, in 
order to score a hit: 

(a) It takes more than two shots. 
(b) The number of shots required is between four and six (inclusive). 


2.20 Events A and B are mutually exclusive. Can they also be independent? Explain. 


2.21 Let P(A) = 0.4, and P(A U B) = 0.7. What is P(B) if: 
(a) A and B are independent? 
(b) A and B are mutually exclusive? 


2.22 Let P(A U B) = 0.75, and P(AB) = 0.25. Is it possible to determine P(A) and P(B)? 
Answer the same question if, in addition: 
(a) A and B are independent. 
(b) A and B are mutually exclusive. 
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2.23 Events A and B are mutually exclusive. Determine which of the following relations 
are true and which are false: 
(a) P(A|B) = P(A). 
(b) P(AU BIC) = P(A|C) + P(BIC). 
(c) P(A) = 0, P(B) = 0, or both. 
(d) P(A|B) _ P(B|A) 
P(B) P(A) 
(e) P(AB) = P(A)P(B). 


Repeat the above if events A and B are independent. 


2.24 On a stretch of highway, the probability of an accident due to human error in any 
given minute is 10~>, and the probability of an accident due to mechanical break- 
down in any given minute is 10~’. Assuming that these two causes are independent: 
(a) Find the probability of the occurrence of an accident on this stretch of highway 
during any minute. 

(b) In this case, can the above answer be approximated by P(accident due to 
human error) + P(accident due to mechanical failure)? Explain. 

(c) If the events in succeeding minutes are mutually independent, what is the 
probability that there will be no accident at this location in a year? 


2.25 Rapid transit trains arrive at a given station every five minutes and depart after 
stopping at the station for one minute to drop off and pick up passengers. Assum- 
ing trains arrive every hour on the hour, what is the probability that a passenger 
will be able to board a train immediately if he or she arrives at the station at a 
random instant between 7:54 a.m. and 8:06 a.m.? 


2.26 A telephone call occurs at random in the interval (0,17). Let T be its time of 
occurrence. Determine, where 0 < top <¢) <t: 
(a) P(to <T <t). 
(b) P(t? <T < H|T = to). 

2.27 For a storm-sewer system, estimates of annual maximum flow rates (AMFR) and 


their likelihood of occurrence [assuming that a maximum of 12 cfs (cubic feet per 
second) is possible] are given as follows: 


Event A = (5 to 10cfs), P(A) = 0.6. 
Event B= (8 to 12cfs), P(B) =0.6. 
Event C= AUB, P(C) =0.7. 
Determine: 


(a) P(8 < AMFR < 10), the probability that the AMFR is between 8 and 10 cfs. 
(b) P(S < AMFR < 12). 

(c) PO < AMER < 12). 

(d) P(8 < AMER < 10|5 < AMFR < 10). 

(e) P(S < AMER < 10|AMFR > 5). 


2.28 At a major and minor street intersection, one finds that, out of every 100 gaps on 
the major street, 65 are acceptable, that is, large enough for a car arriving on the 
minor street to cross. When a vehicle arrives on the minor street: 

(a) What is the probability that the first gap is not an acceptable one? 

(b) What is the probability that the first two gaps are both unacceptable? 

(c) The first car has crossed the intersection. What is the probability that the 
second will be able to cross at the very next gap? 
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2.29 


2.30 


2.31 


2:32 


2.33 
2.34 
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A machine part may be selected from any of three manufacturers with probabilities 
Pi = 0.25, po = 0.50, and p3 = 0.25. The probabilities that it will function properly 
during a specified period of time are 0.2, 0.3, and 0.4, respectively, for the three 
manufacturers. Determine the probability that a randomly chosen machine part 
will function properly for the specified time period. 


Consider the possible failure of a transportation system to meet demand during 

rush hour. 

(a) Determine the probability that the system will fail if the probabilities shown in 
Table 2.3 are known. 


Table 2.3. Probabilities of demand levels and of system 
failures for the given demand level, for Problem 2.30 


Demand level P(level) P(system failure|level) 
Low 0.6 0 

Medium 0.3 0.1 

High 0.1 0.5 


(b) If system failure was observed, find the probability that a ‘medium’ demand 
level was its cause. 


A cancer diagnostic test is 95% accurate both on those who have cancer and on 
those who do not. If 0.005 of the population actually does have cancer, compute 
the probability that a particular individual has cancer, given that the test indicates 
he or she has cancer. 


A quality control record panel of transistors gives the results shown in Table 2.4 
when classified by manufacturer and quality. 

Let one transistor be selected at random. What is the probability of it being: 
(a) From manufacturer A and with acceptable quality? 
(b) Acceptable given that it is from manufacturer C? 
(c) From manufacturer B given that it is marginal? 


Table 2.4 Quality control results, for Problem 2.32 


Manufacturer Quality 


Acceptable Marginal Unacceptable Total 


A 128 10 2 140 
B 97 5 3 105 
C 110 3 5 120 


Verify Equation (2.26) for three events. 


In an elementary study of synchronized traffic lights, consider a simple four-light 
system. Suppose that each light is red for 30 seconds of a 50-second cycle, and suppose 


P(Sjri)Sj) = 0.15 


and 


P(Sj+1|S;) = 0.40 
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for j = 1,2,3, where S; is the event that a driver is stopped by the jth light. We 
assume a ‘one-light? memory for the system. By means of the tree diagram, 
determine the probability that a driver: 

(a) Will be delayed by all four lights. 

(b) Will not be delayed by any of the four lights. 

(c) Will be delayed by at most one light. 
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Random Variables and Probability 
Distributions 


We have mentioned that our interest in the study of a random phenomenon is in the 
statements we can make concerning the events that can occur, and these statements 
are made based on probabilities assigned to simple outcomes. Basic concepts have 
been developed in Chapter 2, but a systematic and unified procedure is needed to 
facilitate making these statements, which can be quite complex. One of the immedi- 
ate steps that can be taken in this unifying attempt is to require that each of the 
possible outcomes of a random experiment be represented by a real number. In this 
way, when the experiment is performed, each outcome is identified by its assigned 
real number rather than by its physical description. For example, when the possible 
outcomes of a random experiment consist of success and failure, we arbitrarily assign 
the number one to the event ‘success’ and the number zero to the event ‘failure’. The 
associated sample space has now {1,0} as its sample points instead of success and 
failure, and the statement ‘the outcome is 1’ means ‘the outcome is success’. 

This procedure not only permits us to replace a sample space of arbitrary 
elements by a new sample space having only real numbers as its elements but 
also enables us to use arithmetic means for probability calculations. Further- 
more, most problems in science and engineering deal with quantitative meas- 
ures. Consequently, sample spaces associated with many random experiments 
of interest are already themselves sets of real numbers. The real-number assign- 
ment procedure is thus a natural unifying agent. On this basis, we may intro- 
duce a variable X, which is used to represent real numbers, the values of which 
are determined by the outcomes of a random experiment. This leads to the 
notion of a random variable, which is defined more precisely below. 


3.1 RANDOM VARIABLES 


Consider a random experiment to which the outcomes are elements of sample 
space S in the underlying probability space. In order to construct a model for 
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a random variable, we assume that it is possible to assign a real number X(s) 
for each outcome s following a certain set of rules. We see that the ‘number’ 
X(s) is really a real-valued point function defined over the domain of the basic 
probability space (see Definition 3.1). 


Definition 3.1. The point function X(s) is called a random variable if (a) it is a 
finite real-valued function defined on the sample space S of a random experiment 
for which the probability function is defined, and (b) for every real number x, the 
set {s: X(s) < x} is an event. The relation ¥ = X(s) takes every element s in S of 
the probability space onto a point X on the real line R! = (—0o, ov). 

Notationally, the dependence of random variable X(s) on s will be omitted 
for convenience. 

The second condition stated in Definition 3.1 is the so-called ‘measurability 
condition’. It ensures that it is meaningful to consider the probability of event 
X <x for every x, or, more generally, the probability of any finite or countably 
infinite combination of such events. 

To see more clearly the role a random variable plays in the study of a random 
phenomenon, consider again the simple example where the possible outcomes 
of a random experiment are success and failure. Let us again assign number one 
to the event success and zero to failure. If X¥ is the random variable associated 
with this experiment, then X takes on two possible values: 1 and 0. Moreover, 
the following statements are equivalent: 


e The outcome is success. 
e The outcome is 1. 
eX=1l. 


The random variable X is called a discrete random variable if it is defined 
over a sample space having a finite or a countably infinite number of sample 
points. In this case, random variable X takes on discrete values, and it is 
possible to enumerate all the values it may assume. In the case of a sample 
space having an uncountably infinite number of sample points, the associated 
random variable is called a continuous random variable, with its values dis- 
tributed over one or more continuous intervals on the real line. We make this 
distinction because they require different probability assignment consider- 
ations. Both types of random variables are important in science and engineering 
and we shall see ample evidence of this in the subsequent chapters. 


In the following, all random variables will be written in capital letters, 
X,Y,Z,.... The value that a random variable Y can assume will be denoted 
by corresponding lower-case letters such as x, y, Z, OF X1, X2,...- 

We will have many occasions to consider a sequence of random variables 
X;,j = 1,2,...,n. In these cases we assume that they are defined on the same 
probability space. The random variables X1, X2,...,X, will then map every 
element s of S in the probability space onto a point in the n-dimensional 
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Euclidian space R”. We note here that an analysis involving n random variables 
is equivalent to considering a random vector having the n random variables as 
its components. The notion of a random vector will be used frequently in what 
follows, and we will denote them by bold capital letters X, Y, Z,.... 


3.2 PROBABILITY DISTRIBUTIONS 


The behavior of a random variable is characterized by its probability distribu- 
tion, that is, by the way probabilities are distributed over the values it assumes. 
A probability distribution function and a probability mass function are two 
ways to characterize this distribution for a discrete random variable. They are 
equivalent in the sense that the knowledge of either one completely specifies 
the random variable. The corresponding functions for a continuous random 
variable are the probability distribution function, defined in the same way as in 
the case of a discrete random variable, and the probability density function. 
The definitions of these functions now follow. 


3.2.1 PROBABILITY DISTRIBUTION FUNCTION 


Given a random experiment with its associated random variable X and given a 
real number x, let us consider the probability of the event {s: X(s) < x}, or, 
simply, P(Y < x). This probability is clearly dependent on the assigned value x. 
The function 


Fy(x) = P(X <x), (3.1) 


is defined as the probability distribution function (PDF), or simply the distribu- 
tion function, of X. In Equation (3.1), subscript X identifies the random vari- 
able. This subscript is sometimes omitted when there is no risk of confusion. 
Let us repeat that Fy(x) is simply P(A), the probability of an event A occurring, 
the event being X < x. This observation ties what we do here with the devel- 
opment of Chapter 2. 

The PDF is thus the probability that X will assume a value lying in a subset 
of S, the subset being point x and all points lying to the ‘left’ of x. As x 
increases, the subset covers more of the real line, and the value of PDF 
increases until it reaches 1. The PDF of a random variable thus accumulates 
probability as x increases, and the name cumulative distribution function (CDF) 
is also used for this function. 

In view of the definition and the discussion above, we give below some of the 
important properties possessed by a PDF. 
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e It exists for discrete and continuous random variables and has values between 
O and 1. 

e It is a nonnegative, continuous-to-the-left, and nondecreasing function of the 
real variable x. Moreover, we have 


Fy(-—oo)=0, and Fy(+oo)=1. (3.2) 
e If a and b are two real numbers such that a < b, then 
Pia< X <b) = Fy(b) — Fy(a). (3.3) 


This relation is a direct result of the identity 
P(X <b)=P(X <a)+P(a<X <b). 


We see from Equation (3.3) that the probability of X having a value in an 
arbitrary interval can be represented by the difference between two values of 
the PDF. Generalizing, probabilities associated with any sets of intervals are 
derivable from the PDF. 


Example 3.1. Let a discrete random variable X assume values —1, 1,2, and 3, 
with probabilities 4, 3, 3, and 5, respectively. We then have 


for x < —1; 


for -l<x<1; 


Fy(x) = for 1<x <2; 


for 2<x <3; 
for x >3. 


me Nl olw Bl © 


This function is plotted in Figure 3.1. It is typical of PDFs associated with 
discrete random variables, increasing from 0 to | in a ‘staircase’ fashion. 


A continuous random variable assumes a nonenumerable number of values 
over the real line. Hence, the probability of a continuous random variable 
assuming any particular value is zero and therefore no discrete jumps are 
possible for its PDF. A typical PDF for continuous random variables is 
shown in Figure 3.2. It has no jumps or discontinuities as in the case of the 
discrete random variable. The probability of X having a value in a given 
interval is found by using Equation (3.3), and it makes sense to speak only of 
this kind of probability for continuous random variables. For example, in 
Figure 3.2. 


P(-1<X¥ <1)=Fy(l)— Fy(-1) =08-04=04. 


Clearly, P(X =a)=0 for any a. 
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Figure 3.2. Probability distribution function of a continuous random variable X, F(x) 


3.2.2. PROBABILITY MASS FUNCTION FOR DISCRETE RANDOM 
VARIABLES 


Let X be a discrete random variable that assumes at most a countably infinite 
number of values Xxj,X2,... with nonzero probabilities. If we denote 
P(X = xj) = p(x;),i = 1,2,..., then, clearly, 


0 < p(x;) <1, for alli; 
S > (xi) = 1. eA) 
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Figure 3.3. Probability mass function of X, py(x), for the random variable defined 
in Example 3.1 


Definition 3.2. The function 


py(x) = P(X =). (3.5) 


is defined as the probability mass function (pmf) of X. Again, the subscript X is 
used to identify the associated random variable. 


For the random variable defined in Example 3.1, the pmf is zero everywhere 
except at x;,1= 1,2,..., and has the appearance shown in Figure 3.3. 

This is a typical shape of pmf for a discrete random variable. Since 
P(X = x) = 0 for any x for continuous random variables, it does not exist in 
the case of the continuous random variable. We also observe that, like F(x), 
the specification of py(x) completely characterizes random variable X; further- 
more, these two functions are simply related by: 


Px (xi) = Fy(xi) — Fy(x/-1), (3.6) 


Fr(x) = S° py(xi), (3.7) 


i=1 


(assuming x) < x2 <...). 

The upper limit for the sum in Equation (3.7) means that the sum is taken 
over all i satisfying x; < x. Hence, we see that the PDF and pmf of a discrete 
random variable contain the same information; each one is recoverable from 
the other. 
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One can also give PDF and pmf a useful physical interpretation. In terms of 
the distribution of one unit of mass over the real line —oo < x < oo, the PDF of 
a random variable at x, F(x), can be interpreted as the total mass associated 
with point x and all points lying to the left of x. The pmf, in contrast, shows 
the distribution of this unit of mass over the real line; it is distributed at discrete 
points x; with the amount of mass equal to py(x;) at x;,i= 1,2,.... 


Example 3.2. A discrete distribution arising in a large number of physical 
models is the binomial distribution. Much more will be said of this important 
distribution in Chapter 6 but, at present, let us use it as an illustration for 
graphing the PDF and pmf of a discrete random variable. 

A discrete random variable X has a binomial distribution when 


n z n—-k 
px(k) = (7) pk =p) A= O12) ag (3.8) 


where 7 and p are two parameters of the distribution, n being a positive integer, 
and 0 < p < 1. The binomial coefficient 


(;) 


( =a (3.9) 


The pmf and PDF of X for n = 10 and p = 0.2 are plotted in Figure 3.4. 
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Figure 3.4 (a) Probability mass function, py(x), and (b) probability distribution 
function, Fy(x), for the discrete random variable X described in Example 3.2 
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3.2.3 PROBABILITY DENSITY FUNCTION FOR CONTINUOUS 
RANDOM VARIABLES 


For a continuous random variable X, its PDF, F(x), is a continuous function 
of x, and the derivative 


_ dF y(x) 


fe) == | 


(3.10) 


exists for all x. The function f(x) is called the probability density function (pdf), 
or simply the density function, of X.“” 
Since F'y(x) is monotone nondecreasing, we clearly have 


f(x) >0 for all x. (3.11) 


Additional properties of fy(x) can be derived easily from Equation (3.10); 
these include 


Fy(x) =i St y(u) du, (3.12) 


and 


[ fxeoex=1, 
= P (3.13) 
P(ia< X <b) =Fy(b) — Fy(a) =} Ft y(x) dx. 


An example of pdfs has the shape shown in Figure 3.5. As indicated by 
Equations (3.13), the total area under the curve is unity and the shaded area 
from a to b gives the probability P(a < X <b). We again observe that the 
knowledge of either pdf or PDF completely characterizes a continuous random 
variable. The pdf does not exist for a discrete random variable since its 
associated PDF has discrete jumps and is not differentiable at these points of 
discontinuity. 

Using the mass distribution analogy, the pdf of a continuous random variable 
plays exactly the same role as the pmf of a discrete random variable. The 


Note the use of upper-case and lower-case letters, PDF and pdf, to represent the distribution and 
density functions, respectively. 
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> X 
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Figure 3.5 A probability density function, f(x) 


function f (x) can be interpreted as the mass density (mass per unit length). 
There are no masses attached to discrete points as in the discrete random 
variable case. The use of the term density function is therefore appropriate here 


for f yx). 


Example 3.3. A random variable X for which the density function has the 
form (a> 0): 


: _ fae, forx>0; 
iy a elsewhere; eae) 


is said to be exponentially distributed. We can easily check that all the condi- 
tions given by Equations (3.11)-(3.13) are satisfied. The pdf is presented 
graphically in Figure 3.6(a), and the associated PDF is shown in Figure 3.6(b). 
The functional form of the PDF as obtained from Equation (3.12) is 


fy(X) F(x) 


(a) (b) 


Figure 3.6 (a) Probability density function, f(x), and (b) probability distribution 
function, Fy(x), for random variable XY in Example 3.3 
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* PR Mai 5. ig Bip 
Aine [fst 


l-e™®, for x > 0. 


(3.15) 


Let us compute some of the probabilities using fy(x). The probability 
P(O< X <1) is numerically equal to the area under fy(x) from x =0 to 
x = 1, as shown in Figure 3.6(a). It is given by 


1 
P(0<X <1) =F fy(x)dx =1—e%. 
0 


The probability P(Y > 3) is obtained by computing the area under f,(x) to the 
right of x = 3. Hence, 


P(X >3)= [te dx =e ™4, 
3 


The same probabilities can be obtained from Fy(x) by taking appropriate 
differences, giving: 


P(0< X <1)=Fy(1) — Fy(0) = (1-e%) -0=1-e%, 
P(X > 3) = Fy(oo) — Fy(3) = 1- (1 -e 4) =e, 


Let us note that there is no numerical difference between P(O < X < 1) and 
PO < X < 1) for continuous random variables, since P(X = 0) = 0. 


3.2.4 MIXED-TYPE DISTRIBUTION 


There are situations in which one encounters a random variable that is partially 
discrete and partially continuous. The PDF given in Figure 3.7 represents such 


0 


Figure 3.7 A mixed-type probability distribution function, Fy(x) 
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a case in which random variable X is continuously distributed over the real line 
except at X = 0, where P(X = 0) is a positive quantity. This situation may arise 
when, for example, random variable X represents the waiting time of a customer 
at a ticket counter. Let X be the time interval from time of arrival at the ticket 
counter to the time being served. It is reasonable to expect that X will assume 
values over the interval X > 0. At X = 0, however, there is a finite probability of 
not having to wait at all, giving rise to the situation depicted in Figure 3.7. 

Strictly speaking, neither a pmf nor a pdf exists for a random variable of the 
mixed type. We can, however, still use them separately for different portions of 
the distribution, for computational purposes. Let fy(x) be the pdf for the 
continuous portion of the distribution. It can be used for calculating probabil- 
ities in the positive range of x values for this example. We observe that the total 
area under the pdf curve is no longer | but is equal to 1 — P(X = 0). 


Example 3.4. Problem: since it is more economical to limit long-distance 
telephone calls to three minutes or less, the PDF of X — the duration in minutes 
of long-distance calls — may be of the form 


0, forx <0; 
Fy(x)=% l-e*, for0<x <3; 


1-=, for x > 3. 


Determine the probability that X is (a) more than two minutes and (b) between 
two and six minutes. 

Answer: the PDF of X is plotted in Figure 3.8, showing that X has a mixed- 
type distribution. The desired probabilities can be found from the PDF as 
before. Hence, for part (a), 


P(X > 2) =1- P(X <2) =1- Fy(2) 
=1-(1-e7) =e, 


Figure 3.8 Probability distribution function, Fy (x), of X, as described in Example 3.4 
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Px(X) 


xV 


— 
x 


(a) 3 


Figure 3.9 (a) Partial probability mass function, py (x), and (b) partial probability 
density function, fy (x), of X, as described in Example 3.4 


For part (b), 


Figure 3.9 shows px (x) for the discrete portion and fy (x) for the continuous 
portion of X. They are given by: 


=~, atx=3; 
Px(x) = 4 2e 

0, elsewhere; 
and 


0, forx <0; 


1 
dF y(x ~e 3 £, <9 . 
fy(x) = xi Pe 3° ; or0< x < 3; 


1. 
6 efor x > 3. 


Note again that the area under f(x) is no longer one but is 


1 
1—py(3) =1 Fa" 


To obtain P(X > 2) and P(2< X <6), both the discrete and continuous 
portions come into play, and we have, for part (a), 


P(X > 2) = i * fala de t py(3) 


ie is | 1 
ae —x/3 sifu: Bs —x/3 a 
| e dx =| e dx + Se 
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and, for part (b), 
6 
Pa<x<6= fi fy(x)dx+pr(3) 
2 


ai ede th [ear : 
~ 3 2 6 % 2e 


—2 
Pz! e 
oe 


These results are, of course, the same as those obtained earlier using the PDF. 


3.3. TWO OR MORE RANDOM VARIABLES 


In many cases it is more natural to describe the outcome of a random experi- 
ment by two or more numerical numbers simultaneously. For example, the 
characterization of both weight and height in a given population, the study of 
temperature and pressure variations in a physical experiment, and the distribu- 
tion of monthly temperature readings in a given region over a given year. In 
these situations, two or more random variables are considered jointly and the 
description of their joint behavior is our concern. 

Let us first consider the case of two random variables X and Y. We proceed 
analogously to the single random variable case in defining their joint prob- 
ability distributions. We note that random variables X and Y can also be 
considered as components of a two-dimensional random vector, say Z. Joint 
probability distributions associated with two random variables are sometimes 
called bivariate distributions. 

As we shall see, extensions to cases involving more than two random vari- 
ables, or multivariate distributions, are straightforward. 


3.3.1 JOINT PROBABILITY DISTRIBUTION FUNCTION 


The joint probability distribution function (JPDF) of random variables X and Y, 
denoted by F xy (x, y), is defined by 


Fyy(x,y) = P(X <xnNY<y), (3.16) 


for all x and y. It is the probability of the intersection of two events; random 
variables X and Y thus induce a probability distribution over a two-dimensional 
Euclidean plane. 
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Using again the mass distribution analogy, let one unit of mass be distributed 
over the (x, y) plane in such a way that the mass in any given region R is equal 
to the probability that X and Y take values in R. Then JPDF Fyy(x,y) 
represents the total mass in the quadrant to the left and below the point 
(x,y), inclusive of the boundaries. In the case where both X and Y are discrete, 
all the mass is concentrated at a finite or countably infinite number of points in 
the (x,y) plane as point masses. When both are continuous, the mass is 
distributed continuously over the (x, y) plane. 

It is clear from the definition that F yy (x, y) is nonnegative, nondecreasing in 
x and y, and continuous to the left with respect to x and y. The following 
properties are also a direct consequence of the definition: 


Fyy(—00, —00) = Fyy(—0o, y) = Fxy(x,—co) = 0, 
oo ? 
(3.17) 


) 
Fyy(+c0, +00) 
Fyy(x,+ ) = Fy(x) 

Fyy(+00,) = Fy(y) 


CO 


? 


For example, the third relation above follows from the fact that the joint event 
X<xMY < +oois the same asthe event Y < x, since Y < +oo0 is a sure event. 
Hence, 


Fyy(x, +00) = P(X <xN Y < +00) = P(X < x) = Fy(x). 


Similarly, we can show that, for any x1,x2,y1, and y2 such that x; < x2 and 
yi < yz, the probability P(x, < X¥ <x.Ny, < Y < yo) is given in terms of 
Fyy(x,y) by 


P(x) < X <A < Y <2) = Fry(x2, 2) — Fry (1,2) 


— Fyy(x2,y1) + Fry (%1,y1); ere) 
which shows that all probability calculations involving random variables X and 
Y can be made with the knowledge of their JPDF. 

Finally, we note that the last two equations in Equations (3.17) show that 
distribution functions of individual random variables are directly derivable 
from their joint distribution function. The converse, of course, is not true. In 
the context of several random variables, these individual distribution functions 
are called marginal distribution functions. For example, Fy (x) is the marginal 
distribution function of X. 

The general shape of Fxy (x,y) can be visualized from the properties given in 
Equations (3.17). In the case where X and Y are discrete, it has the appearance of 
a corner of an irregular staircase, something like that shown in Figure 3.10. It rises 
from zero to the height of one in the direction moving from the third quadrant to the 
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Fxy(X,Y) 
A 


Figure 3.10 A joint probability distribution function of X and Y, Fxy (x,y), when X and 
Y are discrete 


first quadrant. When both X and Y are continuous, F yy (x,y) becomes a smooth 
surface with the same features. It is a staircase type in one direction and smooth in 
the other if one of the random variables is discrete and the other continuous. 

The joint probability distribution function of more than two random vari- 
ables is defined in a similar fashion. Consider n random variables 
X1,X2,...,Xn. Their JPDF is defined by 


Fy, x,..¥,(X1,X2,+++;Xn) = P(X <x NX <x... NX < Xn). (3.19) 


These random variables induce a probability distribution in an n-dimensional 
Euclidean space. One can deduce immediately its properties in parallel to those 
noted in Equations (3.17) and (3.18) for the two-random-variable case. 

As we have mentioned previously, a finite number of random variables 
X;,j =1,2,...n, may be regarded as the components of an n-dimensional 
random vector X. The JPDF of X is identical to that given above but it can 
be written in a more compact form, namely, Fy (x), where x is the vector, with 
components x1,%2,...,Xn- 


3.3.2 JOINT PROBABILITY MASS FUNCTION 


The joint probability mass function (jpmf) is another, and more direct, charac- 
terization of the joint behavior of two or more random variables when they are 
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discrete. Let X and Y be two discrete random variables that assume at most 
a countably infinite number of value pairs (xj, y;),i,j = 1,2,..., with nonzero 
probabilities. The jpmf of X and Y is defined by 


Pyy(x,y) = P(X =xN Y=y), (3.20) 


for all x and y. It is zero everywhere except at points (xj, y;),i,j = 1,2,..., 
where it takes values equal to the joint probability P(X =x; Y =y,). We 
observe the following properties, which are direct extensions of those noted in 
Equations (3.4), (3.6), and (3.7) for the single-random-variable case: 


0 < Pyy (Xi, ¥) < 1, 


SoS pry iy) =1, 
ij 


Do Pxy(xny) = py); (3.21) 


do Pay (yi) = Py(x), 


where px (x) and py(y) are now called marginal probability mass functions. We 
also have 


Fer(xr)= SY parley) (3.22) 


Example 3.5. Problem: consider a simplified version of a two-dimensional 
‘random walk’ problem. We imagine a particle that moves in a plane in unit 
steps starting from the origin. Each step is one unit in the positive direction, with 
probability p along the x axis and probability g (p + q = 1) along the y axis. We 
further assume that each step is taken independently of the others. What is the 
probability distribution of the position of this particle after five steps? 

Answer: since the position is conveniently represented by two coordinates, 
we wish to establish pyy(x,y) where random variable X represents the x 
coordinate of the position after five steps and where Y represents the y coord- 
inate. It is clear that jpmf pyy (x,y) is zero everywhere except at those points 
satisfying x +y=5 and x,y > 0. Invoking the independence of events of 
taking successive steps, it follows from Section 3.3 that pyy (5, 0), the probabil- 
ity of the particle being at (5, 0) after five steps, is the product of probabilities of 
taking five successive steps in the positive x direction. Hence 
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Pyy(5,9) =p 


For pyy (4, 1), there are five distinct ways of reaching that position (4 steps in 
the x direction and 1 in y; 3 in the x direction, 1 in y, and 1 in the x direction; 
and so on), each with a probability of p+g. We thus have 


Pyy(4, 1) = Sp*q. 


Similarly, other nonvanishing values of pyy (x, y) are easily calculated to be 


10p79°,. for (x,~) = G,2) 
10p?¢°, for (x,y) = (2,3) 
5pq', for (x,y) = (1,4); 
@, Tor (ey) = (0,5), 


oI 
oI 


Pyy(x,y) = 


The jpmf pyy(x,y) is graphically presented in Figure 3.11 for p = 0.4 and 
q = 0.6. It is easy to check that the sum of pyy(x,y) over all x and y is 1, as 
required by the second of Equations (3.21). 

Let us note that the marginal probability mass functions of X and Y are, 
following the last two expressions in Equations (3.21), 


ge, forx=0; 
Spq*, forx=1; 
10p?q?, for x =2; 
x) = Xx, 2 e— 
Px( ) d Parl yj) 10p3¢?, for x = 3; 
Sp*q, for x=4; 


py, forx=: 


Figure 3.11 The joint probability mass function, pyy (x,y), for Example 3.5, with 
p=0.4 and q=0.6 
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and 

p, fory=0; 
5p'q, for y= 1; 
10p?y*,. for y= 2; 
10p?q°, for y = 3; 
Spq*, fory=4; 


Py) = Pry) = 


gq, tory =5. 


These are marginal pmfs of X and Y. 

The joint probability distribution function F'yy (x,y) can also be constructed, 
by using Equation (3.22). Rather than showing it in three-dimensional form, 
Figure 3.12 gives this function by indicating its value in each of the dividing 
regions. One should also note that the arrays of indicated numbers beyond 
y =5 are values associated with the marginal distribution function Fy(x). 
Similarly, Fy (y) takes those values situated beyond x = 5. These observations 
are also indicated on the graph. 

The knowledge of the joint probability mass function permits us to make all 
probability calculations of interest. The probability of any event being realized 
involving X and Y is found by determining the pairs of values of X and Y that 
give rise to this event and then simply summing over the values of pyy (x,y) for 
all such pairs. In Example 3.5, suppose we wish to determine the probability of 
X > Y; it is given by 


F. xA%Y) 


Figure 3.12 The joint probability distribution function, Fyy (x,y), for Example 3.5, 
with p = 0.4 and g= 0.6 
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Table 3.1 Joint probability mass function for low, medium, and high precipitation 
levels (x = 1, 2, and 3, respectively) and critical and noncritical peak flow rates (y = 1 
and 2, respectively), for Example 3.6 


y x 
1 2 3 

1 0.0 0.06 0.12 

2 0.5 0.24 0.08 


P(X > Y)=P(X =S5NY=0)4+ P(X =4N Y=1)4+ P(X =3N Y =2) 
= 0.01024 + 0.0768 + 0.2304 = 0.31744. 


Example 3.6. Let us discuss again Example 2.11 in the context of random 
variables. Let X be the random variable representing precipitation levels, with 
values 1, 2, and 3 indicating low, medium, and high, respectively. The random 
variable Y will be used for the peak flow rate, with the value | when it is critical 
and 2 when noncritical. The information given in Example 2.11 defines jpmf 
Pxy (x,y), the values of which are tabulated in Table 3.1. 

In order to determine the probability of reaching the critical level of peak 
flow rate, for example, we simply sum over all pyy(x,y) satisfying y = 1, 
regardless of x values. Hence, we have 


P(Y = 1) =pyy(1,1) + pyy(2, 1) + pyy(3, 1) = 0.0 + 0.06 + 0.12 = 0.18. 


The definition of jpmf for more than two random variables is a direct extension 
of that for the two-random-variable case. Consider n random variables 
X1,X2,...,Xn. Their jpmf is defined by 


PY Xp Ny (¥11 HD) ++ 5 Xn) = P(X = x1 NX = 22... Xn = Xn), (3.23) 


which is the probability of the intersection of n events. Its properties and 
utilities follow directly from our discussion in the two-random-variable case. 
Again, a more compact form for the jpmf is py (x) where X is an n-dimensional 
random vector with components X1,X2,...,Xnp. 


3.3.3 JOINT PROBABILITY DENSITY FUNCTION 


As in the case of single random variables, probability density functions become 
appropriate when the random variables are continuous. The joint probability 
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density function (pdf) of two random variables, X and Y, is defined by the 
partial derivative 


E OF yy(x,y) 
fyy(%,y) = ~ Oxoy (3.24) 


Since Fyy(x,y) is monotone nondecreasing in both x and y,fyy(x,y) is 
nonnegative for all x and y. We also see from Equation (3.24) that 


yoopx 
Fyy(x,y) = P(X <xNY¥<y)= / / T xy (u, v)dudy. (3.25) 


Moreover, with x; < x2, and y; < yo, 


y2 x2 
P(x. <X¥ <A < VY <2) = / FT yy(x, y)dxdy. (3.26) 


Vi vx 


The jpdf fyy (x,y) defines a surface over the (x,y) plane. As indicated by 
Equation (3.26), the probability that random variables X and Y fall within a 
certain region R is equal to the volume under the surface of fyy(x,y) and 
bounded by that region. This is illustrated in Figure 3.13. 


y 
fyy(x, y) a 


Figure 3.13. A joint probability density function, fyy (x.y) 
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We also note the following important properties: 


s J foron)aray =]; (3.27) 
i ” fale rdy = Syl), (3.28) 
‘i ” faye y)dx = fy). (3.29) 


Equation (3.27) follows from Equation (3.25) by letting x, y — +00, +00, and 
this shows that the total volume under the fyy(x,y) surface is unity. To give 
a derivation of Equation (3.28), we know that 


F(x) =Fer(xto0) = ff fr(uy)dudy. 


Differentiating the above with respect to x gives the desired result immediately. 
The density functions fy (x) and fy(y) in Equations (3.28) and (3.29) are now 
called the marginal density functions of X and Y, respectively. 


Example 3.7. Problem: a boy and a girl plan to meet at a certain place between 
9 a.m. and 10 a.m., each not waiting more than 10 minutes for the other. If all 
times of arrival within the hour are equally likely for each person, and if their 
times of arrival are independent, find the probability that they will meet. 

Answer: for a single continuous random variable X that takes all values over 
an interval a to b with equal likelihood, the distribution is called a uniform 
distribution and its density function fy (x) has the form 


fora<x <b; 


fy(x) = 4 b=a’ (3.30) 


0, elsewhere. 


The height of fy (x) over the interval (a, b) must be 1/(b — a) in order that the 
area is | below the curve (see Figure 3.14). For a two-dimensional case as 
described in this example, the joint density function of two independent uni- 
formly distributed random variables is a flat surface within prescribed bounds. 
The volume under the surface is unity. 

Let the boy arrive at X minutes past 9 a.m. and the girl arrive at Y minutes past 
9 a.m. The jpdf f yy (x, y) thus takes the form shown in Figure 3.15 and is given by 


1 
—, for0<x< 60,and0<y< 60; 
FED a4 3000" 


0, elsewhere. 
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> X 


0 60 


Figure 3.15 The joint probability density function fyy (x,y), for Example 3.7 


The probability we are seeking is thus the volume under this surface over an 
appropriate region R. For this problem, the region R is given by 


Ri |¥—Y¥|<10 


and is shown in Figure 3.16 in the (x, y) plane. 
The volume of interest can be found by inspection in this simple case. 
Dividing R into three regions as shown, we have 


P(they will meet) = P(|X — Y| < 10) 
11 


= [2(5)(10) + 10V2(50V2)]/3600 = r 
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Figure 3.16 Region R in Example 3.7 


Note that, for a more complicated jpdf, one needs to carry out the volume 
integral [[,fyy(x,y)dxdy for volume calculations. 


As an exercise, let us determine the joint probability distribution function 
and the marginal density functions of random variables X and Y defined in 
Example 3.7. 

The JPDF of X and Y is obtained from Equation (3.25). It is clear that 


0, for (x,y) < (0,0); 


Fyy(x,y) = 
xr5y) a for (x,y) > (60, 60). 


Within the region (0,0) < (x, y) < (60, 60), we have 


rotwn= ff (g)ow= 2 
es ae ae 3600 xy = 3600" 


For marginal density functions, Equations (3.28) and (3.29) give us 


60 1 F 1 P 
ies 0<x< 60; 
Poh i (5c00) Pgh Ae ee at 


0, elsewhere. 


TLFeBOOK 


60 Fundamentals of Probability and Statistics for Engineers 


Similarly, 


1 
—, for0<y< 60; 
fy(y) = ¢ 60 
0, elsewhere. 


Both random variables are thus uniformly distributed over the interval (0, 60). 


Example 3.8. In structural reliability studies, the resistance Y of a structural 
element and the force X applied to it are generally regarded as random vari- 
ables. The probability of failure, p,, is defined by P(Y < X). Suppose that the 
jpdf of X and Y is specified to be 


abe +4), for (x,y) > 0; 


be x, 1) = 
xy 5J) 0, for (x,y) <0; 


where a and b are known positive constants, we wish to determine pr. 
The probability py is determined from 


Pf =f [ Fer r)axdy, 
R 


where R is the region satisfying Y < X. Since X and Y take only positive values, 
the region R is that shown in Figure 3.17. Hence, 


_— be (+) dxdy = ——. 
| eee, 


Figure 3.17 Region R in Example 3.8 


TLFeBOOK 


Random Variables and Probability Distributions 61 
In closing this section, let us note that generalization to the case of many 
random variables is again straightforward. The joint distribution function of n 

random variables X,,X2,...,Xn, or X, is given, by Equation (3.19), as 
Fy(x) = P(X < x1 Xn < x0... Xn < Xn). (3.31) 


The corresponding joint density function, denoted by f, (x), is then 


Fx(x) = Se (3.32) 


~ Ox10x0... 0X,” 


if the indicated partial derivatives exist. Various properties possessed by these 
functions can be readily inferred from those indicated for the two-random- 
variable case. 


3.4 CONDITIONAL DISTRIBUTION AND INDEPENDENCE 


The important concepts of conditional probability and independence intro- 
duced in Sections 2.2 and 2.4 play equally important roles in the context of 
random variables. The conditional distribution function of a random variable X, 
given that another random variable Y has taken a value y, is defined by 


Fyy(x|y) = P(X <x|Y=y). (3.33) 


Similarly, when random variable X is discrete, the definition of conditional mass 
function of X given Y =y is 


pyy(2ly) = P(X = xl¥ =). (3.34) 


Using the definition of conditional probability given by Equation (2.24), 
we have 


P(X =xNY=y) 
Ly) * 


Pyy(xly) = P(X =x|¥ =y) 


or 


perth) =P). if py(y) #0, (3.35) 
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which is expected. It gives the relationship between the joint jpmf and the 
conditional mass function. As we will see in Example 3.9, it is sometimes more 
convenient to derive joint mass functions by using Equation (3.35), as condi- 
tional mass functions are more readily available. 

If random variables X and Y are independent, then the definition of inde- 
pendence, Equation (2.16), implies 


Pyy(xly) = Px(a), (3.36) 


and Equation (3.35) becomes 
Pyy(X,¥) = Px(X)py()- (3.37) 


Thus, when, and only when, random variables X and Y are independent, their 
jpmf is the product of the marginal mass functions. 

Let X be a continuous random variable. A consistent definition of the 
conditional density function of X given Y = y,fyy(x|y), is the derivative of 
its corresponding conditional distribution function. Hence, 


fev(y) =< Se), (3.38) 


where Fyy (x|y) is defined in Equation (3.33). To see what this definition leads 
to, let us consider 


P(x <X <mNy < Y <y) 


P(x) <X <mly << ¥ <y2)= PO < Y¥ <y) 


(3.39) 


In terms of jpdf fyy (x,y), it is given by 


P(x. <X <x|y1 < Y<yo) =[- is Fyy(%y) yavay/ |” Ts Tyy(x,y) dxdy 


z [ | ie “Suv(ss)dvdy i [Fv(rday (3.40) 


By setting x; = —00, x2 = x,y1 = y, and yp = y + Ay, and by taking the limit 
Ay — 0, Equation (3.40) reduces to 


jee fyy(u,y)d (3.41) 


provided that fy (y) £0. 
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Now we see that Equation (3.38) leads to 


far shy) = IP) VE fy #0, 3.42 


which is in a form identical to that of Equation (3.35) for the mass functions —a 
satisfying result. We should add here that this relationship between the condi- 
tional density function and the joint density function is obtained at the expense 
of Equation (3.33) for Fxy(«|y). We say ‘at the expense of’ because the defin- 
ition given to Fyy(x|y) does not lead to a convenient relationship between 
Fyy(x ly) and Fyy (x,y), that is, 


Fyy(x, y) 


Fee(aly) Aeon 


(3.43) 


This inconvenience, however, is not a severe penalty as we deal with density 
functions and mass functions more often. 

When random variables X and Y are independent, Fyy (x|y) = Fx (x) and, as 
seen from Equation (3.42), 


Sxy (aly) = S(*), (3.44) 


and 
fyv(%y) =fy)fy(v), (3.45) 


which shows again that the joint density function is equal to the product of the 
associated marginal density functions when X and Y are independent. 
Finally, let us note that, when random variables X and Y are discrete, 


T:Xj<X 


Fyy(xly) = So pyy(xily), (3.46) 
i=l 
and, in the case of a continuous random variable, 


Fev(xb) =f fer(uly)du (3.47) 


Comparison of these equations with Equations (3.7) and (3.12) reveals they are 
identical to those relating these functions for X alone. 

Extensions of the above results to the case of more than two random vari- 
ables are again straightforward. Starting from 


P(ABC) = P(A|BC)P(B|C) P(C) 
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[see Equation (2.26)], for three events A, B, and C, we have, in the case of three 
random variables X, Y, and Z, 


Pyyz(%,),2) = Pyyz(xly, 2)Pyz(1Z)Pz(2) 


(3.48) 
Syyz(%,¥,2) =Syyz(aly, Vf yzlafz(2) 
Hence, for the general case of n random variables, X;,X2,...,Xn, or X, we can 
write 
Py(x) =Pyyyy..x, (XI Rowen >Xn)PXy...¥, (xaleaee2ig Nn) se PX, AX (Xn-1 Xn) Px, (Xn)5 
f x(x) =f y,x,..x,(%1 [X56 Xn)f y,..x,(%2 be eee) oe Ne ee AC SIE a eee 
(3.49) 


In the event that these random variables are mutually independent, Equations 
(3.49) become 


Px(X) = Py, (*1)Px, (%2) --- Py, (Xn); ! 
(3.50) 


Fx (x) = Six, fx, (2) «Sx, On) 


Example 3.9. To show that joint mass functions are sometimes more easily 
found by finding first the conditional mass functions, let us consider a traffic 
problem as described below. 

Problem: a group of n cars enters an intersection from the south. Through 
prior observations, it is estimated that each car has the probability p of turning 
east, probability g of turning west, and probability r of going straight on 
(p+q+rz=1). Assume that drivers behave independently and let X be the 
number of cars turning east and Y the number turning west. Determine the 
jpmf pyy (x,y). 

Answer: since 


Pyy(%Y) = Pyy(ly)Py), 
we proceed by determining pyy(x|y) and py(y). The marginal mass function 
Py(y) is found in a way very similar to that in the random walk situation 
described in Example 3.5. Each car has two alternatives: turning west, and 


not turning west. By enumeration, we can show that it has a binomial distribu- 
tion (to be more fully justified in Chapter 6) 


ie ("Jara Sg 1a us: (3.51) 
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Consider now the conditional mass function pyy(«|y). With Y =y having 
happened, the situation is again similar to that for determining py (y) except 
that the number of cars available for taking possible eastward turns is now 
n — y; also, here, the probabilities p and r need to be renormalized so that they 
sum to 1. Hence, pyy («|y) takes the form 


x, n-y-x 
wey P P ° 
x|yv) = 1 =0,1,...,.2—y, y=0,1,...,n. 
Pyy(xly) ( x (4) ( 2. > x eae) sA—Y, y oars if 
(3.52) 


Finally, we have pyy(x,y) as the product of the two expressions given by 
Equations (3.51) and (3.52). The ranges of values for x and y arex = 0,1,..., 
n—y,andy=0,l,...,n. 

Note that pyy (x,y) has a rather complicated expression that could not have 
been derived easily in a direct way. This also points out the need to exercise care 
in determining the limits of validity for x and y. 


Example 3.10. Problem: resistors are designed to have a resistance R of 
50 + 2 Q. Owing to imprecision in the manufacturing process, the actual density 
function of R has the form shown by the solid curve in Figure 3.18. Determine 
the density function of R after screening — that is, after all the resistors having 
resistances beyond the 48-52? range are rejected. 

Answer: we are interested in the conditional density function, f p(r|A), where 
A is the event {48 < R < 52}. This is not the usual conditional density function 
but it can be found from the basic definition of conditional probability. 

We start by considering 


P(R<rn48 < R< 52) 


Fp(r|A) = P(R < r/48 < R< 52) = P(48 < R< 52) 


> 1(Q) 


Figure 3.18 The actual, f(r), and conditional, f p(r|A), for Example 3.10 
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However, 


6, forr < 48; 
R<rn4<R<52=¢ 48<R<r, for 48<r< 52; 
48<R<52, forr> 52. 
Hence, 
0, forr< 48; 


r 


SF a(r)dr 
Fa(r|A) = 4 P(48 < R<r) a 
= <9re<s . 
PB <R<5D) m , for 48 <r< 52; 


1 


, forr> 52; 


where 


52 
c= FP r(r)dr. 
48 


is a constant. 
The desired fp (r|A) is then obtained from the above by differentiation. We 
obtain 


dFp(r4) (22. for ag <r <5? 
f g(r) = FRI) _ aie 


0, elsewhere 


It can be seen from Figure 3.18 (dashed line) that the effect of screening is 
essentially a truncation of the tails of the distribution beyond the allowable 
limits. This is accompanied by an adjustment within the limits by a multi- 
plicative factor 1/c so that the area under the curve is again equal to 1. 


FURTHER READING AND COMMENTS 


We discussed in Section 3.3 the determination of (unique) marginal distributions from a 
knowledge of joint distributions. It should be noted here that the knowledge of marginal 
distributions does not in general lead to a unique joint distribution. The following reference 
shows that all joint distributions having a specified set of marginals can be obtained by 
repeated applications of the so-called 6 transformation to the product of the marginals: 


Becker, P.W., 1970, “A Note on Joint Densities which have the Same Set of Marginal 
Densities”, in Proc. International Symp. Information Theory, Elsevier Scientific Pub- 
lishers, The Netherlands. 
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PROBLEMS 


3.1 For each of the functions given below, determine constant a so that it possesses all 
the properties of a probability distribution function (PDF). Determine, in each case, 
its associated probability density function (pdf) or probability mass function (pmf) 
if it exists and sketch all functions. 


(a) Case 1: 
0, forx <5; 
2S { a, forx>5. 
(b) Case 2: 
0, forx <5; 
1 
F(x) = 3 for5<x <7; 
a, forx>7. 
(c) Case 3: 


0, forx <1; 


k 
FO) =9 Si /ai, fork <x<k+1, and k=1,2,3,.... 
j=l 


(d) Case 4: 
0, for x <0; 
F(x) = { l-e”, forx>0. 
(e) Case 5: 
0, for x < 0; 
F(x)=4 x", for0<x<1; 
1, forx>1. 
(f) Case 6: 
0, for x <0; 
F(x) = asin! Vx, for0O<x<1; 
1, forx>0. 
(g) Case 7: 


0, for x <0; 
F(x) = ale!) 45, for x > 0. 


3.2 For each part of Problem 3.1, determine: 
(a) P(X < 6); 
(b) P< X <7). 
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Py (x) f(x) 
rN 

rN 

0.6 |- 
4 

“LE 

> X ee 
i 2 8 . 


(a) (b) 


Figure 3.19 The probability mass function, py (x), and probability density function, 
fx (x), for Problem 3.3 


3.3 For py(x) and fy(x) in Figure 3.19(a) and 3.19(b) respectively, sketch roughly in 
scale the corresponding PDF Fy(x) and show on all graphs the procedure for 
finding P(2< X < 4). 


3.4 For each part, find the corresponding PDF for random variable X. 


(a) Case 1: 
f (x) _ 0.1, for 90 < x < 100; 
yxX\") ~~ 10, elsewhere. 
(b) Case 2: 
_ f20--x), for0<x<1; 
Fx) = i elsewhere. 
(c) Case 3: 
fr) =, for -00 <x< 
xX m1 +22)’ or —-CO< X< &. 


3.5 The pdf of X is shown in Figure 3.20. 
(a) Determine the value of a. 
(b) Graph Fy (x) approximately. 
(c) Determine P(X > 2). 
(d) Determine P(X > 2|X > 1). 


3.6 The life X, in hours, of a certain kind of electronic component has a pdf given by 
0, for x < 100; 


fy(x) = 
x0) a for x > 100. 


x2 


Determine the probability that a component will survive 150 hours of operation. 
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fy(X) 4 


> X 


Figure 3.20 The probability density function, f(x), for Problem 3.5 


3.7 Let T denote the life (in months) of a light bulb and let 


1 t 
fr(t)=¢ 15 450’ 


0, elsewhere. 


for 0<t< 30; 


(a) Plot f;(¢) against t. 

(b) Derive Fr(t) and plot F(t) against ft. 

(c) Determine using f;(f), the probability that the light bulb will last at least 15 
months. 

(d) Determine, using F'7(t), the probability that the light bulb will last at least 15 
months. 

(e) A light bulb has already lasted 15 months. What is the probability that it will 
survive another month? 


3.8 The time, in minutes, required for a student to travel from home to a morning 
class is uniformly distributed between 20 and 25. If the student leaves home 
promptly at 7:38 a.m., what is the probability that the student will not be late for 
class at 8:00 a.m.? 


3.9 In constructing the bridge shown in Figure 3.21, an engineer is concerned with 
forces acting on the end supports caused by a randomly applied concentrated load 
P, the term ‘randomly applied’ meaning that the probability of the load lying in any 
region is proportional only to the length of that region. Suppose that the bridge has 
a span 2b. Determine the PDF and pdf of random variable X, which is the distance 
from the load to the nearest edge support. Sketch these functions. 


——— 


Figure 3.21 Diagram of the bridge, for Problem 3.9 
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Fire station 


g 


ss b | 


Figure 3.22 Position of the fire station and stretch of forest, AB, for Problem 3.10 


3.10 Fire can erupt at random at any point along a stretch of forest AB. The fire 
station is located as shown in Figure 3.22. Determine the PDF and pdf of 
X, representing the distance between the fire and the fire station. Sketch these 
functions. 


3.11 Pollutant concentrations caused by a pollution source can be modeled by the pdf 
(a> 0): 


{’ for r < 0; 


ae, forr>0; 


where R is the distance from the source. Determine the radius within which 95% of 
the pollutant is contained. 


3.12 Asan example of a mixed probability distribution, consider the following problem: 
a particle is at rest at the origin (x = 0) at time ¢ = 0. At a randomly selected time 
uniformly distributed over the interval 0 < t< 1, the particle is suddenly given a 
velocity v in the positive x direction. 

(a) Show that X, the particle position at (0 < t< 1), has the PDF shown in Figure 
3.23. 

(b) Calculate the probability that the particle is at least v/3 away from the origin at 
t= 1/2. 


Figure 3.23. The probability distribution function, Fy (x), for Problem 3.12 
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3.13 


3.14 


315 


3.16 


71 


For each of the joint probability mass functions (jpmf), pyy (x,y), or joint prob- 
ability density functions (jpdf), fyy (x,y), given below (cases 1-4), determine: 

(a) the marginal mass or density functions, 

(b) whether the random variables are independent. 


(i) Case 1 
0.5, for (x,y) = (1, 1); 
ey) = J Ob for (s3) = (2) 
PHENOL VOL. “FOr Gey (2, 1); 
0.3, for (x,y) = (2,2). 
(ii) Case 2: 
: a(x+y), forO<x<landl<y<2; 
fyy(%,y) = 
0, elsewhere. 
(iii) Case 3 
e+") for (x,y) > (0,0); 
fy (%¥) = { (57) > (0,0) 
0, elsewhere. 
(iv) Case 4 
4y(x— ye),  for0 <x <cw,and0<y<x; 
fyy(%y) = { ( 
0, elsewhere. 
Suppose X and Y have jpmf 
0.1, for (x,¥) = (1,1)3 
(ey) = 4 02 for 3) = (12) 
PHVOT V0.3, for (x,») = (2,1); 
0.4, for (x,y) = (2,2). 


(a) Determine marginal pmfs of X and Y. 
(b) Determine P(X = 1). 
(c) Determine P(2X < Y). 


Let X1, X2, and X3 be independent random variables, each taking values +1 with 
probabilities 1/2. Define random variables Y;, Y2, and Y3 by 

Y.=X1X%2., Y2=X1X3,  Y¥3 = X2X3 
Show that any two of these new random variables are independent but that Y1, Yo, 
and Y3 are not independent. 


The random variables X and Y are distributed according to the jpdf given by 
Case 2, in Problem 3.13(ii). Determine: 

(a) P(X > 0.5N Y > 1.0). 

(b) P(XY <>). 
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(c) P(X < 0.5|¥ = 1.5). 
(d) P(X < 0.5/¥ < 1.5). 


3.17 Let random variable X denote the time of failure in years of a system for which the 
PDF is Fy (x). In terms of Fy (x), determine the probability 


P(X < x|X > 100), 


which is the conditional distribution function of X given that the system did not fail 
up to 100 years. 


3.18 The pdf of random variable X is 


3x7, for -l1<x<0; 
0, elsewhere. 


fuls) = { 


Determine P(X > b|X < b/2) with -1< b< 0. 


3.19 Using the joint probability distribution given in Example 3.5 for random variables 
X and Y, determine: 
(a) P(X > 3). 
(b) PO<Y < 3). 
(c) P(X > 3|Y¥ <2). 


3.20 Let 


. ke“), for0< x <l,and0<y <2; 
fry(%y) = { y 


0, elsewhere. 


(a) What must be the value of k? 
(b) Determine the marginal pdfs of X and Y. 
(c) Are X and Y statistically independent? Why? 


3.21 A commuter is accustomed to leaving home between 7:30 a.m and 8:00 a.m., the drive 
to the station taking between 20 and 30 minutes. It is assumed that departure time and 
travel time for the trip are independent random variables, uniformly distributed over 
their respective intervals. There are two trains the commuter can take; the first leaves 
at 8:05 a.m. and takes 30 minutes for the trip, and the second leaves at 8:25 a.m. and 
takes 35 minutes. What is the probability that the commuter misses both trains? 


3.22 The distance X (in miles) from a nuclear plant to the epicenter of potential earth- 
quakes within 50 miles is distributed according to 
2x 
fy(x) = ¢ 2500’ 
0, elsewhere; 


for 0 <x < 50; 


and the magnitude Y of potential earthquakes of scales 5 to 9 is distributed 
according to 


3(99-y) 
FeO) =< gag OPES ISS 


0, elsewhere. 
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Assume that X and Y are independent. Determine P(X < 25M Y > 8), the prob- 
ability that the next earthquake within 50 miles will have a magnitude greater than 
8 and that its epicenter will lie within 25 miles of the nuclear plant. 


3.23 Let random variables X and Y be independent and uniformly distributed in the 
square (0,0) < (X,Y) < (1,1). Determine the probability that XY < 1/2. 

3.24 In splashdown maneuvers, spacecrafts often miss the target because of guidance 
inaccuracies, atmospheric disturbances, and other error sources. Taking the origin 
of the coordinates as the designed point of impact, the X and Y coordinates of the 
actual impact point are random, with marginal density functions 

fy(x) eee <x< 
= —, » oO 00; 
Me o(2n)'/? 
1 b) 2 
fro) =——e’",*», -w<y<oo. 
: o(2n)'/? 
Assume that the random variables are independent. Show that the probability 
of a Paown lying within a circle of radius a centered at the origin 
is 1—e 7? 

3.25 Let X,,X2,...,X, be independent and identically distributed random variables, 

each with PDF F(x). Show that 

Pimin(X), X2,...,X,) < ul =1—[1—Fy(u)]”, 

Pimax(X1, Xo,...,Xn) < ul = [Fy(u)]”. 
The above are examples of extreme-value distributions. They are of considerable 
practical importance and will be discussed in Section 7.6. 

3.26 In studies of social mobility, assume that social classes can be ordered from 1 
(professional) to 7 (unskilled). Let random variable X; denote the class order of the 
kth generation. Then, for a given region, the following information is given: 

(i) The pmf of Xo is described by py,(1) = 0.00, py,(2) = 0.00, py,(3) = 0.04, 
Px, (4) = 0.06, py,(5) = 9.11, py, (6) = 0.28, and py, (7) = 0.51. 
(ii) The conditional probabilities Par = = i|Xp =/j) for i, 7=1,2,...,7 and for 
every k are given in Table 3.2. 
Table 3.2. P(Xi41 = i|X; =/) for Problem 3.26 
i J 
1 2 3 4 5 6 7 

1 0.388 0.107 0.035 0.021 0.009 0.000 0.000 

2 0.146 0.267 0.101 0.039 0.024 0.013 0.008 

3 0.202 0.227 0.188 0.112 0.075 0.041 0.036 

4 0.062 0.120 0.191 0.212 0.123 0.088 0.083 

5 0.140 0.206 0.357 0.430 0.473 0.391 0.364 

6 0.047 0.053 0.067 0.124 0.171 0.312 0.235 

7 0.015 0.020 0.061 0.062 0.125 0.155 0.274 
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(iii) The outcome at the (k + 1)th generation is dependent only on the class order 
at the kth generation and not on any generation prior to it; that is, 


P(Xar = |X_ =JNXe-1 = MN...) = P(Xeg1 = [Xe = J) 
Determine 


(a) The pmf of X3. 
(b) The jpmf of X3 and X4. 
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Expectations and Moments 


While a probability distribution [Fy(x),py(), or fy(x)] contains a complete 
description of a random variable X, it is often of interest to seek a set of simple 
numbers that gives the random variable some of its dominant features. These 
numbers include moments of various orders associated with X. Let us first 
provide a general definition (Definition 4.1). 


Definition 4.1. Let g(X) be a real-valued function of a random variable X. 
The mathematical expectation, or simply expectation, of g(X), denoted by 
E{g(X)}, is defined by 


E{g(X)} = > 8) px(x), (4.1) 


if X is discrete, where x;,x2,... are possible values assumed by X. 
When the range of i extends from | to infinity, the sum in Equation (4.1) 
exists if it converges absolutely; that is, 


Co 


be Ig(xi) Py (x1) < 00. 


i=1 


The symbol £{ } is regarded here and in the sequel as the expectation operator. 
If random variable X is continuous, the expectation E{g(X)} is defined by 


E{a(x)} = [ ” ax\fy(x)dx, (4.2) 


if the improper integral is absolutely convergent, that is, 


J leeilfrljdx <x. 


o.@) 
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Let us note some basic properties associated with the expectation operator. 
For any constant c and any functions g(X) and h(X) for which expectations 
exist, we have 


E{ch=c, 

E{cg(X)} = cE{g(X)}, 

E{g(X) + h(X)} = Ejg(X)} + E{h(X)}, 

E{g(X)} < E{h(X)}, if g(X) < A(X) for all values of YX. 


These relations follow directly from the definition of E{g(X)}. For example, 
E{e(X) + H(X)} =f [e(x) + half ela)dx 


= i: ‘: o(x)f y(x)dx + i h(x)f(x)dx 


= E{g(X)} + E{A(X)}, 


as given by the third of Equations (4.3). The proof is similar when_X is discrete. 


4.1 MOMENTS OF A SINGLE RANDOM VARIABLE 


Let g(X) = X",n = 1,2,...; the expectation E{X"}, when it exists, is called the 
nth moment of X. It is denoted by a, and is given by 


On = E{X"} = D> x?py(x;), for X discrete; (4.4) 


An = E{X" = / x"f y(x)dx, for X continuous. (4.5) 


4.1.1 MEAN, MEDIAN, AND MODE 


One of the most important moments is a, the first moment. Using the mass 
analogy for the probability distribution, the first moment may be regarded as 
the center of mass of its distribution. It is thus the average value of random 
variable X and certainly reveals one of the most important characteristics of its 
distribution. The first moment of X is synonymously called the mean, expecta- 
tion, or average value of X. A common notation for it is my or simply m. 
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Example 4.1. Problem: From Example 3.9 (page 64), determine the average 
number of cars turning west in a group of n cars. 

Answer: we wish to determine the mean of Y,E{Y}, for which the mass 
function is [from Equation (3.51)] 


n k n— 
Py(k) = (7) Aa ~q)"*, k=0,1,2,...,n. 


Equation (4.4) then gives 


E{Y} = Ykrvik) 2 s4(") 40 _ ay 


a n! : ae 
oe (k—Di(n— Bit qn. 


k=1 
Let k — 1 =m. We have 
— n—1 m n—|l—m 
E{Y}=ngyi( jaggy”. 
m=0 


The sum in this expressions is simply the sum of binomial probabilities and 
hence equals one. Therefore, 


E{Y} =nq, 


which has a numerical value since n and g are known constants. 


Example 4.2. Problem: the waiting time X (in minutes) of a customer waiting 
to be served at a ticket counter has the density function 


2e*, for x > 0; 
x)= 
fx) 0, elsewhere. 


Determine the average waiting time. 
Answer: referring to Equation (4.5), we have, using integration by parts, 


E{X} = | x(2e-**)dx = sminute. 


Example 4.3. Problem: from Example 3.10 (pages 65), find the average 
resistance of the resistors after screening. 


TLFeBOOK 


78 Fundamentals of Probability and Statistics for Engineers 


Answer: the average value required in this example is a conditional mean of R 
given the event A. Although no formal definition is given, it should be clear that 
the desired average is obtained from 


E{R\A} = [ rf p(r|A)dr = [a 


This integral can be evaluated when f g(r) is specified. 


Two other quantities in common usage that also give a measure of centrality 
of a random variable are its median and mode. 

A median of X is any point that divides the mass of the distribution into two 
equal parts; that is, xo is a median of X if 


P(X < Xo) = te 
2 
The mean of X may not exist, but there exists at least one median. 

In comparison with the mean, the median is sometimes preferred as a 
measure of central tendency when a distribution is skewed, particularly where 
there are a small number of extreme values in the distribution. For example, we 
speak of median income as a good central measure of personal income for a 
population. This is a better average because the median is not as sensitive to 
a small number of extremely high incomes or extremely low incomes as is 
the mean. 


Example 4.4. Let T be the time between emissions of particles by a radio- 
active atom. It is well established that T is a random variable and that it obeys 
an exponential distribution; that is, 


Ae’, for t> 0; 


0, elsewhere; 


fr(d = 


where 4 is a positive constant. The random variable T is called the lifetime of 
the atom, and a common average measure of this lifetime is called the half-life, 
which is defined as the median of 7. Thus, the half-life, 7 is found from 


[ friost=5, 


or 
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Let us note that the mean life, E{T}, is given by 


E(T) = f° fr(gar= 5. 


A point x; such that 


Py(Xi) > Py(xi41) and py(xi) > py(xi-1), YX discrete, 
fy(xi) >fy(%it+e) and fy(xi) >fy(xi-e), YX continuous, 


where ¢ is an arbitrarily small positive quantity, is called a mode of XY. A mode is 
thus a value of X corresponding to a peak in its mass function or density 
function. The term unimodal distribution refers to a probability distribution 
possessing a unique mode. 

To give a comparison of these three measures of centrality of a random 
variable, Figure 4.1 shows their relative positions in three different situations. It 
is clear that the mean, the median, and the mode coincide when a unimodal 
distribution is symmetric. 


4.1.2. CENTRAL MOMENTS, VARIANCE, AND STANDARD 
DEVIATION 


Besides the mean, the next most important moment is the variance, which 
measures the dispersion or spread of random variable X about its mean. Its 
definition will follow a general definition of central moments (see Definition 4.2). 


Definition 4.2. The central moments of random variable X are the moments of 
X with respect to its mean. Hence, the mth central moment of X, [1n, is defined as 


bn = E{(X — m)"} = ya \"py(xi), X discrete; (4.6) 


bn = E{(X —m)"} = Pe (x —m)"fy(x)dx, X continuous. | (4.7) 


The variance of X is the second central moment, 7, commonly denoted by oy 
or simply o or var(X). It is the most common measure of dispersion of 
a distribution about its mean. Large values of ar imply a large spread in 
the distribution of X about its mean. Conversely, small values imply a sharp 
concentration of the mass of distribution in the neighborhood of the mean. This is 
illustrated in Figure 4.2 in which two density functions are shown with the same 
mean but different variances. When oy = 0, the whole mass of the distribution is 
concentrated at the mean. In this extreme case, X = my with probability 1. 
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a) Mode —~ “Mean 
Median 
fy(x) 4 
| 
| 
| 
S\N 
| - 
b) Mode 
Median 
Mean 


(c) Mean—~ “ Mode 
Median 


Figure 4.1 Relative positions of the mean, median, and mode for three distributions: 
(a) positively shewed; (b) symmetrical; and (c) negatively shewed 


An important relation between the variance and simple moments is 
o =a,—m’. (4.8) 
This can be shown by making use of Equations (4.3). We get 


o? = E{(X — m)’} = E{X? — 2mX + m’} = E{X?} — 2mME{X} +m? 


=a) —2n? +m? =a) —m’. 
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o 


09>05 


XK: 


Figure 4.2. Density functions with different variances, 01, and a2 


We note two other properties of the variance of a random variable X which 
can be similarly verified. They are: 


var(cX) = c’var(X), a 


var(X + c) = var(X), ! 

where c is any constant. 
It is further noted from Equations (4.6) and (4.7) that, since each term in the 
sum in Equation (4.6) and the integrand in Equation (4.7) are nonnegative, the 
variance of a random variable is always nonnegative. The positive square root 


ox = +[E{(X — m)’}]"", 


is called the standard deviationof X. An advantage of using oy rather than a 
as a measure of dispersion is that it has the same unit as the mean. It can 
therefore be compared with the mean on the same scale to gain some measure 
of the degree of spread of the distribution. A dimensionless number that 
characterizes dispersion relative to the mean which also facilitates comparison 
among random variables of different units is the coefficient of variation, vx, 
defined by 


yo. (4.10) 


Example 4.5. Let us determine the variance of Y defined in Example 4.1. 
Using Equation (4.8), we may write 


o, = E{LY’}—-m, = E{Y7}-W¢. 
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Now, 


n 


E{¥?} = Spy () = Sole — Dp) + Srkpy(®, 
k=0 k=0 


k=0 


and 


Proceeding as in Example (4.1), 


ila 1)py(k) =n(n— a Edin eit gr 


lI 
= 
ow, 
= 
| 
= 
S 
Ne 
Ms 
Lm 
~ 3 
See 
oe 
Pi 
jan 
| 
Sy 
3 
i 


Thus, 
Ef ae =n(n— a + nq, 
and 
2 


oy =n(n— 1g +g — (ng) = ng(1 — 4). 


Example 4.6. We again use Equation (4.8) to determine the variance of X 
defined in Example 4.2. The second moment of X is, on integrating by parts, 


oe : 1 
E{X?} = 2 | xe dx =~. 
0 2 
Hence, 


oh = E(X?} — mi, = 


Ale 


1 1. 
2 4— 

Example 4.7. Problem: owing to inherent manufacturing and scaling inaccura- 
cies, the tape measures manufactured by a certain company have a standard 
deviation of 0.03 feet for a three-foot tape measure. What is a reasonable 


estimate of the standard deviation associated with three-yard tape measures 
made by the same manufacturer? 
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Answer: for this problem, it is reasonable to expect that errors introduced in 
the making of a three-foot tape measure again are accountable for inaccuracies 
in the three-yard tape measures. It is then reasonable to assume that the 
coefficient of variation v = o/m is constant for tape measures of all lengths 
manufactured by this company. Thus 


0.03 
=— =0.01 
Vv 3 4 


and the standard deviation for a three-yard tape measures is 0.01 x (9 feet) = 
0.09 feet. 

This example illustrates the fact that the coefficient of variation is often 
used as a measure of quality for products of different sizes or different weights. 
In the concrete industry, for example, the quality in terms of concrete strength 
is specified by a coefficient of variation, which is a constant for all mean 
strengths. 


Central moments of higher order reveal additional features of a distribution. 
The coefficient of skewness, defined by 


y=B (4.11) 


o 


gives a measure of the symmetry of a distribution. It is positive when a uni- 
modal distribution has a dominant tail on the right. The opposite arrangement 
produces a negative +. It is zero when a distribution is symmetrical about the 
mean. In fact, a symmetrical distribution about the mean implies that all odd- 
order central moments vanish. 

The degree of flattening of a distribution near its peaks can be measured by 
the coefficient of excess, defined by 


y= 4-3. (4.12) 


A positive 72 implies a sharp peak in the neighborhood of a mode in a unimodal 
distribution, whereas a negative y2 implies, as a rule, a flattened peak. The 
significance of the number 3 in Equation (4.12) will be discussed in Section 7.2, 
when the normal distribution is introduced. 


4.1.3 CONDITIONAL EXPECTATION 


We conclude this section by introducing a useful relation involving conditional 
expectation. Let us denote by E{X|Y} that function of random variable Y for 
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which the value at Y = y; is E{X|Y = y;}. Hence, E{X|Y} is itself a random 
variable, and one of its very useful properties is that 


E{X} = E{E{X|Y}} (4.13) 
If Y is a discrete random variable taking on values vy}, y2,..., the above states 
that 
E{X} = > E{X|¥ = yi} P(Y = yi), (4.14) 
and 
E(X}= f EtxW}fyoydy. (4.15) 


if Y is continuous. 

To establish the relation given by Equation (4.13), let us show that Equation 
(4.14) is true when both X and Y are discrete. Starting from the right-hand side 
of Equation (4.14), we have 


ee yey y= Darl X =xl|¥ =y)P(Y =y). 


Since, from Equation (2.24), 


P(X =xjN Y = yj) 
P(Y=yi)  ’ 


we have 
ee yi} P(Y = yi) = 2D par (x;,.¥1) 
= 4 DPxvp) 
=) px(%) 
=U, 


and the desired result is obtained. 
The usefulness of Equation (4.13) is analogous to what we found in using the 
theorem of total probability discussed in Section 2.4 (see Theorem 2.1, page 23). 
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It states that, in order to determine E{X}, it can be found by taking a weighted 
average of the conditional expectation of X given Y = y;; each of these terms is 
weighted by probability P(Y = yj). 


Example 4.8. Problem: the survival of a motorist stranded in a snowstorm 
depends on which of the three directions the motorist chooses to walk. The first 
road leads to safety after one hour of travel, the second leads to safety after 
three hours of travel, but the third will circle back to the original spot after two 
hours. Determine the average time to safety if the motorist is equally likely to 
choose any one of the roads. 

Answer: let Y = 1,2, and 3 be the events that the motorist chooses the first, 
second and third road, respectively. Then P(Y = i) = 1/3 fori = 1,2,3. Let X 
be the time to safety, in hours. We have: 


3 
E{X} = 50 E{X|Y =i} P(Y =i) 
i=1 


ie 
eet 


Now, 
E{X|¥ = 1} =1, 
E{X|Y = 2} =3, (4.16) 
E{X|Y =3} =24 E{X}. 
Hence 
E{X} =5 (1 £3424 EEN) 


E{X} = 3 hours. 


Let us remark that the third relation in Equations (4.16) is obtained by noting 
that, if the motorist chooses the third road, then it takes two hours to find that 
he or she is back to the starting point and the problem is as before. Hence, the 
motorist’s expected additional time to safety is just E{X}. The result is thus 
2+ E{X}. We further remark that problems of this type would require much 
more work were other approaches to be used. 
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4.2 CHEBYSHEV INEQUALITY 


In the discussion of expectations and moments, there are two aspects to be 
considered in applications. The first is that of calculating moments of various 
orders of a random variable knowing its distribution, and the second is con- 
cerned with making statements about the behavior of a random variable when 
only some of its moments are available. The second aspect arises in numerous 
practical situations in which available information leads only to estimates of 
some simple moments of a random variable. 

The knowledge of mean and variance of a random variable, although very 
useful, is not sufficient to determine its distribution and therefore does not 
permit us to give answers to such questions as ‘What is P(Y < 5)?’ However, as 
is shown in Theorem 4.1, it is possible to establish some probability bounds 
knowing only the mean and variance. 


Theorem 4.1: the Chebyshev inequality states that 


1 
P(X —my| > kox) <5, (4.17) 


for any k > 0. 


Proof: from the definition we have 


oh = [e—myfeoiax> f (x = my)f p(x 


0° |x-my|>kox 


Shay / fy(x)dx 
|x-my|>kox 
= keoyP(|X = my| > koy). 


Expression (4.17) follows. The proof is similar when X is discrete 


Example 4.9. In Example 4.7, for three-foot tape measures, we can write 


1 
P(X — 3] > 0.03k) < 5. 


If k = 2, 


1 
P(|X — 3] 2 0.06) <7, 
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or 


BI] Ww 


P(2.94 < X < 3.06) > 


In words, the probability of a three-foot tape measure being in error less than 
or equal to +£0.06 feet is at least 0.75. Various probability bounds can be found 
by assigning different values to k. 


The complete generality with which the Chebyshev inequality is derived 
suggests that the bounds given by Equation (4.17) can be quite conservative. 
This is indeed true. Sharper bounds can be achieved if more is known about the 
distribution. 


4.33 MOMENTS OF TWO OR MORE RANDOM VARIABLES 


Let g(X, Y) be a real-valued function of two random variables X and Y. Its 
expectation is defined by 


E{g(X, Y)} = SoS. axis ¥) Pry (Xin ¥)> X and Y discrete, (4.18) 
ij 


E{g(Xx, Y)} =| / 2(x,V)fyy(x,y)dxdy, X and Y continuous, (4.19) 


if the indicated sums or integrals exist. 
In a completely analogous way, the joint moments Q,,, of X and Y are given 
by, if they exist, 


Qnm = E{X"Y™}. (4.20) 
They are computed from Equation (4.18) or (4.19) by letting g(X¥, Y) = X"Y". 


Similarly, the joint central moments of X and Y, when they exist, are 
given by 


Hum = E{(X — my)"(Y¥ — my)"}. (4.21) 
They are computed from Equation (4.18) or (4.19) by letting 
(X,Y) =(X —my)"(¥ — my)”. 


Some of the most important moments in the two-random-variable case are 
clearly the individual means and variances of X and Y. In the notation used 


TLFeBOOK 


88 Fundamentals of Probability and Statistics for Engineers 


here, the means of X and Y are, respectively, ajo and ag,. Using Equation 
(4.19), for example, we obtain: 


a= EX} = ff xferoydxdy= fx [ feyls.r)avdx 
=i ; Xf y(x)d, 


where f ,(x) is the marginal density function of X. We thus see that the result is 
identical to that in the single-random-variable case. 

This observation is, of course, also true for the individual variances. They are, 
respectively, {29 and fio2, and can be found from Equation (4.21) with appropriate 
substitutions for n and m. As in the single-random-variable case, we also have 


= 2 Ie &. 2 
L290 = A290 — 7g OY = A290 — My 
or (4.22) 


pan 2 Ds 2 
Ho2 = 02 — A Oy = A2 — My 


4.3.1 COVARIANCE AND CORRELATION COEFFICIENT 


The first and simplest joint moment of X and Y that gives some measure of 
their interdependence is y4, = E{(X — my)(Y — my)}. It is called the covar- 
iance of X and Y. Let us first note some of its properties. 

Property 4.1: the covariance is related to Ay», by 


Hit = O11 — Aj0A] = A4] — MymMy. (4.23) 


Proof of Property 4.1: Property 4.1 is obtained by expanding 
(XY — my)(Y — my) and then taking the expectation of each term. We have: 
fy = E{(X — my)(Y — my)} = E{XY —myX —myY +mymy} 
= E{XY} — my E{X} —myE{Y}+mymy 
= Q11 — A19AQ91 — A19Q01 + A19A01 


= Q11 — 210001. 


Property 4.2: let the correlation coefficient of X and Y be defined by 


Mi Mi 
p= a= (4.24) 
(42002) OxeY 


Then, |p| < 1. 
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Proof of Property 4.2: to show Property 4.2, let t and u be any real quantities 
and form 


O(t,u) = E{[(X — mx) + u(¥ — my)]} 
= poof? + 2p) tu + pow’. 
Since the expectation of a nonnegative function of X and Y must be non- 


negative, (t,u) is a nonnegative quadratic form in ¢ and uw, and we must 
have 


L2op02 — Ly, = 9, (4.25) 

which gives the desired result. 
The normalization of the covariance through Equation (4.24) renders pa 
useful substitute for ;;. Furthermore, the correlation coefficient is dimension- 


less and independent of the origin, that is, for any constants aj, a2, b,, and bp 
with a; > 0 and a > 0, we can easily verify that 


p(a,X + by, a. Y + by) => AX, Y). (4.26) 
Property 4.3. If X and Y are independent, then 
f11=0 and p=0. (4.27) 


Proof of Property 4.3: let X and Y be continuous; their joint moment aj, is 
found from 


on) = E{XY} = / / xf vr (xp dxdy, 


If X and Y are independent, we see from Equation (3.45) that 


Fey y) =f OClfyQ), 


and 
on= ff ofrcofroddrdy= fof eoax [ afyyay 
=mymy. 


Equations (4.23) and (4.24) then show that 41; = 0 and p = 0. A similar result 
can be obtained for two independent discrete random variables. 
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This result leads immediately to an important generalization. Consider a 
function of X and Y in the form g(X)A(Y) for which an expectation exists. 
Then, if X and Y are independent, 


EX{g(X)A(Y)} = E{g(X)fE{A(Y)}. (4.28) 


When the correlation coefficient of two random variables vanishes, we say 
they are uncorrelated. It should be carefully pointed out that what we have 
shown is that independence implies zero correlation. The converse, however, is 
not true. This point is more fully discussed in what follows. 

The covariance or the correlation coefficient is of great importance in the 
analysis of two random variables. It is a measure of their Jinear interdependence 
in the sense that its value is a measure of accuracy with which one random 
variable can be approximated by a linear function of the other. In order to see 
this, let us consider the problem of approximating a random variable X by a 
linear function of a second random variable Y,aY +b, where a and b are 
chosen so that the mean-square error e, defined by 


e = E{[X —(aY +b)}*}, (4.29) 


is minimized. Upon taking partial derivatives of e with respect to a and b and 
setting them to zero, straightforward calculations show that this minimum is 
attained when 


Ooxp 
a= 


Oy 


and 
b= my — amy 


Substituting these values into Equation (4.29) then gives o+(1 —p*) as the 
minimum mean-square error. We thus see that an exact fit in the mean-square 
sense is achieved when |p| = 1, and the linear approximation is the worst when 
p = 0. More specifically, when p = +1, the random variables X and Y are said 
to be positively perfectly correlated in the sense that the values they assume fall 
on a straight line with positive slope; they are negatively perfectly correlated 
when p = —1 and their values form a straight line with negative slope. These 
two extreme cases are illustrated in Figure 4.3. The value of |p| decreases as 
scatter about these lines increases. 

Let us again stress the fact that the correlation coefficient measures only the 
linear interdependence between two random variables. It is by no means a 
general measure of interdependence between X and Y. Thus, p= 0 does not 
imply independence of the random variables. In fact, Example 4.10 shows, the 
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wee p=t1 
e 


Figure 4.3. An illustration of perfect correlation, p 


correlation coefficient can vanish when the values of one random variable are 
completely determined by the values of another. 


Example 4.10. Problem: determine the correlation coefficient of random 
variables X¥ and Y when X takes values +1 and +2, each with probability 1/4, 
and Y = X°. 

Answer: clearly, Y assumes values | and 4, each with probability 1/2, and 
their joint mass function is given by: 


Pyy(x,y) = 


Ale Bl RIF AIO 


The means and second moment aj, are given by 


me = (-2)(4) + (-0 (5) + 0(G) + @(§) =o. 


Qi, —MymMy = 0, 
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and, from Equations (4.23) and (4.24), 


> 
I 
= 


This is a simple example showing that XY and Y are uncorrelated but they are 
completely dependent on each other in a nonlinear way. 


4.3.2 SCHWARZ INEQUALITY 


In Section 4.3.1, an inequality given by Equation (4.25) was established in the 
process of proving that |p| < 1: 


uty = |u|” < peopor. (4.30) 


We can also show, following a similar procedure, that 


EX{XY} = |E{XY})° < E{X7VE{Y?}. (4.31) 


Equations (4.30) and (4.31) are referred to as the Schwarz inequality. We point 
them out here because they are useful in a number of situations involving 
moments in subsequent chapters. 


4.3.3 THE CASE OF THREE OR MORE RANDOM VARIABLES 
The expectation of a function g(X1,X2,...,X,) of n random variables 


X1,X2,...,X» is defined in an analogous manner. Following Equations (4.18) 
and (4.19) for the two-random-variable case, we have 


E{g(X1, ue Xn) } oa * ws Da .* + Xni, Px, ...X, (Xi as tn) 


LY, discrete; (4.32) 
E{g(X,...,Xn)} = f- fs SU yh ses al ae xe lags wag) ty ey 
,X, continuous; (4.33) 


where py, y, and fy,y, are, respectively, the joint mass function and joint 
density function of the associated random variables. 

The important moments associated with m random variables are still the 
individual means, individual variances, and pairwise covariances. Let X be 
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the random column vector with components X,,...,X,, and let the means of 
X\,...,Xn be represented by the vector my. A convenient representation of 
their variances and covariances is the covariance matrix, A, defined by 


A = E{(X — mx)(X — my)’}, (4.34) 
where the superscript T denotes the matrix transpose. The n x n matrix A has 


a structure in which the diagonal elements are the variances and in which the 
nondiagonal elements are covariances. Specifically, it is given by 


var(X;)  cov(X,X2) ... cov(X1, X,) 
cov(X2,X1) —-var(X2) ... Cov(Xo, X;) 
A=| | ar aT 438) 
cov(X,,X1) cov(X,,X2) ...  — -var(X,) 


In the above ‘var’ reads ‘variance of’ and ‘cov’ reads ‘covariance of’. Since 
cov(X;, X;) = cov(X;, X;), the covariance matrix is always symmetrical. 

In closing, let us state (in Theorem 4.2) without proof an important result 
which is a direct extension of Equation (4.28). 


Theorem 4.2: if X,X2,...,X, are mutually independent, then 


E{gi(X1)82(X2) ..-8n(Xn)} = E{gi(X1) SE {82 (X2)} --- E{Sn(Xn)}, | (4.36) 


where g,(X;) is an arbitrary function of Xj. It is assumed, of course, that all 
indicated expectations exist. 


4.4 MOMENTS OF SUMS OF RANDOM VARIABLES 


Let X,,X>,...,X, be nrandom variables. Their sum is also a random variable. 
In this section, we are interested in the moments of this sum in terms of 
those associated with X;,7=1,2,...,n. These relations find applications 
in a large number of derivations to follow and in a variety of physical 
situations. 

Consider 


ae Cee ce ee a (4.37) 


Let m; and oF denote the respective mean and variance of X;. Results 4.14.3 
are some of the important results concerning the mean and variance of Y. 
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Verifications of these results are carried out for the case where X,,...,X,, are 
continuous. The same procedures can be used when they are discrete. 


Result 4.1: the mean of the sum is the sum of the means; that is, 


my =m +m +++++ my. (4.38) 


Proof of Result 4.1: to establish Result 4.1, consider 
my =E{Y}=E{X +Xo+---+X,} 


=| | (x1 +++ + Xn)fhy, vy (%1,-++)%Xn)dx1 ...dXp 
= oe Mal xx, Hy 4 nda... Ax, 


oo oo 
+f ey Nop ss Miy ins eens estes 4 
—0o —0o 


Co Co 
+f a) Nab x..¥, (His ++, ald .. dx. 
—oo —0o 


The first integral in the final expression can be immediately integrated with 
respect to X2,%3,...,Xn, yielding tx, (x,), the marginal density function of X). 
Similarly, the (7 — 1)-fold integration with respect to x1,x3,...,X, in the second 
integral gives fy,(x2), and so on. Hence, the foregoing reduces to 


my a) xf y,(x1)dx1 tet | Xnf x,(Xn)dXn 


oo 


=m +m+:::+My. 


Combining Result 4.1 with some basic properties of the expectation we 
obtain some useful generalizations. For example, in view of the second of 
Equations (4.3), we obtain Result 4.2. 


Result 4.2: if 


Z=aX, + aX2 +--+ + 4)Xn, (4.39) 
where a), d2,...,@, are constants, then 
Mz = aM, + A2M2 + +++ + a,My (4.40) 


Result 4.3: let X,,...,X, be mutually independent random variables. Then 
the variance of the sum is the sum of the variances; that is, 
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=O +O te +o. (4.41) 


Let us verify Result 4.3 for n = 2. The proof for the case of nm random 
variables follows at once by mathematical induction. Consider 


Y=X,+ X). 
We know from Equation (4.38) that 
my =m+mM™. 
Subtracting my from Y, and (m, + mz) from (X; + X2) yields 
Y — my = (X, — m) + (X2) — my) 
and 
oy = E{(Y — my)"} = Ef((X1 — mi) + (X%2 — m))’} 
= E{(X, —m) + 2(X, — m)(X2 — m) + (Xo — m)"} 
= E{(X, — m)?} + 2E{(X1 — m))(X2 — m)} + E{(X2 — m)"} 
= 01 +2 cov(X1, X2) + 03. 


The covariance cov(X;,X 2) vanishes, since X; and X2 are independent [see 
Equation (4.27)], thus the desired result is obtained. 

Again, many generalizations are possible. For example, if Z is given by 
Equation (4.39), we have, following the second of Equations (4.9), 


Oo, = ao, ++: +a0. (4.42) 


Let us again emphasize that, whereas Equation (4.38) is valid for any set of 
random variables X,,...X,, Equation (4.41), pertaining to the variance, holds 
only under the independence assumption. Removal of the condition of inde- 
pendence would, as seen from the proof, add covariance terms to the right- 
hand side of Equation (4.41). It would then have the form 


O, =o +o5+--- +02 +2 cow X, X2) + 2 cov(X1, X3) +--+ +2 cov(Xy_-1, Xp) 


n n—1 on 
= S77 +2S-S- cov(%,X;) (4.43) 
j=l 


isl j=2 
i<j 
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Example 4.11. Problem: an inspection is made of a group of n television 
picture tubes. If each passes the inspection with probability p and fails with 
probability g(p + q = 1), calculate the average number of tubes in n tubes that 
pass the inspection. 

Answer: this problem may be easily solved if we introduce a random variable 
X; to represent the outcome of the jth inspection and define 


1, if the jth tube passes inspection; 


X= 
- i if the jth tube does not pass inspection. 
Then random variable Y, defined by 

Y=X+X2.+--°+ Xa, 


has the desired property that its value is the total number of tubes passing the 
inspection. The mean of X; is 


E{Xj} = 0(q) + 1p) =p. 
Therefore, as seen from Equation (4.38), the desired average number is given by 
my = E{X\}+---+ E{X,} = np. 


We can also calculate the variance of Y. If X,,...,X, are assumed to be 
independent, the variance of X; is given by 


o; = E{(X; — p)’} = (0—p)(q) + (1-p)'p = pa. 
Equation (4.41) then gives 
Oy =O, ++ +0, = Mpg. 
Example 4.12. Problem: let X),...,X, be a set of mutually independent 


random variables with a common distribution, each having mean m. Show 
that, for every « > 0, and asn —> on, 


Y 
(| -m| > 2) +0, where Y = X, +---+ Xj. (4.44) 


n 


Note: this is a statement of the law of large numbers. The random variable Y/n 
can be interpreted as an average of n independently observed random variables 
from the same distribution. Equation (4.44) then states that the probability that 
this average will differ from the mean by greater than an arbitrarily prescribed 
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e tends to zero. In other words, random variable Y/n approaches the true mean 
with probability 1. 

Answer: to proceed with the proof of Equation (4.44), we first note that, if 0? 
is the variance of each Xj, it follows from Equation (4.41) that 


era) 
Oy =No. 


According to the Chebyshev inequality, given by Expression (4.17), for every 
k > 0, we have 
no 
P(|Y —nm| > k) Se 
For k = en, the left-hand side is less than o7/(€*n), which tends to zero as 
n — oo. This establishes the proof. 

Note that this proof requires the existence of 0. This is not necessary but 
more work is required without this restriction. 

Among many of its uses, statistical sampling is an example in which the law of 
large numbers plays an important role. Suppose that in a group of m families 
there are m; number of families with exactly j children (j =0,1,..., and 
mo +m,+...=m). For a family chosen at random, the number of children is 
a random variable that assumes the value r with probability p, = m,/m. A sample 
of n families among this group represents n observed independent random 
variables X;,...,X,, with the same distribution. The quantity (¥,;+---+X,,)/n 
is the sample average, and the law of large numbers then states that, for 
sufficiently large samples, the sample average is likely to be close to 


m= y 1D; = y rm,/m, 
r=0 r=0 


the mean of the population. 


Example 4.13. The random variable Y/n in Example 4.12 is also called the 
sample mean associated with random variables X;,...,X,, and is denoted by X. 
In Example 4.12, if the coefficient of variation for each X; is v, the coefficient of 
variation vy of X is easily derived from Equations (4.38) and (4.41) to be 


v 

Equation (4.45) is the basis for the Jaw of \/n by Schrédinger, which states that 
the laws of physics are accurate within a probable relative error of the order of 
n'/?, where n is the number of molecules that cooperate in a physical process. 
Basically, what Equation (4.45) suggests is that, if the action of each molecule 
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exhibits a random variation measured by v, then a physical process resulting 
from additive actions of n molecules will possess a random variation measured 
by v/n'/?. It decreases as n increases. Since n is generally very large in the 
workings of physical processes, this result leads to the conjecture that the laws 
of physics can be exact laws despite local disorder. 


4.55 CHARACTERISTIC FUNCTIONS 


The expectation E{e!*} of a random variable X is defined as the characteristic 
function of X. Denoted by ¢y(0), it is given by 


y(t) = E{e*} = Sel py(x)), X discrete; (4.46) 


oby(t) = Ef{e"*} = / elf (x)dx, X continuous; (4.47) 


where ¢ is an arbitrary real-valued parameter and j = /—1. The characteristic 
function is thus the expectation of a complex function and is generally complex 
valued. Since 


je*| = |cos tX + jsintX| = 1, 


the sum and the integral in Equations (4.46) and (4.47) exist and therefore ¢ y(t) 
always exists. Furthermore, we note 


ox (0) _ iF 
ox(—d) = oy(2), (4.48) 
lox(4)| <1 


where the asterisk denotes the complex conjugate. The first two properties are 
self-evident. The third relation follows from the observation that, since 


tx@) > 0, 


lox(| = | [feo 


< [fy(ax= 1. 


The proof is the same as that for discrete random variables. 

We single this expectation out for discussion because it possesses a number of 
important properties that make it a powerful tool in random-variable analysis 
and probabilistic modeling. 
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4.5.1 GENERATION OF MOMENTS 


One of the important uses of characteristic functions is in the determination of 
the moments of a random variable. Expanding ¢y(¢) as a MacLaurin series, we 
see that (suppressing the subscript X for convenience) 


2 ft? 


H1) = 60) + HOF HO F+--+9MO 54... (449) 


nl 


where the primes denote derivatives. The coefficients of this power series are, 
from Equation (4.47), 


00) = | frle)dx=1, 
d se 
(0) =| = Pint e(a idx = jo, 
ro o (4.50) 
a’ a . 
g°"'(0) ~ 1=0 7 J iefeoas = J" On. 
Thus, 
o() =1+ ‘ (i)"en (4.51) 
= n! 


The same results are obtained when_X is discrete. 

Equation (4.51) shows that moments of all orders, if they exist, are contained 
in the expansion of (ft), and these moments can be found from ¢(t) through 
differentiation. Specifically, Equations (4.50) give 


a, = jo (0), n=1,2,.... (4.52) 


Example 4.14. Problem: determine (ft), the mean, and the variance of a 
random variable X if it has the binomial distribution 


n AG 
py(k) = (rae apy k= OD scott 
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Answer: according to Equation (4.46), 


a 7 (4.53) 


= n[ pe" + (1 — p)]"""(pe*) 
t=0 t=0 


= npl(n—1)p + I, 


on = — zy [pe" + (1 — a)” 
and 

Oy = 09 — af = np[(n— 1)p +1] — Wp? = np(1 —p). 
The results for the mean and variance are the same as those obtained in 
Examples 4.1 and 4.5. 


Example 4.15. Problem: repeat the above when X is exponentially distributed 
with density function 


ae“, for x > 0; 


’ 


f(s) ={ 


0, elsewhere. 


Answer: the characteristic function y(t) in this case is 


x(t) = | el (ae )dx = a | e (0X dx = =. (4.54) 
0 0 a—jt 
The moments are 
ld 
_ jdt\a “) ~ a’ 


Ds Dean 
Se ee, lel 


which agree with the moment calculations carried out in Examples 4.2 and 4.6. 
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Another useful expansion is the power series representation of the logarithm 
of the characteristic function; that is, 


log $x(t) = 3 (in (4.55) 


where coefficients \,, are again obtained from 


n 


ead 
An =j "log bx (2) 


an (4.56) 


t=0 


The relations between coefficients \,, and moments a, can be established by 
forming the exponential of log ¢y(t), expanding this in a power series of jt, and 
equating coefficients to those of corresponding powers in Equation (4.51). We 
obtain 


AL = a1, 


Ay = an — ay, 
(4.57) 
A3 = a3 — 3a\;a2 + 203, 


Ag = a4 — 305 — 4a,;a3 + 12afay _ 6a5. 


It is seen that A, is the mean, , is the variance, and 3 is the third central 
moment. The higher order \, are related to the moments of the same order or 
lower, but in a more complex way. Coefficients ,, are called cumulants of X 
and, with a knowledge of these cumulants, we may obtain the moments and 
central moments. 


4.5.2 INVERSION FORMULAE 


Another important use of characteristic functions follows from the inversion 
formulae to be developed below. 

Consider first a continuous random variable X. We observe that Equation 
(4.47) also defines @y(t) as the inverse Fourier transform of f(x). The other 
half of the Fourier transform pair is 


froze fe ox(oae (4.58) 


Co 


This inversion formula shows that knowledge of the characteristic function 
specifies the distribution of X. Furthermore, it follows from the theory of 
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Fourier transforms that fy(x) is uniquely determined from Equation (4.58); 
that is, no two distinct density functions can have the same characteristic 
function. 

This property of the characteristic function provides us with an alternative 
way of arriving at the distribution of a random variable. In many physical 
problems, it is often more convenient to determine the density function of a 
random variable by first determining its characteristic function and then per- 
forming the Fourier transform as indicated by Equation (4.58). Furthermore, 
we shall see that the characteristic function has properties that render it 
particularly useful for determining the distribution of a sum of independent 
random variables. 

The inversion formula of Equation (4.58) follows immediately from the 
theory of Fourier transforms, but it is of interest to give a derivation of this 
equation from a probabilistic point of view. 


Proof of Equation (4.58): an integration formula that can be found in any 
table of integrals is 


-1l, fora<0; 


=| sin dt 4 0: fora =O; (4.59) 
T J 00 1, fora>0. 
This leads to 
; ; —1, fora<0; 
Lye t+j(1— t 
/ sin a +j( cosa ) dt— 0, fora= 0; (4.60) 
Te | 95 t 1, for a> 0; 


because the function (1 — cosat)/t is an odd function of ¢ so that its integral 
over a symmetric range vanishes. Upon replacing a by X —x in Equation 
(4.60), we have 


1, for X¥ <x; 
1 j coy el(X—x)t 1 
dt=<¢ — =x: 4.61 
5 xf ; 5) for X = x; (4.61) 
0, for X¥ >x. 


For a fixed value of x, Equation (4.61) is a function of random variable X, and 
it may be regarded as defining a new random variable Y. The random variable 
Y is seen to be discrete, taking on values 1, 5s and 0 with probabilities 
P(X < x),P(X =x), and P(X > x), respectively. The mean of Y is thus equal to 


E{Y} = (1)P(X <x) + (5) P(X = x) + (0)P(X > x). 
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However, notice that, since X is continuous, PLY =x)=0 if x is a point of 
continuity in the distribution of X. Hence, using Equation (4.47), 


E{Y} = P(X <x) =Fy(x) 


1 gj pP 1a Bfeletay 
— i, : dt (4.62) 

“1 j pe lneitorle 

a ers A . i oe 


The above defines the probability distribution function of X. Its derivative 
gives the inversion formula 


Il) = 5 i: “eM ox(aa (4.63) 


Co 


and we have Equation (4.58), as desired. 
The inversion formula when_X is a discrete random variable is 


Py(x) = lim =| ei by(t)dt. (4.64) 


u-co 2u 4 


A proof of this relation can be constructed along the same lines as that given 
above for the continuous case. 


Proof of Equation (4.64): first note the standard integration formula: 


sin au 
u : fi 0: 
a edt = au” eee (4.65) 
US—u 


1 


fora=0. 


’ 


Replacing a by X — x and taking the limit as uw — oo, we have a new random 
variable Y, defined by 


We gf*% 3 0, for X¥ Ax; 
Y = lim — | el dt = s 
Qu J_ for ¥ =x. 


The mean of Y is given by 


E{Y} =(1)P(X =x) + (0) P(X £ x) = P(X =x), (4.66) 
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and therefore 


Py(x) = lim =, | E{ei@—) dt 


u—oo 2u sy 


ene a? haceger 
= lim xf e J dy(a)dt, 
u>oo ZU u 


which gives the desired inversion formula. 


In summary, the transform pairs given by Equations (4.46), (4.47), (4.58), 
and (4.64) are collected and presented below for easy reference. For a contin- 
uous random variable XxX, 


ox) = f * otf (ade, 


8 (4.68) 
Gye: i; el $y (Ade; 
Qiif x 
and, for a discrete random variable X, 
ox(t) = Sel py(x;), 
(4.69) 


Py(x) = lim xf ei by(t)dt. 


u—>oo 2u = 


Of the two sets, Equations (4.68) for the continuous case are more important in 
terms of applicability. As we shall see in Chapter 5, probability mass functions 
for discrete random variables can be found directly without resorting to their 
characteristic functions. 

As we have mentioned before, the characteristic function is particularly 
useful for the study of a sum of independent random variables. In this connec- 
tion, let us state the following important theorem, (Theorem 4.3). 


Theorem 4.3: The characteristic function of a sum of independent random 
variables is equal to the product of the characteristic functions of the individual 
random variables. 


Proof of Theorem 4.3: Let 


YH X,4+X%+---+X. (4.70) 
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Then, by definition, 
dy (i) = Efelt} = Bfeitrt att} 
= Efe eh || gin), 
Since X1,X2,...,X, are mutually independent, Equation (4.36) leads to 
Efei Mei ein) — Efe Efei1 | Efei%), 

We thus have 

by(t) = oy, (Ney, (0) --- dy, (2), (4.71) 


which was to be proved. 


In Section (4.4), we obtained moments of a sum of random variables; 
Equation (4.71), coupled with the inversion formula in Equation (4.58) or 
Equation (4.64), enables us to determine the distribution of a sum of random 
variables from the knowledge of the distributions of X;,7 = 1,2,...,n, provided 
that they are mutually independent. 


Example 4.16. Problem: let X; and X> be two independent random variables, 
both having an exponential distribution with parameter a, and _ let 
Y = X, + X. Determine the distribution of Y. 

Answer: the characteristic function of an exponentially distributed random 
variable was obtained in Example 4.15. From Equation (4.54), we have 


a 


bx, (t) ms bx, (t) = 


 a-jt 
According to Equation (4.71), the characteristic function of Y is simply 


Le 


(a—jty 


Hence, the density function of Y is, as seen from the inversion formula of 
Equations (4.68), 


by(t) = oy, (Nox, (1) = 


has f * ei by (ide 


27 Joo 


2 foo —jty 
2m Joo (a — jt) 


aye”, fory>0; 
a aes we (4.72) 
0, elsewhere. 
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The distribution given by Equation (4.72) is called a gamma distribution, 
which will be discussed extensively in Section 7.4. 


Example 4.17. In 1827, Robert Brown, an English botanist, noticed that small 
particles of matter from plants undergo erratic movements when suspended in 
fluids. It was soon discovered that the erratic motion was caused by impacts on 
the particles by the molecules of the fluid in which they were suspended. This 
phenomenon, which can also be observed in gases, is called Brownian motion. 
The explanation of Brownian motion was one of the major successes of statistical 
mechanics. In this example, we study Brownian motion in an elementary way by 
using one-dimensional random walk as an adequate mathematical model. 

Consider a particle taking steps on a straight line. It moves either one step to 
the right with probability p, or one step to the left with probability 
q(p+q=1). The steps are always of unit length, positive to the right and 
negative to the left, and they are taken independently. We wish to determine the 
probability mass function of its position after n steps. 

Let X; be the random variable associated with the ith step and define 


1, if it is to the right; 
Xi = Cdeahtes (4.73) 
—l, if it is to the left. 
Then random variable Y, defined by 
YSX+X.+---+X, 
gives the position of the particle after n steps. It is clear that Y takes integer 
values between —n and n. 


To determine py (k), —n < k <n, we first find its characteristic function. The 
characteristic function of each _X; is 


oy,(t) = Efe} = pe! + ge™. (4.74) 
It then follows from Equation (4.71) that, in view of independence, 


by(t) = by, (dy, (4)... dx, (0) 
= (pel + ge)". (4.75) 


Let us rewrite it as 


y(t) =e "(pe + 4)" 
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Letting & = 2i — n, we get 


; n n+k n—-k jk 
oy(t) = S- (2.)0 +h)/2 of K)/2 @ikt (4.76) 


k=-n 2 


Comparing Equation (4.76) with the definition in Equation (4.46) yields the 
mass function 


n n ae 
Py(k) = (<0 tH)2g@-OP k= —n,—-(n—2),...,n. (4.77) 
2 


Note that, if n is even, k must also be even, and, if n is odd k must be odd. 

Considerable importance is attached to the symmetric case in which k <n, 
and p = q = 1/2. In order to consider this special case, we need to use Stirling’s 
formula, which states that, for large n, 


nl & (20) Pet" (4.78) 
Substituting this approximation into Equation (4.77) gives 


see 
Py(k) & (=) Sal ee oe eee (4.79) 


nT 


A further simplification results when the length of each step is small. Assuming 
that r steps occur in a unit time (i.e. m = rt) and letting a be the length of each 
step, then, as n becomes large, random variable Y approaches a continuous 
random variable, and we can show that Equation (4.79) becomes 


; 1 y 
fyQ) =, Seay? ( on) wo<ycn, (4.80) 


where y = ka. On letting 
2 


ar 
D=—— 
2 7 
we have 
= y 4.81 
fy) (4npy'2 4Dt ) ee) <y < Oo. ( : ) 


The probability density function given above belongs to a Gaussian or normal 
random variable. This result is an illustration of the central limit theorem, to be 
discussed in Section 7.2. 
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Our derivation of Equation 4.81 has been purely analytical. In his theory of 
Brownian motion, Einstein also obtained this result with 


pee (4.82) 


where RF is the universal gas constant, 7 is the absolute temperature, N is 
Avogadro’s number, and f is the coefficient of friction which, for liquid or 
gas at ordinary pressure, can be expressed in terms of its viscosity and particle 
size. Perrin, a French physicist, was awarded the Nobel Prize in 1926 for his 
success in determining, from experiment, Avogadro’s number. 


4.5.3, JOINT CHARACTERISTIC FUNCTIONS 


The concept of characteristic functions also finds usefulness in the case of two 
or more random variables. The development below is concerned with contin- 
uous random variables only, but the principal results are equally valid in the 
case of discrete random variables. We also eliminate a bulk of the derivations 
involved since they follow closely those developed for the single-random- 
variable case. 

The joint characteristic function of two random variables X and Y, ¢yy(t,5), 
is defined by 


bxy(t,s) = Efe} = / i Of y(xy)dxdy. | (4.83) 


where ¢ and s are two arbitrary real variables. This function always exists and 
some of its properties are noted below that are similar to those noted for 
Equations (4.48) corresponding to the single-random-variable case: 


dxy(0,0) = 1 
bxy(-t, 8) = byy(t, 8), (4.84) 
loxy(t,5)| <1 


Furthermore, it is easy to verify that joint characteristic function ¢yy(t, 5) is 
related to marginal characteristic functions ¢y(t) and ¢y(s) by 


bx(t) = bxy(t, 9), (4.85) 


by(s) _ oyxy(0, s). 
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If random variables X and Y are independent, then we also have 
oxy (t, S) = ox(t)dy(s). (4.86) 


To show the above, we simply substitute fy@)fy(y) for fyy (x,y) in Equation 
(4.83). The double integral on the right-hand side separates, and we have 


oxv(ts) =f efelajax [el Fyyay 


= ox(t)¢y(s), 


and we have the desired result. 

Analogous to the one-random-variable case, joint characteristic function 
oxy (t,S) is often called on to determine joint density function fyy(x,y) of X 
and Y and their joint moments. The density function fyy(x,y) is uniquely 
determined in terms of @yy(t, s) by the two-dimensional Fourier transform 


tyy(x,y) =a/. ie M+) byy(t, s)dtds; (4.87) 


and moments E{X"Y"} = Qym, if they exist, are related to dyy(t,s) by 


qutm re oO 0° roe 
sma OMS a" ff xy" ey (os y)dvdy 
Ee 1s=0 -c0 J—oo (4.88) 
a J a Om: 
The MacLaurin series expansion of ¢xy(t, s) thus takes the form 
obvy(t,s) = ae (j0)'(js)*. (4.89) 


I 
o 


k=0 


The above development can be generalized to the case of more than two 
random variables in an obvious manner. 


Example 4.18. Let us consider again the Brownian motion problem discussed 
in Example 4.17, and form two random variables X’ and Y’ as 


X= Xi Xp et Koa 
(4.90) 


a = Xn+1 a Xn42 Sea X3n. 
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They are, respectively, the position of the particle after 27 steps and its position 
after 3n steps relative to where it was after n steps. We wish to determine the 
joint probability density function (jpdf) fyy (x,y) of random variables 


ye 
= ae 


and 


y’ 


ean) 


for large values of n. 
For the simple case of p = gq = 5, the characteristic function of each X, is [see 
Equation (4.74)] 


b(t) = E{ei*} = se +e) =cost, (4.91) 


and, following Equation (4.83), the joint characteristic function of X and Y is 


bxy(t.8) = Efexpli(X +sY)}} = FL exo|i( Sa + srs) |} 
Hf 0 (, an) pyr t+s) Sy Xe+s 3 «})} 


k=n+1 k=2n+1 
= {¢Ga) Eel ¢Ga)} 


(4.92) 


where (ft) is given by Equation (4.91). The last expression in Equation (4.92) is 
obtained based on the fact that the X;,4 = 1,2,...,3n, are mutually independ- 
ent. It should be clear that X and Y are not independent, however. 

Weare now in the position to obtain fyy(x, y) from Equation (4.92) by using 
the inverse formula given by Equation (4.87). First, however, some simplifica- 
tions are in order. As n becomes large, 


[*Ga)] =<" Gar) 


ee i é 
=> | ee ee ae Moe ||| aS (4.93) 
( nl | Wal ) 
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Hence, asn > ow, 
oxy (t, S) = e (Pttste?) ‘. 


Now, substituting Equation (4.94) into Equation (4.87) gives 
fyy (x,y) = af ae ee EHH dads, 
T J—oo J —oo 


which can be evaluated following a change of variables defined by 


(+s! —s' 
— i 


v2” v2 


The result is 


Sf yy (x,y) _ 


2. 2 
1 exp] x | 
InV3 3 
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(4.94) 


(4.95) 


(4.96) 


(4.97) 


The above is an example of a bivariate normal distribution, to be discussed in 


Section 7.2.3. 


Incidentally, the joint moments of X and Y can be readily found by means of 


Equation (4.88). For large n, the means of X and Y, ajo and ag, are 


@) t,: 2 
ajo = jeer) = —j(—2¢- sje (tists ) = 
t,s=0 t,s=0 
0 t,s 
aol = jerry) 0. 
s t,s=0 


Similarly, the second moments are 


om) (t, 8) 
2 XY \e, 
a9 = E{X*} = aoa al hah 2, 
err (ts) 
= 2. XY \es = 

an = EP} = SERGE 2 
ay, = E{XY} = _Odxr(t,9) 1 

ae, >? 010s ee , 
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FURTHER READING AND COMMENTS 


As mentioned in Section 4.2, the Chebyshev inequality can be improved upon if some 
additional distribution features of a random variable are known beyond its first two 
moments. Some generalizations can be found in: 


Mallows, C.L., 1956, ‘Generalizations of Tchebycheff’s Inequalities’, J. Royal Statistical 
Societies, Series B 18 139-176. 


In many introductory texts, the discussion of characteristic functions of random 
variables is bypassed in favor of moment-generating functions. The moment-generating 
function M y(t) of a random variable X is defined by 


My(t) = Efe}. 


In comparison with characteristic functions, the use of M y(t) is simpler since it avoids 
computations involving complex numbers and it generates moments of X in a similar 
fashion. However, there are two disadvantages in using M y(t). The first is that it 
may not exist for all values of t whereas ¢ y(t) always exists. In addition, powerful 
inversion formulae associated with characteristic functions no longer exist for moment- 
generating functions. For a discussion of the moment-generating function, see, for 
example: 


Meyer, P.L., 1970, Introductory Probability and Statistical Applications, 2nd edn, 
Addison-Wesley, Reading, Mas, pp. 210-217. 


PROBLEMS 


4.1 For each of the probability distribution functions (PDFs) given in Problem 3.1 
(Page 67), determine the mean and variance, if they exist, of its associated random 
variable. 


4.2 For each of the probability density functions (pdfs) given in Problem 3.4, determine 
the mean and variance, if they exist, of its associated random variable. 


4.3 According to the PDF given in Example 3.4 (page 47), determine the average 
duration of a long-distance telephone call. 


4.4 It is found that resistance of aircraft structural parts, R, in a nondimensionalized 
form, follows the distribution 


2a 
f a(t) = 4 0.9996n[o%, + (r — 1)7]?’ 
0, elsewhere; 


for r > 0.33; 


where or = 0.0564. Determine the mean of R. 


4.5 A target is made of three concentric circles of radii 3~'?, 1, and 3! feet. Shots 
within the inner circle count 4 points, within the next ring 3 points, and within 
the third ring 2 points. Shots outside of the target count 0. Let R be the 
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random variable representing distance of the hit from the center. Suppose that the 
pdf of R is 


2 
fr(r) = 4 m1 +??) 
0, elsewhere. 


, forr>0; 


Compute the mean score of each shot. 


4.6 A random variable X has the exponential distribution 


_ faer?, forx>0; 
fx) = { 0, elsewhere. 


Determine: 

(a) The value of a. 

(b) The mean and variance of XY. 

(c) The mean and variance of Y = (X/2)— 1. 


4.7 Let the mean and variance of XY be mand o”, respectively. For what values of a and b 
does random variable Y, equal to aX + b, have mean 0 and variance 1? 


4.8 Suppose that your waiting time (in minutes) for a bus in the morning is uniformly 
distributed over (0,5), whereas your waiting time in the evening is distributed as 
shown in Figure 4.4. These waiting times are assumed to be independent for any 
given day and from day to day. 

(a) If you take the bus each morning and evening for five days, what is the mean of 
your total waiting time? 

(b) What is the variance of your total five-day waiting time? 

(c) What are the mean and variance of the difference between morning and evening 
waiting times on a given day? 

(d) What are the mean and variance of the difference between total morning wait- 
ing time and total evening waiting time for five days? 


f(t) 
A 


Figure 4.4 Density function of evening waiting times, for Problem 4.8 
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4.9 The diameter of an electronic cable, say X, is random, with pdf 


_ f6x(l-—x), for0O<x<1; 
0 ve elsewhere. 


(a) What is the mean value of the diameter? 
(b) What is the mean value of the cross-sectional area, (1/4)X7? 


4.10 Suppose that a random variable X is distributed (arbitrarily) over the interval 


ax<X <b. 
Show that: 
(a) my is bounded by the same limits; 
> (b-—ay 
(b) oy < 1. 


4.11 Show that, given a random variable X, PY =my) = 1 if ox = 0. 


4.12 The waiting time T of a customer at an airline ticket counter can be characterized 
by a mixed distribution function (see Figure 4.5): 


0, fort<0; 
— ? ? > . 
Fr(t) ee (l—p)Q—e-™) ° for t>0 
Determine: 
(a) The average waiting time of an arrival, E{T}. 
(b) The average waiting time for an arrival given that a wait is required, 
E{T|T > 0}. 


4.13 For the commuter described in Problem 3.21 (page 72), assuming that he or she 
makes one of the trains, what is the average arrival time at the destination? 


4.14 A trapped miner has to choose one of two directions to find safety. If the miner 
goes to the right, then he will return to his original position after 3 minutes. If he 
goes to the left, he will with probability 1/3 reach safety and with probability 2/3 
return to his original position after 5 minutes of traveling. Assuming that he is at all 


>t 


Figure 4.5 Distribution function, F'7(t), of waiting times, for Problem 4.12 
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times equally likely to choose either direction, determine the average time interval 
(in minutes) that the miner will be trapped. 


4.15 Show that: 
(a) E{X|Y = y} = E{X} if X and Y are independent. 
(b) E{XY|¥ = y} = yE{X|Y = y}. 
(c) E{XY} = E{ YE[X|Y}}. 


4.16 Let random variable X be uniformly distributed over interval 0 < x < 2. Deter- 
mine a lower bound for P(|X — 1| < 0.75) using the Chebyshev inequality and 
compare it with the exact value of this probability. 


4.17 For random variable X defined in Problem 4.16, plot P(|X — my| < /) as a func- 
tion of h and compare it with its lower bound as determined by the Chebyshev 
inequality. Show that the lower bound becomes a better approximation of 
P(|X — my| < h) as h becomes large. 


4.18 Let a random variable X take only nonnegative values; show that, for any a> 0, 


my 
2 


P(X >ay< 


This is known as Markov’s inequality. 


4.19 The yearly snowfall of a given region is a random variable with mean equal to 70 
inches. 
(a) What can be said about the probability that this year’s snowfall will be 
between 55 and 85 inches? 
(b) Can your answer be improved if, in addition, the standard deviation is known 
to be 10 inches? 


4.20 The number X of airplanes arriving at an airport during a given period of time is 
distributed according to 


100“ —100 
Py(k) = = ’ k=0,1,2,.... 


Use the Chebyshev inequality to determine a lower bound for probability 
P(80 < X¥ < 120) during this period of time. 


4.21 For each joint distribution given in Problem 3.13 (page 71), determine my, my, OF; 


OF and pyy of random variables X and Y. 


4.22 In the circuit shown in Figure 4.6, the resistance R is random and uniformly 
distributed between 900 and 1100. The current i= 0.01 A and the resistance 
ro = 10002 are constants. 


Figure 4.6 Circuit diagram for Problem 4.22 
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4.23 


4.24 


4.25 


4.26 


4.27 


4.28 


Fundamentals of Probability and Statistics for Engineers 


(a) Determine my and o%, of voltage V, which is given by 
V= (R + ro)i. 

(b) Determine the correlation coefficient of R and V. 

Let the jpdf of X and Y be given by 


for0<x<1, and0<y<2; 
and elsewhere. 


fyy(%y) = ie 


Determine the mean of Z, equal to (X? + y?y!?, 


The product of two random variables ¥ and Y occurs frequently in applied 
problems. Let Z = XY and assume that ¥ and Y are independent. Determine the 
mean and variance of Z in terms of my, my,a%, and o}. 


Let ¥ =X, + X, and Y = X, + X3. Determine correlation coefficient pyy of X 
and Y in terms of oy,,oy,, and oy, when X), X2, and X3 are uncorrelated. 


Let X and Y be discrete random variables with joint probability mass function 
Gpmf) given by Table 4.1. Show that pyy = 0 but X and Y are not independent. 


Table 4.1 Joint probability mass 
function, pyy(x, y) for Problem 4.26 


y x 

—l 0 1 
—l a b a 
0 b 0 b 
1 a b a 


1 
Note: b=-. 
ote: a+ Z 


In a simple frame structure such as the one shown in Figure 4.7, the total hor- 
izontal displacement of top storey Y is the sum of the displacements of individual 
storeys X; and Xz. Assume that X, and X> are independent and let my,,my,, Oy» 
and oF, be their respective means and variances. 

(a) Find the mean and variance of Y. 

(b) Find the correlation coefficient between X, and Y. Discuss the result if 

2 2 
Ox, > O7y,- 


Let X),...,X, be a set of independent random variables, each of which has a 
probability density function (pdf) of the form 


i inde: fs 
fale) = Goipe aS, j=1,2,...,n, -00 <x <0. 


Determine the mean and variance of Y, where 


=> Y. 
j=l 
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4.29 


4.30 


4.31 


4.32 


Figure 4.7 Frame structure, for Problem 4.27 


Let X), X>,...,X, be independent random variables and let 0; and jp; be the 

respective variance and third central moment of X;. Let o? and p denote the 

corresponding quantities for Y, where Y = X; + X¥.+---+Xp. 

(a) Show that o? =o7 +054+---+02, and w= py tpot-->+ py. 

(b) Show that this additive property does not apply to the fourth-order or higher- 
order central moments. 


Determine the characteristic function corresponding to each of the PDFs given in 
Problem 3.1(a)—3.1(e) (page 67). Use it to generate the first two moments and 
compare them with results obtained in Problem 4.1. [Let a = 2 in part (e).] 


We have shown that characteristic function ¢y(t) of random variable X facilitates 
the determination of the moments of XY. Another function M y(t), defined by 


My(t) = Efe}, 


and called the moment-generating function of X, can also be used to obtain 
moments of X. Derive the relationships between M y(t) and the moments of X. 


Let 
Y=a,X, { a Xp Fete anXn 


where X;,X>,...,X, are mutually independent. Show that 


gy(t) = oy, (ai t)oy, (apt) seus oy, (Ant). 
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Functions of Random Variables 


The basic topic to be discussed in this chapter is one of determining the relation- 
ship between probability distributions of two random variables X and Y when 
they are related by Y = g(X). The functional form of g(X ) is given and determin- 
istic. Generalizing to the case of many random variables, we are interested in the 


determination of the joint probability distribution of Y;,j =1,2,...,m, which is 
functionally dependent on X;,,k =1,2,...,n, according to 

Y;=9(M1,---,Xn) , j=1,2,...,m, m<n, (5.1) 
when the joint probabilistic behavior of X;,k = 1,2,...,n, is known. 


Some problems of this type (i.e. transformations of random variables) have 
been addressed in several places in Chapter 4. For example, Example 4.11 con- 
siders transformation Y = X,+---+X,, and Example 4.18 deals with the trans- 
formation of 3n random variables (X,,X2,...,X3,) to two random variables 
(X°, Y% defined by Equations (4.90). In science and engineering, most phenomena 
are based on functional relationships in which one or more dependent variables 
are expressed in terms of one or more independent variables. For example, force is 
a function of cross-sectional area and stress, distance traveled over a time interval 
is a function of the velocity, and so on. The techniques presented in this chapter 
thus permit us to determine the probabilistic behavior of random variables that 
are functionally dependent on some others with known probabilistic properties. 

In what follows, transformations of random variables are treated in a systemat- 
ic manner. In Equation (5.1), we are basically interested in the joint distributions 
and joint moments of Y;,..., Y,, given appropriate information on Xj,...,Xp. 


5.1 FUNCTIONS OF ONE RANDOM VARIABLE 


Consider first a simple transformation involving only one random variable, and let 


Y = 9(X) (5.2) 
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where g(X ) is assumed to be a continuous function of X. Given the probability 
distribution of X in terms of its probability distribution function (PDF), 
probability mass function (pmf) or probability density function (pdf), we 
are interested in the corresponding distribution for Y and its moment 
properties. 


5.1.1 PROBABILITY DISTRIBUTION 


Given the probability distribution of X, the quantity Y, being a function of X as 
defined by Equation (5.2), is thus also a random variable. Let Ry be the range 
Space associated with random variable X, defined as the set of all possible 
values assumed by X, and let Ry be the corresponding range space associated 
with Y. A basic procedure of determining the probability distribution of Y 
consists of the steps developed below. 

For any outcome such as X =x, it follows from Equation (5.2) that 
Y = y= g(x). As shown schematically in Figure 5.1, Equation (5.2) defines a 
mapping of values in range space Ry into corresponding values in range space 
Ry. Probabilities associated with each point (in the case of discrete random 
variable X) or with each region (in the case of continuous random variable X) in 
Ry are carried over to the corresponding point or region in Ry. The probability 
distribution of Y is determined on completing this transfer process for every 
point or every region of nonzero probability in Rx. Note that many-to-one 
transformations are possible, as also shown in Figure 5.1. The procedure of 
determining the probability distribution of Y is thus critically dependent on the 
functional form of g in Equation (5.2). 


Rx 


Figure 5.1 Transformation y = g(x) 
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5.1.1.1 Discrete Random Variables 


Let us first dispose of the case when X is a discrete random variable, since it 
requires only simple point-to-point mapping. Suppose that the possible values 
taken by X can be enumerated as x1,x2,.... Equation (5.2) shows that the 
corresponding possible values of Y may be enumerated as y; = g(%1),y2= 
g(x2),.... Let the pmf of X be given by 


Py(x;)) =pi, t=1,2,.... (5.3) 
The pmf of y is simply determined as 
Py(¥i) = Pylg@)| =p 2 =1,2,..-- (5.4) 


Example 5.1. Problem: the pmf of a random variable X is given as 


1 _— _}. 

ox for x = —1; 

i for x = 0; 
Py(x) = 1 

5, forx=1; 

8 

1 =: 

8° for x = 2; 


Determine the pmf of Y if Y is related to X by Y = 2X +1. 
Answer: the corresponding values of Y are: g(—1)=2(-1)+1=~—1; 
g(0) = 1; g(1) = 3; and g(2) = 5. Hence, the pmf of Y is given by 


1 Pen 

ox for y= —1; 

I, for y= 1; 
Py(y)= 1 

5, fory=3; 

8 

1 = 

g fory=5. 


Example 5.2. Problem: for the same X as given in Example 5.1, determine the 
pmnf of Y if Y = 2X?+1. 

Answer: in this case, the corresponding values of Y are: g(—1) = 2(-1)°+ 
1 = 3; g(0) = 1; g.) = 3; and g(2) = 9, resulting in 


1 _ |: 

q for y= 1; 
pr) =4 2(=5+§), fory=3; 
1 _ 

g for y= 9. 
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5.1.1.2. Continuous Random Variables 


A more frequently encountered case arises when X is continuous with known PDF, 
Fx (x), or pdf, fy (x). To carry out the mapping steps as outlined at the beginning 
of this section, care must be exercised in choosing appropriate corresponding 
regions in range spaces Ry and Ry, this mapping being governed by the transform- 
ation Y = g(X). Thus, the degree of complexity in determining the probability 
distribution of Y is a function of complexity in the transformation g(X ). 

Let us start by considering a simple relationship 


Y =9(X)=2¥ +1. (5.5) 


The transformation y = g(x) is presented graphically in Figure 5.2. Consider 
the PDF of Y, Fy(y); it is defined by 


Fy(y) = P(Y <y). (5.6) 


The region defined by Y < yin the range space Ry covers the heavier portion 
of the transformation curve, as shown in Figure 5.2, which, in the range space 
Rx, corresponds to the region g(X) < y, or X < g7!(y), where 


-1 Vel 


y=2x+1 


“I x=g\y= 44 


Figure 5.2. Transformation defined by Equation (5.5) 
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is the inverse function of g(x), or the solution for x in Equation (5.5) in terms of 
y. Hence, 


Fy(y) = P(Y <y) = Ple(X) Sy] = PIX Se) =Frie 0). (5.7) 


Equation (5.7) gives the relationship between the PDF of X and that of Y, our 
desired result. 

The relationship between the pdfs of Xand Y are obtained by differentiating 
both sides of Equation (5.7) with respect to y. We have: 


, —1l/,, 
fy) =O) = Fee Oh frie IF. 58) 


It is clear that Equations (5.7) and (5.8) hold not only for the particular 
transformation given by Equation (5.5) but for all continuous g(x) that are strictly 
monotonic increasing functions of x, that is, g(¢2) > g(x1) whenever x2 > x1. 

Consider now a slightly different situation in which the transformation is 
given by 


Y =9(X) =-2X +1. (5.9) 

Starting again with Fy(y)= P(Y < y), and reasoning as before, the region 

Y <y in the range space Ry is now mapped into the region X > g~'(y), as 
indicated in Figure 5.3. Hence, we have in this case 
Fy(y) = P(Y Sy) = PIX > g"'(y)] 


: , (5.10) 
=1-P[X <g (y)|=1-Fylg()]. 


y=-2x+1 


Figure 5.3. Transformation defined by Equation (5.9) 
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In comparison with Equation (5.7), Equation (5.10) yields a different relation- 
ship between the PDFs of X and Y owing to a different g(X). 

The relationship between the pdfs of X and Y for this case is again obtained 
by differentiating both sides of Equation (5.10) with respect to y, giving 


fy) =F Fv) 
dey) (5.11) 
= fle) 


Again, we observe that Equations (5.10) and (5.11) hold for all continuous g(x) 
that are strictly monotonic decreasing functions of x, that is g(x2)< g(x1) 
whenever x7 > x1. 

Since the derivative dg '(y)/dy in Equation (5.8) is always positive — as g(x) is 
strictly monotonic increasing — and it is always negative in Equation (5.11) —as 
g(x) is strictly monotonic decreasing — the results expressed by these two 
equations can be combined to arrive at Theorem 5.1. 


Theorem 5.1. Let X be a continuous random variable and Y = g(X) where 
g(X ) is continuous in X and strictly monotone. Then 


i (5.12) 


ees ro 


where |u| denotes the absolute value of u. 
Example 5.3. Problem: the pdf of X is given by (Cauchy distribution): 


fl) = gy 00 <x <0. (5.13) 


Determine the pdf of Y where 
Y=2X+1. (5.14) 


Answer: the transformation given by Equation (5.14) is strictly monotone. 
Equation (5.12) thus applies and we have 


= y-1 
& ‘(y) eat 
and 
dg'(y)_1 
dy 2 
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Following Equation (5.12), the result is 


fr) =fx-4| (5) 


a \(y-1)|- 
2a 1 


= 5 , —0O <p <oo. 
T (y— 1)° + 4a? 


It is valid over the entire range —oo < y < oo as it is in correspondence with the 
range —Cco < x < co defined in the range space Ry. 


Example 5.4. Problem: the angle ® of a pendulum as measured from the 
vertical is a random variable uniformly distributed over the interval 
(—1/2 < ® < 1/2). Determine the pdf of Y, the horizontal distance, as shown 
in Figure 5.4. 


Answer: the transformation equation in this case is 


Y = tan®, (5.16) 
where 
1 7 T 
—, for-—~<¢<-7z; 
ifs(@) =4 0 2 2 (5.17) 
0, elsewhere. 


As shown in Figure 5.5, Equation (5.16) is monotone within the range 
—1/2 < @ < 7/2. Hence, Equation (5.12) again applies and we have 


eG) ten #: 


Figure 5.4 Pendulum, in Example 5.4 
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Figure 5.5 Transformation defined by Equation (5.16) 


and 


The pdf of Y is thus given by 


_ Fo(tan™ y) 
1+y 
1 


fy) 
(5.18) 


The range space Ry corresponding to —7/2 < @ < 1/2 is -co < y< w. The 
pdf given above is thus valid for the whole range of y. The random variable Y 
has the so-called Cauchy distribution and is plotted in Figure 5.6. 


Example 5.5. Problem: the resistance R in the circuit shown in Figure 5.7 is 
random and has a triangular distribution, as shown in Figure 5.8. With a 
constant current i= 0.1 A and a constant resistance ro = 100Q; determine the 
pdf of voltage V. 

Answer: the relationship between V and R is 


V =i(R+1ro) =0.1(R + 100), (5.19) 
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=). 


Figure 5.6 Probability density function, f(y) in Example 5.4 


> r(ohms) 


Figure 5.8 Distribution, f(r), in Example 5.5 
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and 


0.005(r — 90), for 90<r< 110; 
re { (5.20) 


0, elsewhere. 


The range 90 <r < 110 corresponds to 19 <v < 21 in the range space Ry. It is 
clear that f y(v) is zero outside the interval 19 <v < 21. In this interval, since 
Equation (5.19) represents a strictly monotonic function, we obtain by means 
of Equation (5.12), 


bel dg!(v 
fr) fale WN), 19 <v<21 
where 
g '(v) =—100 + 10y, 
and 
dg7"(v) _ 
y= 10. 


We thus have 
fy(v) = 0.005(—100 + 10v — 90)(10) 
= 0.5(v— 19), for 19< v< 21 
and 


fy(v) = 0, elsewhere. 


The pdf of V is plotted in Figure 5.9. 


fv) 
A 


{bee setureeee re eee 
wae > v(volts) 


Figure 5.9 Density function f,(v), in Example 5.5 
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> xX 


Figure 5.10 An example of nonmonotonic function y= g(x) 


In the examples given above, it is easy to verify that all density functions 
obtained satisfy the required properties. 

Let us now turn our attention to a more general case where function 
Y = g(X) is not necessarily strictly monotonic. Two examples are given in 
Figures 5.10 and 5.11. In Figure 5.10, the monotonic property of the transform- 
ation holds for y < yy, and y> yz, and Equation (5.12) can be used to 
determine the pdf of Y in these intervals of y. For y; < y < y2, however, we 
must start from the beginning and consider Fy(y) = P(Y < y). The region 
defined by Y < y in the range space Ry covers the heavier portions of the 
function y = g(x), as shown in Figure 5.10. Thus: 


Fy(y) = P(Y Sy) = PIX < gy '(y)] + Plea") < X¥ <83'0)] 
= PIX < gi'Q)] + PIX < 33'Q)] - PIX < 27' 0) (5.21) 
= Fylg,'(v)| + Frles'()] —Frlex'@)], yi Sy <2, 
where x) = g7!(y), X2 = g5!(y), and x3 = g;!(y) are roots for x of function 
y = g(x) in terms of y. 


As before, the relationship between the pdfs of X and Y is found by differ- 
entiating Equation (5.21) with respect to y. It is given by 


aly. =1/,; a1; 
fr) =Frler0) 2? + Flos E-free OIE, ns vey 
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Figure 5.11 An example of nonmonotonic function y = g(x) 


Since derivative dg;'(y)/dy is negative whereas the others are positive, 
Equation (5.22) takes the convenient form 


—~—|, ywsysyn. (5.23) 


Figure 5.11 represents the transformation y = sin x; this equation has an infinite 
(but countable) number of roots, x; = g;!(y), x2 = g>'()),---, for any y in the 
interval —1 < y < 1. Following the procedure outlined above, an equation similar 
to Equation (5.21) (but with an infinite number of terms) can be established for 
Fy (y) and, as seen from Equation (5.23), the pdf of Y now has the form 


dg; '(y) 
a! dd es ae oe 24 
oP y< (5.24) 


fro) => frlee0)] 
j=l 


It is clear from Figure 5.11 that f(y) = 0 elsewhere. 
A general pattern now emerges when function Y = g(X) is nonmonotonic. 
Equations (5.23) and (5.24) lead to Theorem 5.2. 


Theorem 5.2: Let X be a continuous random variable and Y = g(X), where 
g(X) is continuous in X, and y =g(x) admits at most a countable number of 
roots x; =g;!(y), x2 = g7/(y),---. Then: 


dg; '(y) 
dy 


fr) = Wfrle0)] | (5.25) 
j=l 
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where r is the number of roots for x of equation y = g(x). Clearly, Equation 
(5.12) is contained in this theorem as a special case (r = 1). 


Example 5.6. Problem: in Example 5.4, let random variable ® now be uni- 
formly distributed over the interval —7< ®< 7. Determine the pdf of 
Y =tan®. 

Answer: the pdf of ® is now 


1 

a for -7< <7; 

0, elsewhere; 

and the relevant portion of the transformation equation is plotted in 


Figure 5.12. For each y, the two roots ¢,; and @ of y = tan ¢ are (see Figure 
5.12) 


vie 
on =g'(v) = tan”! y, for — 5 <o, <0 


» ys; 
d2 = @5'(y) = tan"! y, for 5 <a <n 
¢, = tan7'y, for—m< $1 <-5 
, y>d. 

dé = tan"! y, for 0 < o <5 

| 

| 

>o 


roa 


Figure 5.12 Transformation y = tan@ 
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For all y, Equation (5.25) yields 


2 d —l 
fy) = Sofele'0) 
jl - 
-2(3)+e (G5) (5.26) 
In \l+y* In \l+y 
1 
“atleyy SP <0 


a result identical to the solution for Example 5.4 [see Equation (5.18)]. 


Example 5.7. Problem: determine the pdf of Y =X? where X is normally 
distributed according to 


fy(x) = er op <x <oo. 5.27 
JX ) 


As shown in Figure 5.13, fy(v) =0 for y< 0 since the transformation 
equation has no real roots in this range. For y >0, the two roots of 


y =x’ are 


1/2. 


x12= 1 2() = xy 


y 
A 


| 
| 
| 
| 
| 
LI 
Xp= Ny x=VV 


Figure 5.13 Transformation y = x? 
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Hence, using Equation (5.25), 


2y!/2 a 2y!/2 


1 
_ —y/ 
(Qmyye 
or 
——e? for y > 0; 
fy) = 4 my)? — (5.28) 


0, elsewhere. 


This is the so-called x? distribution, to be discussed in more detail in Section 
7.4.2. 


Example 5.8. Problem: a random voltage V; having a uniform distribution 
over interval 90 V < V,; < 110V is put into a nonlinear device (a limiter), as 
shown in Figure 5.14. Determine the probability distribution of the output 
voltage Vo. 

Answer: the relationship between ), and V2 is, as seen from Figure 5.14, 


V2 = g(Vi), (5.29) 


Vp (volts) 
A 


By = v4) 


> v, (volts) 


Figure 5.14 Transformation defined by Equation (5.29) 


TLFeBOOK 


134 Fundamentals of Probability and Statistics for Engineers 


where 


g(Vi)=0, VW < 95; 


V; —95 
a(Vi) = 10 ) 


g(Vi)=1, Vi > 105. 


The theorems stated in this section do not apply in this case to the portions 
vy < 95 V and v, > 105 V because infinite and noncountable number of roots 
for v; exist in these regions. However, we deduce immediately from Figure 5.14 
that 


P(V3 =0) = P(V; < 95) = Fy,(95) 
95 1 
=| fv,(nijdy =a 
90 


P(V2 =1) = P(V; > 105) = 1 — Fy,(105) 


1 
Z: 
For the middle portion, Equation (5.7) leads to 


Fy, (v2) = Fy, [g7"(2)] 
= Fy,(10v2 + 95), 0<w< 1. 


Now, 
vy; — 90 
Fy (yw) = 0? 90 < vy, < 110. 
We thus have 
1 2 1 
Py,(v2) = 3p (10v2 +95 — 90) = 2, Heapet 


The PDF, Fy, (v2), is shown in Figure 5.15, an example of a mixed distribution. 
5.1.2 MOMENTS 


Having developed methods of determining the probability distribution of 
Y = g(X), it is a straightforward matter to calculate all the desired moments 
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Alo 


| 
| 
| 
| 
| 
1 


> vo 
Figure 5.15 Distribution Fy,(v2) in Example 5.8 


of Y if they exist. However, this procedure — the determination of moments of Y 
on finding the probability law of Y —is cumbersome and unnecessary if only the 
moments of Y are of interest. 

A more expedient and direct way of finding the moments of Y = g(X), given 
the probability law of X, is to express moments of Y as expectations of 
appropriate functions of X; they can then be evaluated directly within the 
probability domain of X. In fact, all the ‘machinery’ for proceeding along this 
line is contained in Equations (4.1) and (4.2). 

Let Y = g(X) and assume that all desired moments of Y exist. The nth 
moment of Y can be expressed as 


E{¥"} = E{g"(X)}. (5.30) 


It follows from Equations (4.1) and (4.2) that, in terms of the pmf or pdf of X, 


EL{Y"} = E{g"(X)} = > 8" (xi) px (x), X discrete; 
os (5.31) 
E{Y"\ = E{g"(X)} = i. g"(x)fy(x)dx, YX continuous. 


An alternative approach is to determine the characteristic function of Y from 
which all moments of Y can be generated through differentiation. As we see 
from the definition [Equations (4.46) and (4.47)], the characteristic function of 
Y can be expressed by 


by(t) = E{el’} = E{ei#)} — Sel) (x), X discrete; 


| | | (5.32) 
by(t) = E{e"""} = E{ei#} — / el £,(x)dx, X continuous. 


lo.@) 
—0o 
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Upon evaluating ¢y(t), the moments of Y are given by [Equation (4.52)]: 

E{y"} =j-"6 (0), n=1,2,.... (5.33) 

Example 5.9. Problem: a random variable X is discrete and its pmf is given in 


Example 5.1. Determine the mean and variance of Y where Y = 2X + 1. 
Answer: using the first of Equations (5.31), we obtain 


E{Y} = E{2X +1} = 5 0(2x; + l)py(x) 


-aQ+o(+a(+a() 630 


( 
a 
4’ 


E{Y?} = E{(2X +1)} = Dae py (xi) 
=n) +(7) +0) A +en(t) 639) 
= 5; 
and 


op=E{Y\}-F{Y}=5- (3) - ss (5.36) 


Following the second approach, let us use the method of characteristic func- 
tions described by Equations (5.32) and (5.33). The characteristic function of Y is 


) = el pea) 


QQ reO-@ 


(4c + 2e! + e3i + @5i4), 


and we have 


E{Y}=j'd)(0) = m(P)4424349) <3, 


E{Y?} = —69) (0) == (4+ 249425) =5. 


A 
8 
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As expected, these answers agree with the results obtained earlier [Equations 
(5.34) and (5.35)]. 

Let us again remark that the procedures described above do not require 
knowledge of fy (vy). One can determine fy (y) before moment calculations but it 
is less expedient when only moments of Y are desired. Another remark to be 
made is that, since the transformation is linear (Y = 2X + 1) in this case, only 
the first two moments of X are needed in finding the first two moments of Y, 
that is, 


E{Y} = E{2X + 1} = 2E{X} +1, 
E{¥?} = E{(2X + 1)*} = 4E{X?} + 4E{X} +1, 


as seen from Equations (5.34) and (5.35). When the transformation is nonlinear, 
however, moments of X of different orders will be needed, as shown below. 


Example 5.10. Problem: from Example 5.7, determine the mean and variance 
of Y =X?. The mean of ¥ is, in terms of fy (x), 


E{Y} = E{X?} = —a| xe-* dx = 1, (5.37) 
Ory PIS 


and the second moment of Y is given by 


E{Y?} = E(X4}=—_, | te Pdx = 3. (5.38) 
(2a) dee 
Thus, 
o, = E{Y*}- E{y}=3-1=2. (5.39) 


In this case, complete knowledge of f(x) is not needed but we to need to 
know the second and fourth moments of X. 


5.2) FUNCTIONS OF TWO OR MORE RANDOM VARIABLES 


In this section, we extend earlier results to a more general case. The random 
variable Y is now a function of n jointly distributed random variables, 


X1,X2,...,Xn. Formulae will be developed for the corresponding distribution 
for Y. 
As in the single random variable case, the case in which X;,X2,..., and X, 


are discrete random variables presents no problem and we will demonstrate this 
by way of an example (Example 5.13). Our basic interest here lies in the 
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determination of the distribution Y when all X;,j = 1,2,...,n, are continuous 
random variables. Consider the transformation 


Y =9(X,...,Xn) (5.40) 


where the joint distribution of X;,X2,..., and X,, is assumed to be specified in 
term of their joint probability density function Gpdf), fy,» @1.---.¥n), OF 
their joint probability distribution function (JPDF), Fy,..x,(41,...,Xn). Ina 
more compact notation, they can be written as fy(x) and Fx(x), respectively, 
where X is an n-dimensional random vector with components X1,X2,...,Xp. 

The starting point of the derivation is the same as in the single-random- 
variable case; that is, we consider Fy(y)=P(Y <y). In terms of X, this 
probability is equal to P[g(X) < y]. Thus: 


(5.41) 


The final expression in the above represents the JPDF of X for which the 
argument x satisfies g(x) < y. In terms of fy (x), it is given by 


Fyesets) <9)= fof telode (5.42) 
Sy) 


(R's g(x)S 


where the limits of the integrals are determined by an n-dimensional region R” 
within which g(x) < y is satisfied. In view of Equations (5.41) and (5.42), the 
PDF of Y, Fy (y), can be determined by evaluating the n-dimensional integral in 
Equation (5.42). The crucial step in this derivation is clearly the identification 
of R”, which must be carried out on a problem-to-problem basis. As n becomes 
large, this can present a formidable obstacle. 

The procedure outlined above can be best demonstrated through examples. 


Example 5.11. Problem: let Y = XX . Determine the pdf of Y in terms of 


fx,x,1.¥2). 
Answer: from Equations (5.41) and (5.42), we have 


Fy(y)= J [fox bsmdmde. (5.43) 


(R? :x1x2<y) 
The equation x;x2 = y is graphed in Figure 5.16 in which the shaded area 


represents R?, or x;x2 <y. The limits of the double integral can thus be 
determined and Equation (5.43) becomes 
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Figure 5.16 Region R?, in Example 5.11 


oo y/x2 0 oo 
Fy(y)= | ) SF y,x, (41, X2)dx1dx2 +f ; SF x,x,(%1, X2)dx1dx2. (5.44) 
—00 —0o J y/x2 


Substituting fy,y,(¥1,*2) into Equation (5.44) enables us to determine Fy (y) 
and, on differentiating with respect to y, gives f y(y). 

For the special case where X; and X, are independent, we have 
Fy, x,%1,.%2) = fy, xi)f y,(%2), and Equation (5.44) simplifies to 


Fry) = f° Fx (2)>s (adn t [ ; [ _Fy, (2) |r (x2)den, 


and 
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As a numerical example, suppose that X, and X> are independent and 


f ( ye 2x1, for0 <x, <1; 
a ae 0, elsewhere; 


2—x2 


fy, (%2) = a? 


0, elsewhere. 


for 0 < x) < 2; 


The pdf of Y is, following Equation (5.45), 
me ie AY: 
fro) = ft, (Z\ pasa) 
60 x2 


s _ 
= 2o(2) (7 2) (Z)are for0<y<2,; (5.46) 
y X2 2 x) 


=0, elsewhere. 


1 
X2 


dx; 


In the above, the integration limits are determined from the fact that fy (1) 
and fx, 2) are nonzero in intervals 0<x; <1, and 0<x2 <2. With the 
argument of fy,(x1) replaced by y/x in the integral, we have 0 < y/x2 < 1, 
and 0 < x2 < 2, which are equivalent to y < x2 < 2. Also, range 0 < y < 2 for 
the nonzero portion of f(y) is determined from the fact that, since y = x 1x2, 
intervals 0 <x, <1, and 0 <x, <2 directly giveO <y <2. 

Finally, Equation (5.46) gives 


— f2+y(Iny-—1-In2), for0<y <2; 
0 oa Ve elsewhere. (5.47) 


This is shown graphically in Figure 5.17. It is an easy exercise to show that 


2 
‘; fy(y)dy = 1. 
0 


Example 5.12. Problem: let Y = X |/X> where X, and X> are independent and 
identically distributed according to 


‘ _ fen, for x; > 0; 
Fx Qa) = ve elsewhere; (5.48) 


and similarly for X2. Determine fy (y). 
Answer: it follows from Equations (5.41) and (5.42) that 


Fy(y) = pi ST y,x,(%1, X2)dx1dx2. 


(R? : x1 /x2<y) 
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fy (y) 
A 


| “iy 
0 1 2 


Figure 5.17 Probability density function, f y(y), in Example 5.11 


— 


> Xy 


Figure 5.18 Region R? in Example 5.12 


The region R* for positive values of x; and x2 is shown as the shaded area in 
Figure 5.18. Hence, 


oo xay 
| i SF y,¥,(%1, X2)dx1dx2, for y > 0; 
0 0 


0, elsewhere. 


Fy(y)= 
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For independent X, and X2, 


Fy(y) = | if ae (x1 fy, (x2)dx1dx2; 


. : 49 
= i Fu(x)fy,(%)dxa, for y > 0; (5.49) 
0 


=0, elsewhere. 


The pdf of Y is thus given by, on differentiating Equation (5.49) with respect 
to y, 


ie af y,(x2V)fy,(x2)dx2, for y > 0; (5.50) 


0, elsewhere; 


and, on substituting Equation (5.48) into Equation (5.50), it takes the form 


h me Ve Vdxy = : x, for y>0; 
fry) = § Yo (1+ y) (5.51) 


0, elsewhere. 


Again, it is easy to check that 
[ froyay =. 


Example 5.13. To show that it is elementary to obtain solutions to problems 
discussed in this section when X1,X2,..., and X, are discrete, consider again 
Y = X,/X> given that X, and X> are discrete and their joint probability mass 
function Gpmf) py, y,(%1,*2) is tabulated in Table 5.1. In this case, the pmf of Y 
is easily determined by assignment of probabilities py,y,(v1,*2) to the corres- 
ponding values of y = x/x2. Thus, we obtain: 


1 
0.5, for y= 5; 
0.24+.0.04= 0.28, for y=1; 
Py) = 0.04, for y=5: 


0.06, for y = 2; 
0.12, for y =3. 
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Table 5.1 Joint probability mass 
function, py,y,(*1,*2), in Example 5.13 


x2 x1 

1 2 3 
1 0.04 0.06 0.12 
2 0.5 0.24 0.04 


Example 5.14. Problem: in structural reliability studies, the probability of 
failure q is defined by 
q=P(R<S), 
where R and S represent, respectively, structural resistance and applied force. 
Let R and S be independent random variables taking only positive values. 


Determine g in terms of the probability distributions associated with R and S. 
Answer: let Y = R/S. Probability g can be expressed by 


q= (5 < 1) = P(Y <1)=Fy/(l). 


Identifying R and S with X; and X2, respectively, in Example 5.12, it follows 
from Equation (5.49) that 


a= Fy(t)= [ Fa(oifs(oas 


Example 5.15. Problem: determine Fy(y) in terms of fx,x,(%1,X%2) when 
Y = min (X),X2). 
Answer: now, 


Fy(y)= ae SF yx, (41, X2)dx1dx2, 


: min(x1,x2)<y) 


where region R? is shown in Figure 5.19. Thus 


vy. co fore) y 
= / SF y,x, (41, X2)dx1dx2 +f i SF y,x, (41, X2)dx1dx2 
¥ 0° 00 y 
=| / Sf xx (%1, X2)dx1dx2 +f / SF xx (X15 X2) dx, dx2 
y y. 
-| i ST yx, (%1, %2)dx1dx2 


= Fy,(y) + Fy,(y) — Fxuxn(,y); 
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Figure 5.19 Region R? in Example 5.15 


which is the desired solution. If random variables X; and X>2 are independent, 
straightforward differentiation shows that 


fy) =fx, [I - Fu) +fx, [1 — Fx O)]- 


Let us note here that the results given above can be obtained following a 
different, and more direct, procedure. Note that the event [min (X;,X2) < y] is 
equivalent to the event (X; < yUX» < y). Hence, 


Fy(y) = P(Y < y) = Plmin(%, X2) < y] 
= P(X) <yUX <y). 
Since 
P(AUB) = P(A) + P(B) — P(AB), 
we have 


Fy(y) = P(M <y)4+ P(X) < y)-— P(N <yNX <y) 
= Fy,(y) + Fy, (y) — Fx, y)- 


If X; and X> are independent, we have 


Fy(y) = Fx, () + Fx) — Fx) Fx), 


and 


fy) =F — fll — FeO) +f qON1 — Fx Oh 
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We have not given examples in which functions of more than two random 
variables are involved. Although more complicated problems can be formu- 
lated in a similar fashion, it is in general more difficult to identify appropriate 
regions R” required by Equation (5.42), and the integrals are, of course, more 
difficult to carry out. In principle, however, no intrinsic difficulties present 
themselves in cases of functions of more than two random variables. 


5.2.1 SUMS OF RANDOM VARIABLES 


One of the most important transformations we encounter is a sum of random 
variables. It has been discussed in Chapter 4 in the context of characteristic 
functions. In fact, the technique of characteristic functions remains to be the 
most powerful technique for sums of independent random variables. 

In this section, the procedure presented in the above is used to give an 
alternate method of attack. 

Consider the sum 


Y= o(Xqye05 Xn) = A + Mo be My. (5.52) 


It suffices to determine f y(y) for n= 2. The result for this case can then be 
applied successively to give the probability distribution of a sum of any number 
of random variables. For Y = X; + X2, Equations (5.41) and (5.42) give 


Fy(y) = / S xix, (%1, X2)dx1dx2, 


(R? 2x1 4+22<y) 


and, as seen from Figure 5.20, 


Fy(y) = if ‘ S y,x, (41, X2)dx1dx2. (5.53) 


Upon differentiating with respect to y we obtain 


fr) =f Sauxlr— saan) (5.54) 


When X, and X>» are independent, the above result further reduces to 


fro) = / ” fy, (9 — a), (02)dx2. (5.55) 


Integrals of the form given above arise often in practice. It is called convolution 
of the functions fy, (x1) and fy, (x2). 
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Xp 


1 


Wy yy 


Figure 5.20 Region R?:x; +x2 <y 


Considerable importance is attached to the results expressed by Equations 
(5.54) and (5.55) because sums of random variables occur frequently in prac- 
tical situations. By way of recognizing this fact, Equation (5.55) is repeated now 
as Theorem 5.3. 


Theorem 5.3. Let Y = X; + X2, and let X; and X2 be independent and con- 
tinuous random variables. Then the pdf of Y is the convolution of the pdfs 
associated with X, and X>; that is, 


fro) = ff aif nladde = [fy —aif yada. (5.56) 


Repeated applications of this formula determine f;(y) when Y is a sum of 
any number of independent random variables. 


Example 5.16. Problem: determine f y(y) of Y = X; +Xz2 when X, and X2 are 
independent and identically distributed according to 


ae, for x; > 0; 


fai) = 6 elsewhere; (a) 
and similarly for X2. 
Answer: Equation (5.56) in this case leads to 
7 
fryj=@ [ewe mdm, 20, (5.58) 
0 
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where the integration limits are determined from the requirements y — x2 > 0, 
and x2 > 0. The result is 


2ye, for y > 0; 
oP es (5.59) 
0, elsewhere. 


ror { 


Let us note that this problem has also been solved in Example 4.16, by means of 
characteristic functions. It is to be stressed again that the method of character- 
istic functions is another powerful technique for dealing with sums of independ- 
ent random variables. In fact, when the number of random variables involved 
in a sum is large, the method of characteristic function is preferred since there is 
no need to consider only two at a time as required by Equation (5.56). 


Example 5.17. Problem: the random variables X; and X, are independent 
and uniformly distributed in intervals O <x; <1, and 0 <x2 <2. Determine 
the pdf of Y =X, + X2. 

Answer: the convolution of fy,(x1) =1, 0 <x; <1, and fy,(x2) = 1/2, 
0 <x. <2, results in 


fro = f ee NCE 


; 1 y 
= ae, — <j]: 
- | (5 )ax =5, for0<y< 1; 
= [ (1) 2 d al for 1 <2; 
cs 5 )d2=5, forl<ys<2; 


1 3- 
= [ WG)en="5*. for2<y <3; 


=0, elsewhere. 
In the above, the limits of the integrals are determined from the requirements 


0 <y—x2 <1, and 0 <x. <2. The shape of fy(y) is that of a trapezoid, as 
shown in Figure 5.21. 


5.3. m FUNCTIONS OF n RANDOM VARIABLES 


We now consider the general transformation given by Equation (5.1), that is, 


Yj =g(X1,.--;Xn), f=l,2,...,m, m<n. (5.60) 
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La “y 


1 2 3 


Oo} N= 


Figure 5.21 Probability density function, fy (y), in Example 5.17 


The problem is to obtain the joint probability distribution of random variables 


Y;, j =1,2,...,m, which arise as functions of n jointly distributed random 
variables X;, k =1,...,n. As before, we are primarily concerned with the case 
in which X,,...,X, are continuous random variables. 


In order to develop pertinent formulae, the case of m = n is first considered. 
We will see that the results obtained for this case encompass situations in which 
m<n. 

Let X and Y be two n-dimensional random vectors with components 
(X,,...,X,) and (Yj,...,¥Y,), respectively. A vector equation representing 
Equation (5.60) is 


Y =8(X) (5.61) 


where vector g(X ) has as components g1(X), go(X),...2,(X). We first consider 
the case in which functions g; in g are continuous with respect to each of their 
arguments, have continuous partial derivatives, and define one-to-one 
mappings. It then follows that inverse functions gj of g~!, defined by 


X=g'(Y), (5.62) 


exist and are unique. They also have continuous partial derivatives. 

In order to determine fy(y) in terms of fy(x), we observe that, if a closed 
region R¥ in the range space of X is mapped into a closed region R} in the 
range space of Y under transformation g, the conservation of probability gives 


J [fra =f frcoiae, (5.63) 


7 
Ri, 


TLFeBOOK 


Functions of Random Variables 149 
where the integrals represent n-fold integrals with respect to the components of 


x and y, respectively. Following the usual rule of change of variables in multiple 
integrals, we can write (for example, see Courant, 1937): 


J [Pscoex = [> [rate onividy. (5.64) 


where J is the Jacobian of the transformation, defined as the determinant 


Og7! 0g;! 627! 
On Oy OO 
J= : : (5.65) 
Og; ! Og; ! 6g; ! 
On O72 On 


As a point of clarification, let us note that the vertical lines in Equation (5.65) 
denote determinant and those in Equation (5.64) represent absolute value. 
Equations (5.63) and (5.64) then lead to the desired formula: 


fyy) =fxlg "(IMI (5-66) 


This result is stated as Theorem 5.4. 


Theorem 5.4. For the transformation given by Equation (5.61) where X is a 
continuous random vector and g is continuous with continuous partial deriva- 
tives and defines a one-to-one mapping, the jpdf of Y, fy(y), is given by 


fyly) =fxle (IMI, (5-67) 


where J is defined by Equation (5.65). 


It is of interest to note that Equation (5.67) is an extension of Equation 
(5.12), which is for the special case of n = 1. Similarly, an extension is also 
possible of Equation (5.24) for the n = | case when the transformation admits 
more than one root. Reasoning as we have done in deriving Equation (5.24), we 
have Theorem 5.5. 


Theorem 5.5. In Theorem 5.4, suppose transformation y = g(x) admits at 
most a countable number of roots x, = g, i (y),X2 = 25'(y), .... Then 


Gs ke Glut (5.68) 
j=l 


TLFeBOOK 


150 Fundamentals of Probability and Statistics for Engineers 


where r is the number of solutions for x of equation y = g(x), and J; is 
defined by 


Og; Og; Og; 
Oy Oy aa OVn 
dy). 2 (5.69) 
Og; 0g;,! ag;,! 
Ovi Oya me OVn 
In the above, gj1, g)2,..., and gj, are components of ae 


As we mentioned earlier, the results presented above can also be applied to 
the case in which the dimension of Y is smaller than that of X. Consider the 
transformation represented in Equation (5.60) in which m < n. In order to use 
the formulae developed above, we first augment the m-dimensional random 
vector Y by another (n — m) — dimensional random vector Z. The vector Z can 
be constructed as a simple function of X in the form 


Z = h(X), (5.70) 


where hi satisfies conditions of continuity and continuity in partial derivatives. 
On combining Equations (5.60) and (5.70), we have now an n-random-variable 
to n-random-variable transformation, and the jpdf of Y and Z can be obtained 
by means of Equation (5.67) or Equation (5.68). The jpdf of Y alone is then 
found through integration with respect to the components of Z. 


Example 5.18. Problem: let random variables X; and X2 be independent and 
identically and normally distributed according to 


. 1 2 
fases) = ape ), ocx < OH, 


and similarly for X2. Determine the jpdf of Yj = X; + X2, and Yx = X, — Xp. 
Answer: Equation (5.67) applies in this case. The solutions of x; and x2 in 
terms of y; and y2 are 


Vity2 = a) ee ee (5.71) 


ee 


The Jacobian in this case takes the form 


ogy! gz! 1 1 
ee Ovi Oy2 |_| 2 ots Eh 
~ lager! aes! ft 1) 2 
PSece SER egret 
Oy Oy2 2 2 
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Hence, Equation (5.67) leads to 
fyy(vi.92) =fy ler OV xles OI 
mn 1 —(w+ yo) —(1 —y)? 
~ L| 8 rn 8 
1 ne fea. gd 
= exp] VIF )) (-00,-00) < (1,32) < (00,00). (5.72) 
An 4 
It is of interest to note that the result given by Equation (5.72) can be written as 
fyy,1,)2) =f y, Of y, 2); (5.73) 
where 
I a 
fy, (v1) ain? ( 4 ’ Coc yy < OO, 
I ~y3 
fy02) = pee 4 ’ Co <2 << Ww, 


implying that, although Y, a 


nd Y, are both functions of X; and X»2, they are 


independent and identically and normally distributed. 


Example 5.19. Problem: for the same distributions assigned to X; and X in 
Example 5.18, determine the jpdf of Y; = (x? + xy and Y> = X4/X>. 
Answer: let us first note that Y; takes values only in the positive range. 


Hence, 


Sf yyy (V1592) oa 0, 


yi <0. 


For y; > 0, the transformation y = g(x) admits two solutions. They are: 


xu =gi(y) = ~ Es. 
( + y3) 
-1 Ji 
x12 = 8 (y) = 1/2? 
(1+ 53)” 
and 
X21 = £51 (y) =—-NXi1, 
X22 = an (y) = —212. 
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Equation (5.68) now applies and we have 


f yy (1.92) =fxle7 (Yl + fxlgz! (yl (5.74) 
where 
: 1 x7? + x3 
Fabs) = Flo) flo) = rexp| =), (5.75) 
Tv 
Ogi Ogi 
0 0 
Se es ccs a ne (5.76) 

Ogi Ogio Lay 
Oy Oy2 


On substituting Equations (5.75) and (5.76) into Equation (5.74), we have 


Jae iE NG 2 yiya +i] \, 
Fru) = (7a) {geno 21+ y3) JJ’ 


2 
pee a) fe > 0,and —00 < yz < 00; 
(i Pe ( 5 ) or y; > 0,and —oo < v2 < ~w; 
=0, elsewhere. (5.77) 


We note that the result can again be expressed as the product of fy, (v1) and 


fy,(2), with 


2 
SI 
VI exp (=2), for y, > 0; 
fy, (v1) = 2 


0, elsewhere; 


1 
= , for <y2 < oo. 
fy, (y2) m1 +) oo < V2 < CO 


Thus random variables Y; and Y2 are again independent in this case where Y, 
has the so-called Raleigh distribution and Y2 is Cauchy distributed. We remark 
that the factor (1/7) is assigned to fy,(y2) to make the area under each pdf 
equal to 1. 


Example 5.20. Let us determine the pdf of Y considered in Example 5.11 by 
using the formulae developed in this section. The transformation is 


Y = X)X. (5.78) 
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In order to conform with conditions stated in this section, we augment Equa- 
tion (5.78) by some simple transformation such as 


Z=NX>. (5.79) 


The random variables Y and Z now play the role of Y; and Y, in Equation 
(5.67) and we have 


S yz; 2) =fy ele, W285 (2 (5.80) 
where 
§\ (v2) =, 
a5 (0.2) =, 
1 y 
foie Bek 
0 1 : 


Using specific forms of fy,(«1) and fy,(@2) given in Example (5.11), Equation 
= Y\ ¢ 
fyz2(0s2) =f, (7) fn) 


(5.80) becomes 
_ (2yv\ (2-2). 
Naz 2z }’ 
y(2 — 2) 


=—.—,, for0<y<2,andy<z< 2; 


1 
Z 


(5.81) 
=0, elsewhere. 
Finally, pdf fy (y) is found by performing integration of Equation (5.81) with 


respect to z: 
: oo 2 Q—2z 
fry) = [fre dz= i ne dz; 


Z 
=2+y(Iny—1—In2), for0<y<2; 
=0, elsewhere. 


This result agrees with that given in Equation (5.47) in Example 5.11. 
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PROBLEMS 


5.1 Determine the Probability distribution function (PDF) of Y =3xX —1 if 
(a) Case 1: 


0, for x < 3; 
1 


Fy(x) = 3) for3<x<6; 
1, forx>6. 


(b) Case 2: 


0, for x < 3; 
Fy(x) = a for 3<x <6; 
1 


, forx>6. 


5.2 Temperature C measured in degrees Celsius is related to temperature X in degrees 
Fahrenheit by C = 5(X — 32)/9. Determine the probability density function (pdf) of 
C if X is random and is distributed uniformly in the interval (86, 95). 


5.3 The random variable X has a triangular distribution as shown in Figure 5.22. 
Determine the pdf of Y =3X +2. 


5.4 Determine Fy (y) in terms of Fx (x) if Y =X", where Fx (x) = 0, x < 0. 


5.5 A random variable Y has a ‘log-normal’ distribution if it is related to X by Y =e’, 


where X is normally distributed according to 


fx(x) = “ne 553 } oo <x < 00 


Determine the pdf of Y form =0 and o = 1. 


fy (x) 
A 


PX 


= 1 


Figure 5.22 Distribution of X, for Problem 5.3 
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5.6 The following arises in the study of earthquake-resistant design. If X is the magni- 
tude of an earthquake and Y is ground-motion intensity at distance c from the 
earthquake, X and Y may be related by 


Y =ce*. 
If X has the distribution 


Ae **, for x > 0; 


0, elsewhere: 


tals) ={ 
(a) Show that the PDF of Y, Fy (y), is 


(ey. 2 

a os y > . 
(") ee ee 

0, fory<e. 


Fy(y)= 


(b) What is fy ()? 


5.7 The risk R of an accident for a vehicle traveling at a ‘constant’ speed V is given by 


R= aeV-°), 


where a, b, and c are positive constants. Suppose that speed V of a class of vehicles is 
random and is uniformly distributed between v; and v2. Determine the pdf of R if (a) 
(v1, V2) > c, and (b) v; and v2 are such that c = (vy; + v2)/2. 


5.8 Let Y = g(X), with X uniformly distributed over the interval a <x < b. Suppose 
that the inverse function X = g~!(Y) is a single-valued function of Y in the interval 
g(a) < y < g(b). Show that the pdf of Y is 


1 1 
fy) =< b-a aeny , for g(a) <y < g(4); 


0, elsewhere. 
where g'(x) = dg(x)/dx. 


5.9 A rectangular plate of area a is situated in a flow stream at an angle O measured from 
the streamline, as shown in Figure 5.23. Assuming that © is uniformly distributed 
from 0 to 7/2, determine the pdf of the projected area perpendicular to the stream. 


Projected area 


Flow 
Plate with area a 


Figure 5.23 Plate in flow stream, for Problem 5.9 
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5.10 At a given location, the PDF of annual wind speed, V, in miles per hour is found 
to be 


y \ 6.96 
Oe exp - (=) , forv>0; 


0, elsewhere. 


The wind force W exerted on structures is proportional to V*. Let W =aV?. 
(a) Determine the pdf of W and its mean and variance by using fy(w). 
(b) Determine the mean and variance of W directly from the knowledge of Fy (v). 


5.11 An electrical device called a full-wave rectifier transforms input X to the device, to 
output Yaccording to Y = |X|. If input X has a pdf of the form 


(a) Determine the pdf of Y and its mean and variance using fy (y). 
(b) Determine the mean and variance of Y directly from the knowledge of fy (x). 


5.12 An electrical device gives output Y in terms of input X according to 


1, for X¥ >0; 


Y=e(X)= 
a(X) 14 for X¥ <0. 


Is random variable Y continuous or discrete? Determine its probability distribution 


in terms of the pdf of X. 


5.13 The kinetic energy of a particle with mass m and velocity V is given by 


Suppose that m is deterministic and V is random with pdf given by 


H6y= ie 


0, elsewhere. 


2 
~bv for v > 0; 


Determine the pdf of X. 


5.14 The radius R of a sphere is known to be distributed uniformly in the range 
0.99r9 <r <1.01r9. Determine the pdfs of (a) its surface area and (b) of its 
volume. 


5.15 A resistor to be used as a component in a simple electrical circuit is randomly 
chosen from a stock for which resistance R has the pdf 


are, forr>0; 


fale) = { 


0, elsewhere. 
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5.16 


5.17 


5.18 


5.19 


Suppose that voltage source v in the circuit is a deterministic constant. 
(a) Find the pdf of current [ where J = v/R, passing through the circuit. 
(b) Find the pdf of power W, where W =/°R, dissipated in the resistor. 


The independent random variables X; and X» are uniformly and identically 
distributed, with pdfs 
1 


x, for-l<x, <1; 
fy, (%1) = 4 2 Pe 
0, 


elsewhere; 


and similarly for X2. Let Y =X, + Xp. 

(a) Determine the pdf of Y by using Equation (5.56). 

(b) Determine the pdf of Y by using the method of characteristic functions devel- 
oped in Section 4.5. 


Two random variables, 7; and T, are independent and exponentially distributed 


according to 
2e-7, for t) > 0; 
fr(t) = 


0, elsewhere; 


2e°72, for fr > 0; 
fr(b) = 
0, elsewhere. 


(a) Determine the pdf of T =T, — 7». 
(b) Determine mr and o7. 


A discrete random variable X has a binomial distribution with parameters (n, p). Its 
probability mass function (pmf) has the form 


n oe 
pr(k) = (PJP), k=0, 1, 2am 


Show that, if X; and Xz are independent and have binomial distributions with 
parameters (1, p) and (m, p), respectively, the sum Y =X, +X has a binomial 
distribution with parameters (n; +m, p). 


Consider the sum of two independent random variables X; and X2 where X, is 
discrete, taking values a and b with probabilities P(X; =a) =p, and P(X; =b) = 
q (p +q =1), and X> is continuous with pdf fx, (x2). 

(a) Show that Y =X, +X is a continuous random variable with pdf 


Sy) = Ply, 0) + dy,(); 


where f y,(y) and f y,(y) are, respectively, the pdfs of Y, =a +X2,and Y2 =b+Xy 
at y. 
(b) Plot fy (y) by letting a =0, b=1, p =4,q =4, and 


1 —x2 
Fated) = 5 acer ), 00 < X) < 00 
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Figure 5.24 Parallel arrangement of components A and B, for Problem 5.20 


5.20 Consider a system with a parallel arrangement, as shown in Figure 5.24, and let A 
be the primary component and B its redundant mate (backup component). The 
operating lives of A and B are denoted by T, and T», respectively, and they follow 
the exponential distributions 


qe", for t; > 0; 


frit) ={ 


0, elsewhere; 
me @", for tr > 0; 


frit) ={ 


0, elsewhere. 


Let the life of the system be denoted by T. Then T = T, + T> if the redundant part 

comes into operation only when the primary component fails (so-called ‘cold 

redundancy’) and T = max (T), T2) if the redundant part is kept in a ready condi- 

tion at all times so that delay is minimized in the event of changeover from the 

primary component to its redundant mate (so-called ‘hot redundancy’). 

(a) Let Tc =T,+T2, and Ty = max(7T,7T2). Determine their respective prob- 
ability density functions. 

(b) Suppose that we wish to maximize the probability P(T > t) for some t. Which 
type of redundancy is preferred? 


5.21 Consider a system with components arranged in series, as shown in Figure 5.25, 
and let T; and T2 be independent random variables, representing the operating 
lives of Aand B, for which the pdfs are given in Problem 5.20. Determine the pdf of 
system life T = min (7, 72). Generalize to the case of n components in series. 


5.22 At a taxi stand, the number X, of taxis arriving during some time interval has a 
Poisson distribution with pmf given by 


Me? 
Px ()= >> k=0,1,2,..., 


PAF?) 


Figure 5.25. Components A and B arranged in series, for Problem 5.21 
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where \ is a constant. Suppose that demand X> at this location during the same 
time interval has the same distribution as X; and is independent of X,. Determine 
the pdf of Y = X2 — X; where Y represents the excess of taxis in this time interval 
(positive and negative). 


5.23 Determine the pdf of Y = |X; — X2| where X; and X> are independent random 
variables with respective pdfs fy (x1) and fy, (x2). 


5.24 The light intensity J at a given point X distance away from a light source is 
I = C/X? where C is the source candlepower. Determine the pdf of J if the pdfs 
of C and X are given by 


1 
=, for 64<c< 100; 
fcle) = 4 36 
0, elsewhere; 


1, forl<x<2,; 
fy(x) = 
0, elsewhere; 


and C and X are independent. 
5.25 Let X; and X2 be independent and identically distributed according to 


1 —x 
Faso) = ines =), oo <x] <0, 


and similarly for X2. By means of techniques developed in Section 5.2, determine 
the pdf of Y, where Y = (X? + X3)"””. Check your answer with the result obtained 
in Example 5.19. (Hint: use polar coordinates to carry out integration.) 


5.26 Extend the result of Problem 5.25 to the case of three independent and identically 
distributed random variables, that is, Y = (Xx? + Xs + X3) 2 (Hint: use spherical 
coordinates to carry out integration.) 


5.27 The joint probability density function (jpdf) of random variables X,,X 2, and X3 
takes the form 


for (x1,X2,x3) > (0,0, 0); 


4? 
Sf xpxyxy (1, 2, x3) = ¢ (1 + 1 +42 + x3) 
0, elsewhere. 


Find the pdf of Y= X}+ X.+ X3. 
5.28 The pdfs of two independent random variables X; and X> are 


Fun) e™, for x; > 0; 
xXi)= 
i 0, for x; <0; 


e™, for x2 > 0; 


bo ea 
Pra 2) 0, for x. <0. 
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Determine the jpdf of Y; and Y2, defined by 


xX, 
Y=%14+ YH=—, 
1 1+ Xo, 2 = 
and show that they are independent. 
5.29 The jpdf of X and Y is given by 
1 ne: x2 +y 
Syy(x,y) aa 3 EXP ( 2 , ( OO, oo) < (x,y) < (00, 00). 
210 20 


Determine the jpdf of R and ® and their respective marginal pdfs where 
R=(X?+ y2y!? is the vector length and 6 = tan! (Y/X ) is the phase angle. Are 
R and ® independent? 


5.30 Show that an alternate formula for Equation (5.67) is 


fy(y) =Sfxle yy], 


where 
Ogi(x) Ogi(x) Ogi (x) 
Ox} Ox> OXn 
f= ; : 
Ogn(x) O8n(X) fog Ogn(x) 
Ox, Ox> OX; 


is evaluated at x = g”!(y). Similar alternate forms hold for Equations (5.12), (5.24) 
and (5.68). 
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Some Important Discrete 
Distributions 


This chapter deals with some distributions of discrete random variables that are 
important as models of scientific phenomena. The nature and applications of 
these distributions are discussed. An understanding of the situations in which 
these random variables arise enables us to choose an appropriate distribution 
for a scientific phenomenon under consideration. Thus, this chapter is also 
concerned with the induction step discussed in Chapter 1, by which a model 
is chosen on the basis of factual understanding of the physical phenomenon 
under study (step B to C in Figure 1.1). 

Some important distributions of continuous random variables will be studied 
in Chapter 7. 


6.1 BERNOULLI TRIALS 


A large number of practical situations can be described by the repeated per- 
formance of a random experiment of the following basic nature: a sequence 
of trials is performed so that (a) for each trial, there are only two possible 
outcomes, say, success and failure; (b) the probabilities of the occurrence of 
these outcomes remain the same throughout the trials; and (c) the trials are 
carried out independently. Trials performed under these conditions are called 
Bernoulli trials. Despite of the simplicity of the situation, mathematical models 
arising from this basic random experiment have wide applicability. In fact, 
we have encountered Bernoulli trials in the random walk problems described 
in Examples 3.5 (page 52) and 4.17 (page 106) and also in the traffic problem 
examined in Example 3.9 (page 64). More examples will be given in the 
sections to follow. 

Let us denote event ‘success’ by S, and event ‘failure’ by F. Also, let P(S) = p, 
and P(F) = q, where p+ q = 1. Possible outcomes resulting from performing 
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a sequence of Bernoulli trials can be symbolically represented by 


SSFFSFSSS «++ FF 
FSFSSFFFS --- SF 


and, owing to independence, the probabilities of these possible outcomes are 
easily computed. For example, 


P(SSFFSF --- FF) = P(S)P(S)P(F)P(F)P(S)P(F) --- P(F)P(F) 
= ppqapq:- 44- 


A number of these possible outcomes with their associated probabilities are 
of practical interest. We introduce three important distributions in this connection. 


6.1.1 BINOMIAL DISTRIBUTION 


The probability distribution of a random variable X representing the number of 
successes in a sequence of n Bernoulli trials, regardless of the order in which they 
occur, is frequently of considerable interest. It is clear that X is a discrete random 
variable, assuming values 0, 1, 2,...,. In order to determine its probability mass 
function, consider p , (k), the probability of having exactly k successes in n trials. 
This event can occur in as many ways as k letters S can be placed in n boxes. 
Now, we have n choices for the position of the first S$, n — 1 choices for the 
second S,..., and, finally, n — k + 1 choices for the position of the kth S. The 
total number of possible arrangements is thus n(n — 1)...(2—k + 1). However, 
as no distinction is made of the Ss that are in the occupied positions, we must 
divide the number obtained above by the number of ways in which k Ss can be 
arranged in k boxes, that is, k(k — 1)...1=k!. Hence, the number of ways in 
which k successes can happen in 7 trials is 


n(n—1)---(n—k+1) n! 
= 6.1 
k! k\(n—k)V? er) 
and the probability associated with each is p*g"~*. Hence, we have 
px) = (ea *, b=0,1,2,...5, (6.2) 
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where 


(;) = eae (6.3) 


is the binomial coefficient in the binomial theorem 


n 


(a+b)"=)> (G) ak pr. (6.4) 


k=0 


In view of its similarity in appearance to the terms of the binomial theorem, 
the distribution defined by Equation (6.2) is called the binomial distribution. 
It has two parameters, namely, n and p. Owing to the popularity of this 
distribution, a random variable X having a binomial distribution is often 
denoted by B(n, p). 

The shape of a binomial distribution is determined by the values assigned 
to its two parameters, n and p. In general, n is given as a part of the problem 
statement and p must be estimated from observations. 

A plot of probability mass function (pmf), py (k), has been shown in Example 
3.2 (page 43) for n = 10 and p = 0.2. The peak of the distribution will shift to 
the right as p increases, reaching a symmetrical distribution when p = 0.5. More 
insight into the behavior of py(k) can be gained by taking the ratio 


yl). Vere ee pak 
Px(k— 1) kq kq 


(6.5) 


We see from Equation (6.5) that py(k) is greater than py(k—1) when 
k < (a+ 1)p and is smaller when k > (n+ 1)p. Accordingly, if we define integer 
k* by 


(n+ l)jp—l<k*<(n+l)p, (6.6) 


the value of py (k) increases monotonically and attains its maximum value when 
k = k*, then decreases monotonically. If (7 + 1)p happens to be an integer, the 
maximum value takes place at both py(k* — 1) and p,(k*). The integer k* is 
thus a mode of this distribution and is often referred to as ‘the most probable 
number of successes’. 

Because of its wide usage, pmf py(k) is widely tabulated as a function of 
n and p. Table A.1 in Appendix A gives its values for n = 2,3,...,10, and 
p = 0.01, 0.05,...,0.50. Let us note that probability tables for the binomial 
and other commonly used distributions are now widely available in a number 
of computer software packages, and even on some calculators. For example, 
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function BINOMDIST in Microsoft® Excel'™ 2000 gives individual binomial 
probabilities given by Equation (6.2). Other statistical functions available in 
Excel’™ 2000 are listed in Appendix B. 

The calculation of py (k) in Equation (6.2) is cumbersome as n becomes large. 
An approximate way of determining py(k) for large n has been discussed in 
Example 4.17 (page 106) by means of Stirling’s formula [Equation (4.78)]. 
Poisson approximation to the binomial distribution, to be discussed in Section 
6.3.2, also facilitates probability calculations when n becomes large. 

The probability distribution function (PDF), Fy (x), for a binomial distribu- 
tion is also widely tabulated. It is given by 


m<x 
Fy(x) = >> (")pkg*, 6.7 
x(x) 2, (ip q (6.7) 


where m is the largest integer less than or equal to x. 

Other important properties of the binomial distribution have been derived in 
Example 4.1 (page 77), Example 4.5 (page 81), and Example 4.14 (page 99). 
Without giving details, we have, respectively, for the characteristic function, 
mean, and variance, 


x(t) = (pe* +49)", 
my = np, (6.8) 
oy = mpd. 


The fact that the mean of X is np suggests that parameter p can be estimated based 
on the average value of the observed data. This procedure is used in Examples 6.2. 
We mention, however, that this parameter estimation problem needs to be exam- 
ined much more rigorously, and its systematic treatment will be taken up in Part B. 

Let us remark here that another formulation leading to the binomial distri- 
bution is to define random variable X;, j = 1,2,...,n, to represent the outcome 
of the jth Bernoulli trial. If we let 


oo {t hunt ene 9 

then the sum 
EoD at set ale (6.10) 
gives the number of successes in n trials. By definition, X;,..., and X, are 


independent random variables. 
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The moments and distribution of X can be easily found by using Equation 
(6.10). Since 


E{X;} = 0(9) + 1) =p, f= 1,2,...,0, 
it follows from Equation (4.38) that 
E{X}=p+pt-:-+p=np, (6.11) 


which is in agreement with the corresponding expression in Equations (6.8). 
Similarly, its variance, characteristic function, and pmf are easily found follow- 
ing our discussion in Section 4.4 concerning sums of independent random 
variables. 

We have seen binomial distributions in Example 3.5 (page 52), Example 3.9 
(page 64), and Example 4.11 (page 96). Its applications in other areas are 
further illustrated by the following additional examples. 


Example 6.1. Problem: a homeowner has just installed 20 light bulbs in a new 
home. Suppose that each has a probability 0.2 of functioning more than three 
months. What is the probability that at least five of these function more than 
three months? What is the average number of bulbs the homeowner has to 
replace in three months? 

Answer: it is reasonable to assume that the light bulbs perform indepen- 
dently. If X is the number of bulbs functioning more than three months 
(success), it has a binomial distribution with n = 20 and p = 0.2. The answer 
to the first question is thus given by 


20 4 


5 py(k)=1- 5 Py(k) 
k=5 —0 
=f 20 Via WE raigatek 
=l1- 0.2)" (0.8 
es (08) 


= 1 — (0.012 + 0.058 + 0.137 + 0.205 + 0.218) = 0.37. 
The average number of replacements is 
20 — E{X} = 20 — np = 20 — 20(0.2) = 16. 


Example 6.2. Suppose that three telephone users use the same number and 
that we are interested in estimating the probability that more than one will use 
it at the same time. If independence of telephone habit is assumed, the prob- 
ability of exactly k persons requiring use of the telephone at the same time is 
given by the mass function py (k) associated with the binomial distribution. Let 
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it be given that, on average, a telephone user is on the phone 5 minutes per 
hour; an estimate of p is 


The solution to this problem is given by 


non ((8) (3) CNC) 
11 


Example 6.3. Problem: let X,; and X2 be two independent random variables, 
both having binomial distributions with parameters (7, p) and (7, p), respect- 
ively, and let Y = X; + X2. Determine the distribution of random variable Y. 

Answer: the characteristic functions of X, and X> are, according to the first 
of Equations (6.8), 


dx,(t) = (pe + 4)", bx,(t) = (ve +g)”. 


In view of Equation (4.71), the characteristic function of Y is simply the 
product of ¢y,(4 and ¢y,(Z). Thus, 


y(t) = ox, (t)ox2(2) 
ca (pe! + qn. 


By inspection, it is the characteristic function corresponding to a binomial 
distribution with parameters (nm; + 12, p). Hence, we have 


m+n k ny +ny—k 
py(k)=(" ege®, k=0,1,...,m) +m. 


Generalizing the answer to Example 6.3, we have the following important 
result as stated in Theorem 6.1. 


Theorem 6.1: The binomial distribution generates itself under addition of 
independent random variables with the same p. 


Example 6.4. Problem: if random variables X and Y are independent binomial 
distributed random variables with parameters (7, p) and (m2, p), determine the 
conditional probability mass function of X given that 


X+Y=m, 0<m<ntm. 
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Answer: for k < min (n,,m), we have 


P(X =knNX+Y=m) 


P(X =k|X+ Y=m) 


P(X¥+Y=m) 
_ P(X =knY=m-k)_ P(X =hKP(Y=m-k) 
P(X + Y=m) P(X + Y=m) 


7 (é )p' apy? (Ge Aaa a) ies 


ny +n m ny+ny—m 
( \p Ce a 
m 


- OV) k=0,1,...,min(m,m), (6.12) 


where we have used the result given in Example 6.3 that X + Y is binomially 
distributed with parameters (1; + 1, p). 

The distribution given by Equation (6.12) is known as the hypergeometric 
distribution. It arises as distributions in such cases as the number of black balls 
that are chosen when a sample of m balls is randomly selected from a lot of 
n items having n, black balls and nz white balls (m; +m. =n). Let random 
variable Z be this number. We have, from Equation (6.12), on replacing ny 
byn—-n, 


pe(k) = (é (a a k =0,1,...,min(m,m). (6.13) 


6.1.2. GEOMETRIC DISTRIBUTION 


Another event of interest arising from Bernoulli trials is the number of trials to 
(and including) the first occurrence of success. If X is used to represent this 
number, it is a discrete random variable with possible integer values ranging 
from one to infinity. Its pmf is easily computed to be 


Py(k) = P(EF...E.S) = P(F)P(F)...P(F) P(S) 
k-1 k-1 (6.14) 
=q'p, k=1,2,.... 


This distribution is known as the geometric distribution with parameter p, 
where the name stems from its similarity to the familiar terms in geometric 
progression. A plot of py (k) is given in Figure 6.1. 
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Q 
zs) 


1 2 3 4 5 6 Vane 


Figure 6.1 Geometric distribution py(k) 


The corresponding probability distribution function is 


m<x 


Fy (x) = S- px(k) =p+qpt---+q™'p 
k=1 
=(l-g(lt+qt¢@t:-tq™=1-¢", (6.15) 


where m is the largest integer less than or equal to x. The mean and variance of 
X can be found as follows: 


Co _ Co d : 
E{X} =U kq'p=py ag 
k=1 k=1 q 
dQ, a . 1 
—4 —_— id => —$$=$> =. 6.16 
Pago Pa tea) = (6.16) 


In the above, the interchange of summation and differentiation is allowed 
because |g| < 1. Following the same procedure, the variance has the form 


l-—p 
o => a 6.17 
Xe p ( ) 


Example 6.5. Problem: a driver is eagerly eyeing a precious parking space 
some distance down the street. There are five cars in front of the driver, each of 
which having a probability 0.2 of taking the space. What is the probability that 
the car immediately ahead will enter the parking space? 

Answer: for this problem, we have a geometric distribution and need to 
evaluate py(k) for k = 5 and p = 0.2. Thus, 


py(5) = (0.8)*(0.2) = 0.82, 
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which may seem much smaller than what we experience in similar situa- 
tions. 


Example 6.6. Problem: assume that the probability of a specimen failing 
during a given experiment is 0.1. What is the probability that it will take more 
than three specimens to have one surviving the experiment? 

Answer: let X denote the number of trials required for the first specimen 
to survive. It then has a geometric distribution with p= 0.9. The desired 
probability is 


P(X >3) = 1—-Fy(3) =1-(1—q°) = (0.1)? = 0.001. 


Example 6.7. Problem: let the probability of occurrence of a flood of magni- 
tude greater than a critical magnitude in any given year be 0.01. Assuming that 
floods occur independently, determine E{N}, the average return period. The 
average return period, or simply return period, is defined as the average number 
of years between floods for which the magnitude is greater than the critical 
magnitude. 

Answer: it is clear that N is a random variable with a geometric distribution 
and p = 0.01. The return period is then 


E{N} =5= 100 years. 


The critical magnitude which gives rise to E{N} = 100 years is often referred to 
as the ‘100-year flood’. 


6.1.3 NEGATIVE BINOMIAL DISTRIBUTION 


A natural generalization of the geometric distribution is the distribution of 
random variable X representing the number of Bernoulli trials necessary for the 
rth success to occur, where r is a given positive integer. 

In order to determine px (k) for this case, let A be the event that the first k — 1 
trials yield exactly r — 1 successes, regardless of their order, and B the event that 
a success turns up at the kth trial. Then, owing to independence, 


Py(k) = P(AN B) = P(A)P(B). (6.18) 
Now, P(A) obeys a binomial distribution with parameters k — 1 and r — 1, or 


k-1)\ ; 
my ~ C ea ’ k= rrr Wats) (6.19) 
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and P(B) is simply 
P(B) = p. (6.20) 


Substituting Equations (6.19) and (6.20) into Equation (6.18) results in 


k-1\. , ¢> 
py(k) = ) ts earl. (6.21) 


We note that, as expected, it reduces to the geometric distribution when r= 1. 
The distribution defined by Equation (6.21) is known as the negative binomial, 
or Pascal, distribution with parameters r and p. It is often denoted by NB(r, p). 

A useful variant of this distribution is obtained if we let Y = X — r. The ran- 
dom variable Y is the number of Bernoulli trials beyond r needed for the realiza- 
tion of the rth success, or it can be interpreted as the number of failures before 
the rth success. 

The probability mass function of Y, py(m), is obtained from Equation (6.21) 
upon replacing k by m+ r. Thus, 


ne m+r—-1\ ,» 
Py\™) = raat, | Pd 


+r—-l1\., 
-(" ‘ ra". m=0,1,2,.... 
m 


We see that random variable Y has the convenient property that the range of 
m begins at zero rather than r for values associated with X. 
Recalling a more general definition of the binomial coefficient 


¢ _a(a= 1) (a= 4) (6.23) 


i 


(6.22) 


for any real a and any positive integer j, direct evaluation shows that the 
binomial coefficient in Equation (6.22) can be written in the form 


4 ae ') =(-1"(7"). (6.24) 


Hence, 


)p"(-@)" 2 m= 0, 1, 2, ees (6.25) 
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which is the reason for the name ‘negative binomial distribution’. 
The mean and variance of random variable X can be determined either by 
following the standard procedure or by noting that X can be represented by 


X=X4+X4+---+,, (6.26) 


where Xj; is the number of trials between the (j — 1)th and (including) the jth 
successes. These random variables are mutually independent, each having the 
geometric distribution with mean 1/p and variance (1 — p)/p*. Therefore, the mean 
and variance of sum X are, respectively, according to Equations (4.38) and (4.41), 


my = 5 
p P 


Se (6.27) 


Since Y = X —r, the corresponding moments of Y are 


_ 
my =>——T!r, pa am 
P P 


(6.28) 


Example 6.8. Problem: a curbside parking facility has a capacity for three 
cars. Determine the probability that it will be full within 10 minutes. It is 
estimated that 6 cars will pass this parking space within the timespan and, on 
average, 80% of all cars will want to park there. 

Answer: the desired probability is simply the probability that the number of 
trials to the third success (taking the parking space) is less than or equal to 6. If 
X is this number, it has a negative binomial distribution with r = 3 and p = 0.8. 
Using Equation (6.21), we have 


6 


Let us note that an alternative way of arriving at this answer is to sum the 
probabilities of having 3, 4, 5, and 6 successes in 6 Bernoulli trials using the 
binomial distribution. This observation leads to a general relationship between 
binomial and negative binomial distributions. Stated in general terms, if X, is 
Bin, p) and X2 is NB(v, p), then 


(6.29) 
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Example 6.9. The negative binomial distribution is widely used in waiting- 
time problems. Consider, for example, a car waiting on a ramp to merge into 
freeway traffic. Suppose that it is 5th in line to merge and that the gaps between 
cars on the freeway are such that there is a probability of 0.4 that they are 
large enough for merging. Then, if X is the waiting time before merging for 
this particular vehicle measured in terms of number of freeway gaps, it has 
a negative binomial distribution with r = 5 and p = 0.4. The mean waiting time 
is, as seen from Equation (6.27), 


5 


sae iF 


= 12.5 gaps. 


6.2 MULTINOMIAL DISTRIBUTION 


Bernoulli trials can be generalized in several directions. A useful generalization 
is to relax the requirement that there be only two possible outcomes for each 
trial. Let there be r possible outcomes for each trial, denoted by Fy, Fo,...,E,, 
and let P(E;) = p;,i= 1,...,r, and pj + po +--+: +p; = 1. A typical outcome of 
n trials is a succession of symbols such as: 


EE, BE, E3B3E¢E2.... 


If we let random variable X;,i= 1,2,...,r, represent the number of E£; in a 
sequence of n trials, the joint probability mass function Gjpmf) of X1,X2,...,X,, 
is given by 

(ki,k k,) = Le ee (6.30) 
PY, Xy...X, R15 25-2 A ae Py +++ Pe’, : 


where k; = 0,1,2,...,/=1,2,...,4, and kj tho+---+hk, =n. 


Proof for Equation 6.30: we want to show that the coefficient in Equation 
(6.30) is equal to the number of ways of placing k, letters E,,k2 letters F2,..., 
and k, letters E, in n boxes. This can be easily verified by writing 


n! _ n n—k, n ky kp Pas ky 
kylko!.. Ket ko k, 


The first binomial coefficient is the number of ways of placing k, letters EF, 
in n boxes; the second is the number of ways of placing k> letters E> in the 
remaining m — k; unoccupied boxes; and so on. 


TLFeBOOK 


Some Important Discrete Distributions 173 


The formula given by Equation (6.30) is an important higher-dimensional 
joint probability distribution. It is called the multinomial distribution because 
it has the form of the general term in the multinomial expansion of 
(pi + po +---+p,)". We note that Equation (6.30) reduces to the binomial 
distribution when r = 2 and with p; = p, po = q,k, =k, and ky =n—k. 

Since each X; defined above has a binomial distribution with parameters n 
and p;, we have 


my, =npi, oy, =npi(1 — pi), (6.31) 
and it can be shown that the covariance is given by 
cov(X;, Xj) = —npip;, i,j =1,2,...,7, iF]. (6.32) 


Example 6.10. Problem: income levels are classified as low, medium, and high in 
a study of incomes of a given population. If, on average, 10% of the population 
belongs to the low-income group and 20% belongs to the high-income group, what 
is the probability that, of the 10 persons studied, 3 will be in the low-income group 
and the remaining 7 will be in the medium-income group? What is the marginal 
distribution of the number of persons (out of 10) at the low-income level? 

Answer: let X; be the number of low-income persons in the group of 10 
persons, X2 be the number of medium-income persons, and X3 be the number 
of high-income persons. Then X;,X2, and X3 have a multinomial distribution 
with p; = 0.1, pz = 0.7, and p3 = 0.2; n = 10. 

Thus 


10! 
eee CA) sr7igi (O-1)°(0-7)"(0.2)” ~ 0.01. 


The marginal distribution of X; is binomial with n = 10 and p= 0.1. 


We remark that, while the single-random-variable marginal distributions 
are binomial, since X,,X2,..., and X, are not independent, the multinomial 
distribution is not a product of binomial distributions. 


6.3. POISSON DISTRIBUTION 


In this section we wish to consider a distribution that is used in a wide variety 
of physical situations. It is used in mathematical models for describing, in a 
specific interval of time, such events as the emission of a particles from a 
radioactive substance, passenger arrivals at an airline terminal, the distribution 
of dust particles reaching a certain space, car arrivals at an intersection, and 
many other similar phenomena. 
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To fix ideas in the following development, let us consider the problem of 
passenger arrivals at a bus terminal during a specified time interval. We shall 
use the notation X (0, f) to represent the number of arrivals during time interval 
(0, t), where the notation [) denotes a left-closed and right-open interval; it is a 
discrete random variable taking possible values 0, 1,2,..., whose distribution 
clearly depends on t. For clarity, its pmf is written as 


p,(0,t) = P[X(0,1) =k], k=0,1,2,..., (6.33) 


to show its explicit dependence on t. Note that this is different from our 
standard notation for a pmf. 
To study this problem, we make the following basic assumptions: 


e Assumption 1: the random variables X(t), 2), X(t, t3),...,X(tm — 1, th), 
t) <t&) <...<t,, are mutually independent, that is, the numbers of passen- 
ger arrivals in nonoverlapping time intervals are independent of each other. 


e Assumption 2: for sufficiently small Az, 
pi (t,t + At) = AAt + o(At) (6.34) 


where o(A?) stands for functions such that 
i 
=0. (6.35) 


This assumption says that, for a sufficiently small At, the probability of 
having exactly one arrival is proportional to the length of At. The parameter 
A in Equation (6.34) is called the average density or mean rate of arrival for 
reasons that will soon be made clear. For simplicity, it is assumed to be a 
constant in this discussion; however, there is no difficulty in allowing it to 
vary with time. 


Assumption 3: for sufficiently small At, 


Co 


So k(t, t+ At) = o(Ad) (6.36) 
k=2 


This condition implies that the probability of having two or more arrivals 
during a sufficiently small interval is negligible. 
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No arrival No arrival 


Figure 6.2 Interval [0, ¢ + Af) 


It follows from Equations (6.34) and (6.36) that 


polt,t+ At) =1—S py (t,t+ Ad) 
k=1 


=1-dAr+o(AD). (6.37) 


In order to determine probability mass function p,(0,t) based on the 
assumptions stated above, let us first consider p (0, t). Figure 6.2 shows two 
nonoverlapping intervals, [0,t) and [¢,t+ Az). In order that there are no 
arrivals in the total interval [0,¢-+ Az), we must have no arrivals in both 
subintervals. Owing to the independence of arrivals in nonoverlapping inter- 
vals, we thus can write 


Po(0, t+ At) = po(0, t)po(t, t+ Ad) 
= po(0, t)[1 — AAt + o(Ad)]. (6.38) 


Rearranging Equation (6.38) and dividing both sides by At gives 


Po(O, t+ At) — po(0, t) _ ms o(At) 
At = Po(0, t) r At |° 
Upon letting At — 0, we obtain the differential equation 
a = —)p,(0, t). (6.39) 


Its solution satisfying the initial condition p,(0,0) = 1 is 
po(0, t) =e. (6.40) 


The determination of p;(0,t) is similar. We first observe that one arrival in 
[0, ¢ + At) can be accomplished only by having no arrival in subinterval [0, r) 
and one arrival in [¢, ¢ ++ Ad), or one arrival in [0, t) and no arrival in [t,t + Ad). 
Hence we have 


p\(0,t+ At) = pp(0, ‘py (t, f+ At) +p,(0, t)po(t, t+ At). (6.41) 
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Substituting Equations (6.34), (6.37), and (6.40) into Equation (6.41) and 
letting At — 0 we obtain 


d 
111019) _ _yp,(0,1) +E, 74 (0,0) =0, (6.42) 


which yields 
p,(0,t) = Ate™, (6.43) 


Continuing in this way we find, for the general term, 


r k Mt 
(0,0) =O0 na oe (6.44) 


Equation (6.44) gives the pmf of X(0,f), the number of arrivals during 
time interval [0,t) subject to the assumptions stated above. It is called the 
Poisson distribution, with parameters \ and t. However, since \ and f appear in 
Equation (6.44) as a product, Af, it can be replaced by a single parameter v, 
vy = Xt, and so we can also write 


(0,8) =, a be (6.45) 


The mean of X(0, ¢) is given by 


~< —At = k(At)* 
E{X(0,9} = kp0,) =e" OS 
oe ear — (6.46) 
= \te™ = \te “Me™ = Mt 
De (k — 1)! 
Similarly, we can show that 
o%(0,) = At. (6.47) 


It is seen from Equation (6.46) that parameter X is equal to the average 
number of arrivals per unit interval of time; the name ‘mean rate of arrival’ for 
A, aS mentioned earlier, is thus justified. In determining the value of this 
parameter in a given problem, it can be estimated from observations by m/n, 
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P,(0,t) 
0.6 
p, (0,t) 
0.4 0.4 
0.2 0.2 
0 J... ~k 0 1 
0 1 2 3 4 5 0 5 
(a) (b) 
P,,(0,t) 
A 
0.3 
0.2 
ot | | 
Ol | | | | I 1 1 > k 
0 2 4 6 8 10 12 


(c) 


Figure 6.3 Poisson distribution p,(0, ¢), for several values of At: (a) At = 0.5; (b) 
At = 1.0; (c) At = 4.0 


where m is the observed number of arrivals in n unit time intervals. Similarly, 
since vy = At, v represents the average number of arrivals in time interval [0, ft). 

Also it is seen from Equation (6.47) that, as expected, the variance, as well 
as the mean, increases as the mean rate increases. The Poisson distribution for 
several values of At is shown in Figure 6.3. In general, if we examine the ratio of 
p,(0, 4) and p,_,(0, 4), as we did for the binomial distribution, it shows that 
p,(0,t) increases monotonically and then decreases monotonically as k 
increases, reaching its maximum when k is the largest integer not exceeding Af. 


Example 6.11. Problem: traffic load in the design of a pavement system is 
an important consideration. Vehicles arrive at some point on the pavement in 
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Table 6.1 Observed frequencies (number of 
observations) of 0,1,2,... vehicles arriving in a 
30-second interval (for Example 6.11) 


No. of vehicles per 30s Frequency 
0 18 
1 32 
2 28 
3 20 
4 13 
5 7 
6 0 
7 1 
8 1 
29 0 
Total 120 


a random manner both in space (amplitude and velocity) and in time (arrival 
rate). Considering the time aspect alone, observations are made at 30-second 
intervals as shown in Table 6.1. 

Suppose that the rate of 10 vehicles per minute is the level of critical traffic 
load. Determine the probability that this critical level is reached or exceeded. 

Let X (0, t) be the number of vehicles per minute passing some point on the 
pavement. It can be assumed that all conditions for a Poisson distribution are 
satisfied in this case. The pmf of X (0, rf) is thus given by Equation (6.44). From 
the data, the average number of vehicles per 30 seconds is 


0(18) + 1(32) + 2(28) +--+ + 9(0) 
120 


= 2.08. 


Hence, an estimate of At is 2.08(2) = 4.16. The desired probability is, then, 


lore) 9 
P[X(0,1) > 10] = S~ p, (0,1) =1- DPa( 08 
2 ois —4.16 
yes 


k=0 
=~ 1—0.992 = 0.008. 


The calculations involved in Example 6.11 are tedious. Because of its wide 
applicability, the Poisson distribution for different values of Af is tabulated 
in the literature. Table A.2 in Appendix A gives its mass function for values 
of Ar ranging from 0.1 to 10. Figure 6.4 is also convenient for determining 
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the PDF associated with a Poisson—distributed random variable. The answer 
to Example 6.11, for example, can easily be read off from Figure 6.4. We 
mention again that a large number of computer software packages are 
available to produce these probabilities. For example, function POISSON in 
Microsoft® Excel’ 2000 gives the Poisson probabilities given by Equation 
(6.44) (see Appendix B). 


Example 6.12. Problem: let X; and X> be two independent random variables, 
both having Poisson distributions with parameters 1; and 1, respectively, and 
let Y = X, + X>. Determine the distribution of Y. 

Answer: we proceed by determining first the characteristic functions of X, 
and X. They are 


; 20 ith yk 
bx,(t) = Efe} =e" So 
k=0 . 


= exp[v) (e!’ — 1)] 
and 
by, (t) = exp[»(e" — 1)). 


Owing to independence, the characteristic function of Y, dy(d), is simply the 
product of ¢y,(t) and ¢y,(t) [see Equation (4.71)]. Hence, 


y(t) = bx, (Nox, (1) = exp[(m + 2)(e” — 1)]. 


By inspection, it is the characteristic function corresponding to a Poisson 
distribution with parameter 1, + 17. Its pmf is thus 


pe yen a meee a2] ae se ee (6.48) 


As in the case of the binomial distribution, this result leads to the following 
important theorem, Theorem 6.2. 


Theorem 6.2: the Poisson distribution generates itself under addition of 
independent random variables. 


Example 6.13. Problem: suppose that the probability of an insect laying r 
eggs is v'e’/r!, r =0,1,..., and that the probability of an egg developing is p. 
Assuming mutual independence of individual developing processes, show that 
the probability of a total of k survivors is (pv)‘e?”/k1. 
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Answer: let X be the number of eggs laid by the insect, and Y be the number 


of eggs developed. Then, given X =+, the distribution of Y is binomial with 
parameters r and p. Thus, 


P(Y =k|\X =r) = (eC =p AO, tots or 


Now, using the total probability theorem, Theorem 2.1 [Equation (2.27)], 


- 6.49 
Nk r! 
If we let r= k-+n, Equation (6.49) becomes 
nero o$ (teh) aie 
Pe Va ok (n+k)! 
(pv).e-” SA (1 = p)"" 
k! » n! 
k .—va(l—p)v k pv 
_ (pv) =e a hee 
(6.50) 


An important observation can be made based on this result. It implies that, if 
a random variable X is Poisson distributed with parameter v, then a random 
variable Y, which is derived from X by selecting only with probability p each 
of the items counted by X, is also Poisson distributed with parameter pv. Other 
examples of the application of this result include situations in which Y is the 
number of disaster-level hurricanes when X is the total number of hurricanes 
occurring in a given year, or Y is the number of passengers not being able to board 
a given flight, owing to overbooking, when X is the number of passenger arrivals. 


6.3.1 SPATIAL DISTRIBUTIONS 
The Poisson distribution has been derived based on arrivals developing in time, 
but the same argument applies to distribution of points in space. Consider the 


distribution of flaws in a material. The number of flaws in a given volume has 
a Poisson distribution if Assumptions 1-3 are valid, with time intervals replaced by 
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Table 6.2 Comparison of the observed and theoretical 
distributions of flying-bomb hits, for Example 6.14 


Nk k 
0 1 2 3 4 >5 


ny 229 211 93 35 fi 1 
ne 226.7 211.4 98.5 30.6 71 1.6 


volumes, and if it is reasonable to assume that the probability of finding k flaws in 
any region depends only on the volume and not on the shape of the region. 

Other physical situations in which the Poisson distribution is used include 
bacteria counts on a Petri plate, the distribution of airplane-spread fertilizers 
in a field, and the distribution of industrial pollutants in a given region. 


Example 6.14. A good example of this application is the study carried out by 
Clark (1946) concerning the distribution of flying-bomb hits in one part of London 
during World War 2. The area is divided into 576 small areas of 0.25 km? each. 
In Table 6.2, the number m of areas with exactly k hits is recorded and 
is compared with the predicted number based on a Poisson distribution, with 
At = number of total hits per number of areas = 537/576 = 0.932. We see an 
excellent agreement between the predicted and observed results. 


6.3.2 THE POISSON APPROXIMATION TO THE BINOMIAL 
DISTRIBUTION 


Let X be a random variable having the binomial distribution with 


n C n-K 
pre) = (f)e(1-p)*, k= 0,1,...m, (6.51) 


Consider the case when n — oo, and p — 0, in such a way that np = v remains 
fixed. We note that vis the mean of X, which is assumed to remain constant. Then, 


mo) = (V2) 0-2)", =O count: (6.52) 


n n 


As n— o, the factorials n! and (n —k)! appearing in the binomial coefficient 
can be approximated by using the Stirling’s formula [Equation (4.78)]. We also 
note that 


lim (1+5)'=e°, (6.53) 


Using these relationships in Equation (6.52) then gives, after some manipulation, 
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kev’ 
Py(k) = a k=0,1,.... (6.54) 


This Poisson approximation to the binomial distribution can be used to advan- 
tage from the point of view of computational labor. It also establishes the fact 
that a close relationship exists between these two important distributions. 


Example 6.15. Problem: suppose that the probability of a transistor manu- 
factured by a certain firm being defective is 0.015. What is the probability that 
there is no defective transistor in a batch of 100? 

Answer: let X be the number of defective transistors in 100. The desired 
probability is 


py(0) = (‘) (0.015)°(0.985)'~° = (0.985)!°° = 0.2206. 


Since n is large and p is small in this case, the Poisson approximation is 
appropriate and we obtain 


(1.5)°e7!5 


iT =e! = 0.223, 


Px(0) = 


which is very close to the exact answer. In practice, the Poisson approximation 
is frequently used when n> 10, and p< 0:1. 


Example 6.16. Problem: in oil exploration, the probability of an oil strike 
in the North Sea is | in 500 drillings. What is the probability of having exactly 
3 oil-producing wells in 1000 explorations? 

Answer: in this case, n = 1000, and p = 1/500 = 0.002, and the Poisson 
approximation is appropriate. Using Equation (6.54), we have vy =np = 2, 
and the desired probability is 


The examples above demonstrate that the Poisson distribution finds applica- 
tions in problems where the probability of an event occurring is small. For this 
reason, it is often referred to as the distribution of rare events. 


6.4 SUMMARY 
We have introduced in this chapter several discrete distributions that are used 


extensively in science and engineering. Table 6.3 summarizes some of the 
important properties associated with these distributions, for easy reference. 
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Table 6.3. Summary of discrete distributions 


Distribution Probability mass function Parameters Mean Variance 
5 MW & n—k 

Binomial (ie (l—p)", n, p np np(\ — p) 
k=0,1,...,n 

H ee @ Co) mn, = mn(n—1n)(n— 1m) 

ergeometric n,my,m 
YPSTE k/\m—k// \m/’ an n n(n — 1) 
k=0,1,..., min (m,m) 
1 1- 

Geometric d- p)'p, Dp - ~ 
k= 1,2; Pp P 

k-l1)\., pus r (1 — 

Negative binomial ( \pa — py" r,p E i 5 P) 

(Pascal) r—l P P 
k=rr+l, 

Multinomial TE "ie Soke N,Pii=1,-++,r npi npi(1 — pi) 
Kl! ae P2 Py > Pit = 1, ’ Pi Pi Pi 
ky,...,k, =0,1,2,..., 

Ski =n, Di =1, 

i=1 i=1 

— 7 eee 

rke-™ 
Poisson Ove k SO Tawi By Mo OM 
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PROBLEMS 


6.1 The random variable X has a binomial distribution with parameters (n, p). Using the 
formulation given by Equation (6.10), derive its probability mass function (pmf), 
mean, and variance and compare them with results given in Equations (6.2) and 
(6.8). (Hint: see Example 4.18, page 109). 


6.2 Let X be the number of defective parts produced on a certain production line. It is 
known that, for a given lot, X is binomial, with mean equal to 240, and variance 
48. Determine the pmf of X and the probability that none of the parts is defective 
in this lot. 


6.3 An experiment is repeated 5 times. Assuming that the probability of an experiment 
being successful is 0.75 and assuming independence of experimental outcomes: 
(a) What is the probability that all five experiments will be successful? 
(b) How many experiments are expected to succeed on average? 


6.4 Suppose that the probability is 0.2 that the air pollution level in a given region will 
be in the unsafe range. What is the probability that the level will be unsafe 7 days in 
a 30-day month? What is the average number of ‘unsafe’ days in a 30-day month? 


6.5 An airline estimates that 5% of the people making reservations on a certain flight 
will not show up. Consequently, their policy is to sell 84 tickets for a flight that can 
only hold 80 passengers. What is the probability that there will be a seat available 
for every passenger that shows up? What is the average number of no-shows? 


6.6 Assuming that each child has probability 0.51 of being a boy: 
(a) Find the probability that a family of four children will have (i) exactly one boy, 
(il) exactly one girl, (iii) at least one boy, and (iv) at least one girl. 
(b) Find the number of children a couple should have in order that the probability 
of their having at least two boys will be greater than 0.75. 


6.7 Suppose there are five customers served by a telephone exchange and that each 
customer may demand one line or none in any given minute. The probability of 
demanding one line is 0.25 for each customer, and the demands are independent. 
(a) What is the probability distribution function of X, a random variable repre- 

senting the number of lines required in any given minute? 
(b) If the exchange has three lines, what is the probability that the customers will 
all be satisfied? 


6.8 <A park-by-permit-only facility has m parking spaces. A total of n (n > m) parking 
permits are issued, and each permit holder has a probability p of using the facility 
in a given period. 

(a) Determine the probability that a permit holder will be denied a parking space 
in the given time period. 
(b) Determine the expected number of people turned away in the given time period. 


6.9 For the hypergeometric distribution given by Equation (6.13), show that as n — oo 
it approaches the binomial distribution with parameters m and n,/n; that is, 


rat = (MYC), Oat 


and thus that the hypergeometric distribution can be approximated by a binomial 
distribution as 1 — oo. 
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6.10 A manufacturing firm receives a lot of 100 parts, of which 5 are defective. Suppose 
that the firm accepts all 100 parts if and only if no defective ones are found in a 
sample of 10 parts randomly selected for inspection. Determine the probability that 
this lot will be accepted. 


6.11 A shipment of 10 boxes of meat contains 2 boxes of contaminated goods. An 
inspector randomly selects 4 boxes; let Z be the number of boxes of contaminated 
meat among the selected 4 boxes. 

(a) What is the pmf of Z? 

(b) What is the probability that at least one of the four boxes is contaminated? 

(c) How many boxes must be selected so that the probability of having at last one 
contaminated box is larger than 0.75? 


6.12 In a sequence of Bernoulli trials with probability p of success, determine the 
probability that r successes will occur before s failures. 


6.13 Cars arrive independently at an intersection. Assuming that, on average, 25% of 
the cars turn left and that the left-turn lane has a capacity for 5 cars, what is the 
probability that capacity is reached in the left-turn lane when 10 cars are delayed by 
a red signal? 


6.14 Suppose that n independent steps must be taken in the sterilization procedure for 
a biological experiment, each of which has a probability p of success. If a failure 
in any of the n steps would cause contamination, what is the probability of 
contamination if m = 10 and p = 0.99? 


6.15 An experiment is repeated in a civil engineering laboratory. The outcomes of these 
experiments are considered independent, and the probability of an experiment 
being successful is 0.7. 

(a) What is the probability that no more than 6 attempts are necessary to produce 
3 successful experiments? 

(b) What is the average number of failures before 3 successful experiments occur? 

(c) Suppose one needs 3 consecutive successful experiments. What is the prob- 
ability that exactly 6 attempts are necessary? 


6.16 The definition of the 100-year flood is given in Example 6.7. 
(a) Determine the probability that exactly one flood equaling or exceeding the 
100-year flood will occur in a 100-year period. 
(b) Determine the probability that one or more floods equaling or exceeding the 
100-year flood will occur in a 100-year period. 


6.17 A shipment of electronic parts is sampled by testing items sequentially until the first 
defective part is found. If 10 or more parts are tested before the first defective part 
is found, the shipment is accepted as meeting specifications. 

(a) Determine the probability that the shipment will be accepted if it contains 10% 
defective parts. 

(b) How many items need to be sampled if it is desired that a shipment with 25% 
defective parts be rejected with probability of at least 0.75? 


6.18 Cars enter an interchange from the south. On average, 40% want to go west, 10% 
east, and 50% straight on (north). Of 8 cars entering the interchange: 
(a) Determine the joint probability mass function (jpmf) of X; (cars westbound), 
X> (cars eastbound), and X3 (cars going straight on). 
(b) Determine the probability that half will go west and half will go east. 
(c) Determine the probability that more than half will go west. 
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6.19 For Example 6.10, determine the jpmf of X; and X2. Determine the probability 
that, of the 10 persons studied, fewer than 2 persons will be in the low-income 
group and fewer than 3 persons will be in the middle-income group. 


6.20 The following describes a simplified countdown procedure for launching 3 space 
vehicles from 2 pads: 


© Two vehicles are erected simultaneously on two pads and the countdown pro- 
ceeds on one vehicle. 

¢ When the countdown has been successfully completed on the first vehicle, the 
countdown is initiated on the second vehicle, the following day. 

e Simultaneously, the vacated pad is immediately cleaned and prepared for the 
third vehicle. There is a (fixed) period of r days delay after the launching before 
the same pad may be utilized for a second launch attempt (the turnaround time). 

e After the third vehicle is erected on the vacated pad, the countdown procedure is 
not initiated until the day after the second vehicle is launched. 

e Each vehicle is independent of, and identical to, the others. On any single 
countdown attempt there is a probability p of a successful completion and a 
probability g (q = 1 — p) of failure. Any failure results in the termination of that 
countdown attempt and a new attempt is made the following day. That is, any 
failure leads to a one-day delay. It is assumed that a successful countdown 
attempt can be completed in one day. 

¢ The failure to complete a countdown does not affect subsequent attempts in any way; 
that is, the trials are independent from day to day as well as from vehicle to vehicle. 


Let X be the number of days until the third successful countdown. Show that the 
pmf of X is given by: 


py(k) = (k—r— Dp?g 21 — g’"!) 4 


poo k=r+2,r+3,.... 


6.21 Derive the variance of a Poisson-distributed random variable X as given by 
Equation (6.47). 


6.22 Show that, for the Poisson distribution, p,(0, ¢) increases monotonically and then 
decreases monotonically as k increases, reaching its maximum when k is the largest 
integer not exceeding Az. 


6.23 At a certain plant, accidents have been occurring at an average rate of | every 2 
months. Assume that the accidents occur independently. 
(a) What is the average number of accidents per year? 
(b) What is the probability of there being no accidents in a given month? 


6.24 Assume that the number of traffic accidents in New York State during a 4-day 
memorial day weekend is Poisson-distributed with parameter \ = 3.25 per day. Deter- 
mine the probability that the number of accidents is less than 10 in this 4-day period. 


6.25 A radioactive source is observed during 7 time intervals, each interval being 10 
seconds in duration. The number of particles emitted during each period is 
counted. Suppose that the number of particles emitted, say X, during each 
observed period has an average rate of 0.5 particles per second. 

(a) What is the probability that 4 or more particles are emitted in each interval? 
(b) What is the probability that in at least 1 of 7 time intervals, 4 or more particles 
are emitted? 
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6.26 Each air traffic controller at an airport is given the responsibility of monitoring at 
most 20 takeoffs and landings per hour. During a given period, the average rate of 
takeoffs and landings is 1 every 2 minutes. Assuming Poisson arrivals and depar- 
tures, determine the probability that 2 controllers will be needed in this time 
period. 


6.27 The number of vehicles crossing a certain point on a highway during a unit time 
period has a Poisson distribution with parameter X. A traffic counter is used to 
record this number but, owing to limited capacity, it registers the maximum 
number of 30 whenever the count equals or exceeds 30. Determine the pmf of Y 
if Y is the number of vehicles recorded by the counter. 


6.28 As an application of the Poisson approximation to the binomial distribution, 
estimate the probability that in a class of 200 students exactly 20 will have birth- 
days on any given day. 


6.29 A book of 500 pages contains on average 1 misprint per page. Estimate the 
probability that: 
(a) A given page contains at least 1 misprint. 
(b) At least 3 pages will contain at least 1 misprint. 


6.30 Earthquakes are registered at an average frequency of 250 per year in a given 
region. Suppose that the probability is 0.09 that any earthquake will have a 
magnitude greater than 5 on the Richter scale. Assuming independent occurrences 
of earthquakes, determine the pmf of X, the number of earthquakes greater than 5 
on the Richter scale per year. 


6.31 Let X be the number of accidents in which a driver is involved in ¢ years. In 
proposing a distribution for X, the ‘accident likelihood’ A varies from driver to 
driver and is considered as a random variable. Suppose that the conditional pmf 
Pya(|A) is given by the Poisson distribution, 


BY k MM 
pya(klx) = OO k=0,1,2,..., 


and suppose that the probability density function (pdf) of A is of the form 
(a, b> 0) 


a (ar\*" —ad/b 
Bria) \B e , forrA>0, 


0, elsewhere, 


where I'(a) is the gamma function, defined by 
I(a) = i x le*dy. 
0 


Show that the pmf of X has a negative binomial distribution in the form 


_T(atk)f a \*f ot i - 
Px(k) F(a) (,) (5): k=0,1,2,.... 
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6.32 Suppose that A, the mean rate of arrival, in the Poisson distribution is time- 
dependent and is given by 


vt’! 
A= : 


Ww 


Determine pmf p,(0, 7), the probability of exactly k arrivals in the time interval 
(0, t). [Note that differential equations such as Equations (6.39) and (6.42) now 
have time-dependent coefficients. ] 


6.33 Derive the jpmf of two Poisson random variables X; and X2, where X; = X (0,f1), 
and X7 = X(0, f2), t2 > t1, with the same mean rate of arrival \. Determine prob- 
ability P(X) < At) N Xz < Aty). This is the probability that the numbers of arrivals 
in intervals [0, t,;) and [0,t) are both equal to or less than the average arrivals in 
their respective intervals. 
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Some Important Continuous 
Distributions 


Let us turn our attention to some important continuous probability distribu- 
tions. Physical quantities such as time, length, area, temperature, pressure, load, 
intensity, etc., when they need to be described probabilistically, are modeled by 
continuous random variables. A number of important continuous distributions 
are introduced in this chapter and, as in Chapter 6, we are also concerned with 
the nature and applications of these distributions in science and engineering. 


7.1 UNIFORM DISTRIBUTION 


A continuous random variable X has a uniform distribution over an interval a to 
b(b > a) if it is equally likely to take on any value in this interval. The probability 
density function (pdf) of X is constant over interval (a,b) and has the form 


—_ fora<x<b; 
rr Cen 0 a (7.1) 


0, elsewhere. 


As we see from Figure 7.1(a), it is constant over (a,b), and the height must be 
1/(b — a) in order that the area under the density function is unity. 
The probability distribution function (PDF) is, on integrating Equation (7.1), 


0, forx <a; 


Fy(x)= — fora<x<b; (7.2) 
1, forx>5; 
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f(x) F(x) 
4 4 


i 
o----- 


(a) (b) 


Figure 7.1 (a) The probability density function, fy (x), and (b) the probability 
distribution function, Fy (x), of X 


which is graphically presented in Figure 7.1(b). 
The mean, my, and variance, oy, of X are easily found to be 


b b 
my= f xfys)de= 2 fxd =, 


(7.3) 


The uniform distribution is one of the simplest distributions and is com- 
monly used in situations where there is no reason to give unequal likelihoods to 
possible ranges assumed by the random variable over a given interval. For 
example, the arrival time of a flight might be considered uniformly distributed 
over a certain time interval, or the distribution of the distance from the location 
of live loads on a bridge to an end support might be adequately represented by 
a uniform distribution over the bridge span. Let us also comment that one often 
assigns a uniform distribution to a specific random variable simply because of 
a lack of information, beyond knowing the range of values it spans. 


Example 7.1. Problem: owing to unpredictable traffic situations, the time 
required by a certain student to travel from her home to her morning class 
is uniformly distributed between 22 and 30 minutes. If she leaves home at pre- 
cisely 7.35 a.m., what is the probability that she will not be late for class, which 
begins promptly at 8:00 a.m.? 

Answer: let X be the class arrival time of the student in minutes after 8:00 a.m. 
It then has a uniform distribution given by 


1 
. =<, for—-3<x<5; 
fy(x) = 48 ie 


0, elsewhere. 
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f(x) 


h 
4 
8 
eX 


Figure 7.2. Probability density function, f(x), of X, in Example 7.1 


We are interested in the probability P(—3 < X <0). As seen from Figure 7.2, it 
is clear that this probability is equal to the ratio of the shaded area and the unit 
total area. Hence, 


r(-3 <x <0) =3(3) ==. 


It is also clear that, owing to uniformity in the distribution, the solution can 
be found simply by taking the ratio of the length from —3 to 0 to the total length 
of the distribution interval. Stated in general terms, if a random variable X is 
uniformly distributed over an interval A, then the probability of X taking 
values in a subinterval B is given by 


__ length of B 


SS os length of A’ 


(7.4) 


7.1.1 BIVARIATE UNIFORM DISTRIBUTION 


Let random variable X be uniformly distributed over an interval (a), b,), and let 
random variable Y be uniformly distributed over an interval (a2, b2). Further- 
more, let us assume that they are independent. Then, the joint probability 
density function of X and Y is simply 


1 
fy(®%Y) =fe Od fy(v) = | (b1 — a1) (62 — ap) 


0, elsewhere. 


, fora, <x<b, anda <y<bh; 


(7.5) 
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It takes the shape of a flat surface bounded by (a;,b,) along the x axis and 
(do, bz) along the y axis. We have seen an application of this bivariate uniform 
distribution in Example 3.7 (page 57). Indeed, Example 3.7 gives a typical 
situation in which the distribution given by Equation (7.5) is conveniently 
applied. Let us give one more example. 


Example 7.2. Problem: a warehouse receives merchandise and fills a specific 
order for the same merchandise in any given day. Suppose that it receives 
merchandise with equal likelihood during equal intervals of time over the 
eight-hour working day and likewise for the order to be filled. (a) What is the 
probability that the order will arrive after the merchandise is received and (b) 
what is the probability that the order will arrive within two hours after the 
receipt of merchandise? 

Answer: let X be the time of receipt of merchandise expressed as a fraction of 
an eight-hour working day, and let Y be the time of receipt of the order 
similarly expressed. Then 


1, for0<x<l; 
(7.6) 
0, elsewhere; 


f(s) = { 


and similarly for fy (vy). The joint probability density function (jpdf) of X and Y 
is, assuming independence, 


1 


0, elsewhere; 


, for0O<x<1, andO<y<1; 


farts) ={ 


and is shown in Figure 7.3. 


fyy(X,y) 
A 


Figure 7.3 Joint probability density function, fy, (x,y), of X and Y in Example 7.2 
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To answer the first question, in part (a), we integrate fyy(x,y) over an 
appropriate region in the (x,y) plane satisfying y > x. Since fyy(x,y) is a 
constant over (0,0) < (x,y) < C1, 1), this is the same as taking the ratio of the 
area satisfying y > x to the total area bounded by (0,0) < (x,y) < , 1), which 
is unity. As seen from Figure 7.4(a), we have 


1 
P(Y > X) = shaded area A ==. 


We proceed the same way in answering the second question, in part (b). It is 
easy to see that the appropriate region for this part is the shaded area B, as 
shown in Figure 7.4(b). The desired probability is, after dividing area B into the 
two subregions as shown, 


1 
p(x <Y< x+t) = shaded area B 


—1f3\ fy fly _ 7 

aay 2a ay 32° 
We see from Example 7.2 that calculations of various probabilities of interest 
in this situation involve taking ratios of appropriate areas. If random variables 


X and Y are independent and uniformly distributed over a region A, then the 
probability of X and Y taking values in a subregion B is given by 


. area of B 
P{(X, Y)in B] = ————_.. 7.7 
[(X, Y)in B] ieee (tel) 
y y 
A 4 
1 
A 
0 1 rx ~ Xx 


(a) 


Figure 7.4 (a) Region A and (b) region B in the (x,y) plane in Example 7.2 


TLFeBOOK 


196 Fundamentals of Probability and Statistics for Engineers 


fyy(x, Y) 


Figure 7.5 Joint probability density function, f yy (x,y), of X and Y, given by Equation (7.8) 


It is noteworthy that, if the independence assumption is removed, the jpdf 
of two uniformly distributed random variables will not take the simple form 
as given by Equation 7.5. In the extreme case when X and Y are perfectly 
correlated, the jpdf of X and Y degenerates from a surface into a line over the 
(x,y) plane. For example, let X and Y be uniformly and identically distributed 
over the interval (0, 1) and let X = Y. Then the jpdf and X and Y has the form 


fer (%9) == x=y, and (0,0) <(xy)<(,)), (78) 


which is graphically presented in Figure 7.5. More detailed discussions on correl- 
ated and uniformly distributed random variables can be found in Kramer (1940). 


7.2 GAUSSIAN OR NORMAL DISTRIBUTION 


The most important probability distribution in theory as well as in application 
is the Gaussian or normal distribution. A random variable X is Gaussian or 
normal if its pdf fy (x) is of the form 


fy(x) = o| c 5 -0O<x<0O (7.9) 
(Qn)'?o 2 


where m and a are two parameters, with o > 0. Our choice of these particular 
symbols for the parameters will become clear presently. 
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Its corresponding PDF is 


1 7 u—m) 
x) =e [00] ( a 00 <x <0O, (7.10) 


which cannot be expressed in closed form analytically but can be numerically 
evaluated for any x. 

The pdf and PDF expressed by Equations (7.9) and (7.10), respectively, are 
graphed in Figures 7.6(a) and 7.6(b), respectively, for m = 0 and a= 1. The 


f(x) 
4 
0.399 
| | | | ae 
4 =9 2 1 0 1 2 3 4 
(a) 
F(x) 
A 
> xX 


Figure 7.6 (a) Probability density function, fy (x), and (b) probability distribution 
function, Fy(x), of X form =Oanda=1 
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graph of fy(x) in this particular case is the well-known bell-shaped curve, 
symmetrical about the origin [Figure 7.6(a)]. 

Let us determine the mean and variance of X. By definition, the mean of X, 
E{X}, is given by 


oe) 


~ x—my 
E{Xx} =f steloias = i J vesn| SS dx, 


which yields 
E{X} =m. 
Similarly, we can show that 
var(X) = 0°. (7.11) 


We thus see that the two parameters m and o in the probability distribution 
are, respectively, the mean and standard derivation of X. This observation 
justifies our choice of these special symbols for them and it also points out 
an important property of the normal distribution — that is, the knowledge of 
its mean and variance completely characterizes a normal distribution. Since the 
normal distribution will be referred to frequently in our discussion, it is some- 
times represented by the simple notation N(m,o’). Thus, for example, 
X: N(O,9) implies that X has the pdf given by Equation (7.9) with m = 0 and 
o=3. 

Higher-order moments of X also take simple forms and can be derived in 
a straightforward fashion. Let us first state that, following the definition of 
characteristic functions discussed in Section 4.5, the characteristic function of a 
normal random variable X is 


o2 


en ee ee 
x(t) = Ef{el*} = ae exp [is oe) dx 


22 
= exp (im — ) ' (7.12) 


The moments of X of any order can now be found from the above through 
differentiation. Expressed in terms of central moments, the use of Equation 
(4.52) gives us 


(7.13) 


_ f0, if n is odd; 
ca 1(3)---(n—1)o", if mis even. 
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Let us note in passing that y2, the coefficient of excess, defined by Equation 
(4.12), for a normal distribution is zero. Hence, it is used as the reference 
distribution for y2. 


7.2.1 THE CENTRAL LIMIT THEOREM 


The great practical importance associated with the normal distribution 
stems from the powerful central limit theorem stated below (Theorem 7.1). 
Instead of giving the theorem in its entire generality, it serves our 
purposes quite well by stating a more restricted version attributable to 
Lindberg (1922). 


Theorem 7.1: the central limit theorem. Let {X,,} be a sequence of mutually 
independent and identically distributed random variables with means m and 
variances o7. Let 


y=) X, (7.14) 
j=l 


and let the normalized random variable Z be defined as 


(Y — nm) 


Se nile 


(7.15) 


Then the probability distribution function of Z, Fz(z), converges to N(0, 1) as 
n— © for every fixed z. 


Proof of Theorem 7.1: We first remark that, following our discussion in 
Section 4.4 on moments of sums of random variables, random variable Y 
defined by Equation (7.14) has mean nm and standard deviation no. Hence, 
Z is simply the standardized random variable Y with zero mean and unit 
standard deviation. In terms of characteristic functions ¢y(t) of random vari- 
ables X;, the characteristic function of Y is simply 


y(t) = [dx(9]". (7.16) 


Consequently, Z possesses the characteristic function 


62d) = [exe (-F )on(ae)] - (7.17) 
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Expanding ¢y(¢) in a MacLaurin series as indicated by Equation (4.49), we 


can write 
jmt mit  (o2+m?)/ jt \? 
exp( a) Tale 2 nig = 


es [ -F+0(“)] (7.18) 


n 


z(t) 


I 


In the last step we have used the elementary identity 


lim (1 +°)"= ef (7.19) 
n—-00 n 
for any real c. 

Comparing the result given by Equation (7.18) with the form of the char- 
acteristic function of a normal random variable given by Equation (7.12), we 
see that ¢z(t) approaches the characteristic function of the zero-mean, unit- 
variance normal distribution. The proof is thus complete. 

As we mentioned earlier, this result is a somewhat restrictive version of the 
central limit theorem. It can be extended in several directions, including cases 
in which Y is a sum of dependent as well as nonidentically distributed random 
variables. 

The central limit theorem describes a very general class of random phenom- 
ena for which distributions can be approximated by the normal distribution. In 
words, when the randomness in a physical phenomenon is the cumulation of 
many small additive random effects, it tends to a normal distribution irres- 
pective of the distributions of individual effects. For example, the gasoline 
consumption of all automobiles of a particular brand, supposedly manufac- 
tured under identical processes, differs from one automobile to another. This 
randomness stems from a wide variety of sources, including, among other 
things: inherent inaccuracies in manufacturing processes, nonuniformities in 
materials used, differences in weight and other specifications, difference in 
gasoline quality, and different driver behavior. If one accepts the fact that each 
of these differences contribute to the randomness in gasoline consumption, 
the central limit theorem tells us that it tends to a normal distribution. By 
the same reasoning, temperature variations in a room, readout errors asso- 
ciated with an instrument, target errors of a certain weapon, and so on can also 
be reasonably approximated by normal distributions. 

Let us also mention that, in view of the central limit theorem, our result in 
Example 4.17 (page 106) concerning a one-dimensional random walk should be 
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of no surprise. As the number of steps increases, it is expected that position of the 
particle becomes normally distributed in the limit. 


7.2.2 PROBABILITY TABULATIONS 


Owing to its importance, we are often called upon to evaluate probabilities 
associated with a normal random variable X:N(m, a”), such as 


1 b 
Pia<X <b -— | ex 
( ) (21)! a e 


= as dx. (7.20) 


20? 


However, as we commented earlier, the integral given above cannot be evaluated 
by analytical means and is generally performed numerically. For convenience, 
tables are provided that enable us to determine probabilities such as the one 
expressed by Equation (7.20). 

The tabulation of the PDF for the normal distribution with m = 0 ando= 1 
is given in Appendix A, Table A.3. A random variable with distribution N (0, 1) 
is called a standardized normal random variable, and we shall denote it by U. 
Table A.3 gives Fy(u) for points in the right half of the distribution only (..e. 
for u > 0). The corresponding values for u < 0 are obtained from the symmetry 
property of the standardized normal distribution [see Figure 7.6(a)] by the 
relationship 


Fy(-u) =1—Foy(u). (7.21) 


First, Table A.3 in conjunction with Equation (7.21) can be used to determine 
P(a < U <b) for any a and b. Consider, for example, P(—1.5 < U < 2.5). It is 
given by 


P(-1.5 < U < 2.5) = Fy(2.5) — Fy(-1.5). 


The value of Fy (2.5) is found from Table A.3 to be 0.9938; Fy(— 1.5) is equal to 
1 — Fy(1.5), with Fy(1.5) = 0.9332, as seen from Table A.3. Thus 


P(-1.5 < U < 2.5) = Fy(2.5) — [1 — Fu (1.5)] 
= 0.994 — 1+ 0.933 = 0.927. 
More importantly, Table A.3 and Equation (7.21) are also sufficient for 


determining probabilities associated with normal random variables with arbi- 
trary means and variances. To do this, let us first state Theorem 7.2. 
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Theorem 7.2: Let X be a normal random variable with distribution N(m, o”). 
Then (X — m)/a is the standardized normal random variable with distribution 
N(O, 1), or 


(7.22) 


Proof of Theorem 7.2: the characteristic function of random variable 
(X — m)/c is 


eon) a(n) a(t) 


From Equation (7.12) we have 


x(t) = exp (im = 7) (7.23) 


Hence, 


{ont =]} <n Ha it_2 (7 
= exp (=) : (7.24) 


The result given above takes the form of ¢ y(t) with m = 0 and o = 1, and the 
proof is complete. 
Theorem 7.2 implies that 


a—m 


Pla < X <b) = Pla<(Uo+m) <0] =P <us* ="), (7.25) 


oO 


The value of the right-hand side can now be found from Table A.3, with the aid 
of Equation (7.21) if necessary. 

As has been noted, probabilities provided by Table A.3 can also be obtained 
from a number of computer software packages such as Microsoft® Excel’™ 
2000 (see Appendix B). 


Example 7.3. Problem: owing to many independent error sources, the length 
of a manufactured machine part is normally distributed with m = 11cm and 
a0 =0.2cm. If specifications require that the length be between 10.6cm 
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and 11.2cm, what proportion of the manufactured parts will be rejected on 
average? 

Answer: If X is used to denote the part length in centimeters, it is reasonable 
to assume that it is distributed according to N(11, 0.04). Thus, on average, the 
proportion of acceptable parts is P(10.6 < X¥ < 11.2). From Equation (7.25), 
and using Table A.3, we have 


10.6 — 11 11.2-11 
. < “ = oo oot 
P(10.6 < X < 11.2) P( ~— < Us 5 ) 


“P3202 oR) [t= Fpl 
= 0.8413 — (1 — 0.9772) = 0.8185. 


The desired answer is then | — 0.8185, which gives 0.1815. 

The use of the normal distribution in Example 7.3 raises an immediate 
concern. Normal random variables assume values in positive and negative 
ranges, whereas the length of a machine part as well as many other physical 
quantities cannot take negative values. However, from a modeling point of 
view, it isa commonly accepted practice that normal random variables are valid 
representations for nonnegative quantities in as much as probability P(X < 0) 
is sufficiently small. In Example 7.3, for example, this probability is 


11 
P(X <0) =P(U<-55) = P(U < —55) 20 


Example 7.4. Let us compute P(m —ko < X <m-+ko) where X is distrib- 
uted N(m, 0”). It follows from Equations (7.21) and (7.25) that 


P(m—ko < X <m+ko) = P(-k << U<k) 
= Fy(k) — Fu(—k) = 2F yu (k) - 1. (7.26) 


We note that the result in Example 7.4 is independent of m and o and is a 
function only of k. Thus, the probability that X takes values within k standard 
deviations about its expected value depends only on k and is given by Equation 
(7.26). It is seen from Table A.3 that 68.3%, 95.5%, and 99.7% of the area 
under a normal density function are located, respectively, in the ranges 
m+to, m+2o, and m+3c. This is illustrated in Figures 7.7(a)-7.7(c). 
For example, the chances are about 99.7% that a randomly selected 
sample from a normal distribution is within the range of m+3o0 [Figure 
7.7(c)]. 
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Figure 7.7 The Area under the normal density function within the range (a) m + o, (b) 
m + 20, and (c) m+3a 
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7.2.3 MULTIVARIATE NORMAL DISTRIBUTION 


Consider two random variables X and Y. They are said to be jointly normal if 
their joint density function takes the form 


1 1 x — My . 
frre oa |( ox 


jp Mx) y ~My) | (G2) \ (7.27) 


OxOy Oy 
(—00, —00) < (x,y) Ss (00, 00). 
Equation (7.27) describes the bivariate normal distribution. There are five param- 


eters associated with it: my,my,ox (greater than 0), oy (greater than 0), and 
p (|p| < 1). A typical plot of this joint density function is given in Figure 7.8. 


Figure 7.8 Bivariate normal distribution with my = my = 0 and oy = oy 
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Let us determine the marginal density function of random variable X. It is 
given by, following straightforward calculations, 


tos Fie 1 (x — my) aoe 
fy(x) =f Serbs) i (n)"Pox 20% ; 00 <x < oo. (7.28) 


Thus, random variable X by itself has a normal distribution N(x ,o%). 
Similar calculations show that Y is also normal with distribution N(ny ,o}), 
and p= ptyy/oyoy is the correlation coefficient of X and Y. We thus see that 
the five parameters contained in the bivariate density function fy, (x, y) repre- 
sent five important moments associated with the random variables. This also 
leads us to observe that the bivariate normal distribution is completely char- 
acterized by the first-order and second-order joint moments of X and Y. 

Another interesting and important property associated with jointly normally 
distributed random variables is noted in Theorem 7.3. 


Theorem 7.3: Zero correlation implies independence when the random vari- 
ables are jointly normal. 


Proof of Theorem 7.3: let » = 0 in Equation (7.27). We easily get 


1 (x — my) 1 (y— my)” 
Pry ly) = {sates v0 2o% | Voor v0 2oy | 


=fyOfyQ), (7.29) 


which is the desired result. It should be stressed again, as in Section 4.3.1, that 
this property is not shared by random variables in general. 

We have the multivariate normal distribution when the case of two random 
variables is extended to that involving m random variables. For compactness, 
vector—matrix notation is used in the following. 

Consider a sequence of n random variables, X1,X2,...,X,. They are said to 
be jointly normal if the associated joint density function has the form 


I ¥,%.X, (x1, %2, see Xn) =f x(x) 
= (2n)" AV? exp|—5 (x —m)"A-'(x — m)), 
-0 <x <o, (7.30) 


where m' = [m, m2 ... m,] = [E{X1} E{Xo} ... E{X,}], and A = [pj] is the 
n X n covariance matrix of X with [see Equations (4.34) and (4.35)]: 


[uy = EX(X; — mj)(X; — mj)}- (7.31) 
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The superscripts T and —1 denote, respectively, matrix transpose and matrix 
inverse. Again, we see that a joint normal distribution is completely specified 
by the first-order and second-order joint moments. 

It is instructive to derive the joint characteristic function associated with X. 
As seen from Section 4.5.3, it is defined by 


PX Xp..Xy (E15 ta) +--+ tn) = y(t) 
= Efexpj(tiX1 +--+ + tXn)]} 


(7.32) 
-[ ff exp(jt™x)/x(x)dx, 
which gives, on substituting Equation (7.30) into Equation (7.32), 
: 1 
dy (t) = exp (ime — 5fat) : (7.33) 


where t? = [fy to--+ ty]. 

Joint moments of X can be obtained by differentiating joint characteristic 
function x(t) with respect to t and setting t=0. The expectation 
E{X{" X35" ---X"™1, for example, is given by 


om +g ++ +My, 


ELY™y™ 2... = +— (my +m +---+n) 7.34 
d, 1 2 n } J of” Or” re a x(t) = ( 3 ) 


It is clear that, since joint moments of the first-order and second-order 
completely specify the joint normal distribution, these moments also determine 
joint moments of orders higher than 2. We can show that, in the case when 
random variables X;,X2,---, X, have zero means, all odd-order moments of 
these random variables vanish, and, for n even, 


E{X Xa + Xn} = YP E{ Xin, Xing HE{ Xam, Xing} E{ Xm, Xm} (7.35) 


The sum above is taken over all possible combinations of n/2 pairs of the 
n random variables. The number of terms in the summation is (1)(3)(5)--- 
(n — 3)(n — 1). 


7.2.4 SUMS OF NORMAL RANDOM VARIABLES 
We have seen through discussions and examples that sums of random variables 


arise in a number of problem formulations. In the case of normal random 
variables, we have the following important result (Theorem 7.4). 
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Theorem 7.4: let X ,X,...,X, be n jointly normally distributed random 
variables (not necessarily independent). Then random variable Y, where 


Y=c¢,X, + OX. +++: + EnXn, (7.36) 


is normally distributed, where c;, cz ,---, and c, are constants. 


Proof of Theorem 7.4: for convenience, the proof will be given by assuming 
that all X;,j =1,2,...,n, have zero means. For this case, the mean of Y is 
clearly zero and its variance is, as seen from Equation (4.43), 


oF =EY} =) — >) cieytty, (7.37) 


i=l j=l 


where jujj = cov(X;, Xj). 
Since X; are normally distributed, their joint characteristic function is given 
by Equation (7.33), which is 


x(t) = eso(-53°¥° pat) (7.38) 


i=l j=l 


The characteristic function of Y is 


by(t) = Ef{exp(tY} = ef ("y: ati) ! 


k=1 
= exp (- ; r 3 3 ne 
i=1 j=l 


1 
= exp(— 5070"), (7.39) 


which is the characteristic function associated with a normal random variable. 
Hence Y is also a normal random variable. 

A further generalization of the above result is given in Theorem 7.5, which 
we shall state without proof. 


Theorem 7.5: let X;, X2,..., and X,, ben normally distributed random variables 
(not necessarily independent). Then random variables Y;, Yo, ..., and Y,,, where 
LS GG. j= lace (7.40) 


k=1 


are themselves jointly normally distributed. 
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7.33 LOGNORMAL DISTRIBUTION 


We have seen that normal distributions arise from sums of many random 
actions. Consider now another common phenomenon which is the resultant 
of many multiplicative random effects. An example of multiplicative phenom- 
ena is in fatigue studies of materials where internal material damage at a given 
stage of loading is a random proportion of damage at the previous stage. In 
biology, the distribution of the size of an organism is another example for 
which growth is subject to many small impulses, each of which is proportional 
to the momentary size. Other examples include the size distribution of particles 
under impact or impulsive forces, the life distribution of mechanical compon- 
ents, the distribution of personal incomes due to annual adjustments, and other 
similar phenomena. 
Let us consider 


Y= Xi Non. Xp. (7.41) 


We are interested in the distribution of Y as n becomes large, when random 
variables X;,j = 1,2,...,n, can take only positive values. 
If we take logarithms of both sides, Equation (7.41) becomes 


InY=InX,+InXy)+---+1nX,. (7.42) 


The random variable In Y is seen as a sum of random variables In X,, In X>2,..., 
and InX,. It thus follows from the central limit theorem that InY tends to 
a normal distribution as n — oo. The probability distribution of Y is thus 
determined from 


YHe*, (7.43) 


where X is a normal random variable. 


Definition 7.1. Let X be N(x, 0%). The random variable Y as determined 
from Equation (7.43) is said to have a lognormal distribution. 

The pdf of Y is easy to determine. Since Equation (7.43) gives Y as a 
monotonic function of X, Equation (5.12) immediately gives 


1 
fy) = yox(2r) 


Iny my) |, for y > 0; 


exp ( 
we 205 (7.44) 


0, elsewhere. 


Equation (7.44) shows that Y has a one-sided distribution (i.e. it takes values 
only in the positive range of y). This property makes it attractive for physical 
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hy) 


1.5:4— 


0 2 4 6 8 


Figure 7.9 Lognormal distribution, f ,(), with my = 0, for several values of 0% 


quantities that are restricted to having only positive values. In addition, fy(y) 
takes many different shapes for different values of my and ox(o, > 0). As seen 
from Figure 7.9, the pdf of Y is skewed to the right, this characteristic becoming 
more pronounced as cy increases. 

It is noted that parameters my and oy appearing in the pdf of Y are the 
mean and standard deviation of X, or InY, but not of Y. To obtain a more 
natural pair of parameters for f y (vy), we observe that, if medians of Xand Y are 
denoted by 6x and 6y, respectively, the definition of the median of a random 
variable gives 


0.5= P(Y < 6y) = P(X < Indy) = P(X < 6y), 
or 
In Oy = Oy. (7.45) 
Since, owing to the symmetry of the normal distribution, 
Oy = my, 
we can write 


my =In6y. (7.46) 
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Now, writing oy = oi y, the pdf of Y can be written in the form 


oar aap, ™ (a) 
exp In , fory> 0; 
fy) = 4 yomy(2n)'? 2oiny — \Or (7.47) 


0, elsewhere. 


The mean and standard deviation of Y can be found either through direct 
integration by using f y (y) or by using the relationship given by Equation (7.43) 
together with f, (x). In terms of Oy and omy, they take the forms 


2 
my = ay exp (78). 


oy = mylexp(in y) — I]. 


(7.48) 


7.3.1 PROBABILITY TABULATIONS 


Because of the close ties that exist between the normal distribution and the 
lognormal distribution through Equation (7.43), probability calculations 
involving a lognormal distributed random variable can be carried out with 
the aid of probability tables provided for normal random variables as shown 
below. 

Consider the probability distribution function of Y. We have 


Fy(y)=P(Y <y)=P(X <Iny)=Fy(Iny), y>0. (7.49) 


Now, since the mean of X is In 6y and its variance is ce y> we have: 


Fy(y) = Fu( 22%) — Fy] : in( 2) y>0. (7.50) 


OlnY Oiny by 


Since Fy(u) is tabulated, Equation (7.50) can be used for probability calcula- 
tions associated with Y with the aid of the normal probability table. 


Example 7.5. Problem: the annual maximum runoff Y of a certain river can 
be modeled by a lognormal distribution. Suppose that the observed mean and 
standard deviation of Y are my = 300cfs and oy = 200cfs. Determine the 
probability P(Y > 400 cfs). 

Answer: using Equations (7.48), parameters 6y and oj,y are solutions of the 
equations 
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o) 
Oy exp (<a) = 300, 


Boe po 
ee Oe oe S 


resulting in 


Oy = 250, (7.51) 
Ony = 0.61. 


The desired answer is, using Equation (7.50) and Table A.3, 
P(Y > 400) = 1— P(Y < 400) = 1 — Fy(400) 


where 


1 400 
= Fy (0.77) = 0.7794. 


Hence, 


P(Y > 400) = 1 — 0.7794 = 0.2206. 


7.4 GAMMA AND RELATED DISTRIBUTIONS 


The gamma distribution describes another class of useful one-sided distribu- 
tions. The pdf associated with the gamma distribution is 


7] 
2 xe, for x > 0; 
fy(x) = ¢ PM) (7.52) 


0, elsewhere; 


where ['(7) is the well-known gamma function: 


r= | ue du, (7.53) 
0 
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which is widely tabulated, and 


Pn) =(n- 1h, (7.54) 


when 77 is a positive integer. 

The parameters associated with the gamma distribution are 7 and A; both 
are taken to be positive. Since the gamma distribution is one-sided, physical 
quantities that can take values only in, say, the positive range are frequently 
modeled by it. Furthermore, it serves as a useful model because of its versatility 
in the sense that a wide variety of shapes to the gamma density function can be 
obtained by varying the values of 7 and X. This is illustrated in Figures 7.10(a) 
and 7.10(b) which show plots of Equation (7.52) for several values of 7 and X. 
We notice from these figures that 7 determines the shape of the distribution and 
is thus a shape parameter whereas \ is a scale parameter for the distribution. In 
general, the gamma density function is unimodal, with its peak at x =0 for 
n <1, and at x = (yn—- 1)/A for 7 > 1. 

As we will verify in Section 7.4.1.1, it can also be shown that the gamma 
distribution is an appropriate model for time required for a total of exactly 
7 Poisson arrivals. Because of the wide applicability of Poisson arrivals, the 
gamma distribution also finds numerous applications. 

The distribution function of random variable X having a gamma distribution is 


x XN! x 
Fy(x)= | fy (u)du = cal ule "du: 


Tn) 
T 
_ Pm, Ax) .. ees! (7.55) 
T(n) 
= 0, elsewhere. 
In the above, I(7, u) is the incomplete gamma function, 
T(n, u) = | Kier da, (7.56) 
0 


which is also widely tabulated. 
The mean and variance of a gamma-distributed random variable X take quite 
simple forms. After carrying out the necessary integration, we obtain 


ui] 


ives. = 53 


(7.57) 


A number of important distributions are special cases of the gamma distribu- 
tion. Two of these are discussed below in more detail. 
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Figure 7.10 Gamma distribution with: (a) 7 = 3 and A=5, \ = 3, and A = 1, and 
(b) A= 1 and 7 = 0.5, n= 1, and n = 3 
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7.4.1 EXPONENTIAL DISTRIBUTION 


When 7 = 1, the gamma density function given by Equation (7.52) reduces to 
the exponential form 


0, elsewhere; 


—Ax ‘ 
oe Ae, for x > 0; (7.58) 


where A (A > 0) is the parameter of the distribution. Its associated PDF, mean, 
and variance are obtained from Equations (7.55) and (7.57) by setting 7 = 1. 
They are 


=l-e%, forx>0; 
Fy(x) = (7.59) 
=0, elsewhere; 
and 
1 1 


Among many of its applications, two broad classes stand out. First, we will 
show that the exponential distribution describes interarrival time when arrivals 
obey the Poisson distribution. It also plays a central role in reliability, where the 
exponential distribution is one of the most important failure laws. 


7.4.1.1  Interarrival Time 


There is a very close tie between the Poisson and exponential distributions. Let 
random variable X (0, t) be the number of arrivals in the time interval [0, t) and 
assume that it is Poisson distributed. Our interest now is in the time between 
two successive arrivals, which is, of course, also a random variable. Let this 
interarrival time be denoted by T. Its probability distribution function, F7(f), 
is, by definition, 


ne th=1—P(T>, fort>0; 
Fr(t)= (7.61) 


0, elsewhere. 


In terms of X(0,t), the event T > f is equivalent to the event that there 
are no arrivals during time interval [0,t), or X(0,t)=0. Hence, since 
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P[X(0, t) = 0] = e~* as given by Equation (6.40), we have 


F y(t) = 


l-e*, fort>0; 
(7.62) 


0, elsewhere. 


Comparing this expression with Equation (7.59), we can establish the result 
that the interarrival time between Poisson arrivals has an exponential distribu- 
tion; the parameter ) in the distribution of T is the mean arrival rate associated 
with Poisson arrivals. 


Example 7.6. Problem: referring to Example 6.11 (page 177), determine the 
probability that the headway (spacing measured in time) between arriving 
vehicles is at least 2 minutes. Also, compute the mean headway. 

Answer: in Example 6.11, the parameter \ was estimated to be 4.16 vehicles 
per minute. Hence, if T is the headway in minutes, we have 


P(T >2)= ‘| fr(t)dt = 1 — Fr(2) = e7) = 0.00024. 
2 


The mean headway is 


1 


1 F d 
= x = 716 minutes = 0.24 minutes. 


MT 


Since interarrival times for Poisson arrivals are independent, the time required 
for a total of n Poisson arrivals is a sum of n independent and exponentially 
distributed random variables. Let T;,j =1,2,...,n, be the interarrival time 
between the G — 1)th and jth arrivals. The time required for a total of n arrivals, 
denoted by X,, is 


X,=T,+T+---+Th (7.63) 


where 7;,j = 1,2,...,n, are independent and exponentially distributed with the 
same parameter ’. In Example 4.16 (page 105), we showed that X, has a 
gamma distribution with 7 = 2 when n = 2. The same procedure immediately 
shows that, for general n, X, is gamma-distributed with 7 = n. Thus, as stated, 
the gamma distribution is appropriate for describing the time required for a 
total of 7 Poisson arrivals. 


Example 7.7. Problem: ferries depart for trips across a river as soon as nine 
vehicles are driven aboard. It is observed that vehicles arrive independently at 
an average rate of 6 per hour. Determine the probability that the time between 
trips will be less than 1 hour. 

Answer: from our earlier discussion, the time between trips follows a gamma 
distribution with 7 =9 and \ = 6. Hence, let X be the time between trips in 
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hours; its density function and distribution function are given by Equations 
(7.52) and (7.55). The desired result is, using Equation (7.55), 


T(n,A) _ P(9,6) 


PSN FA aay 


Now, ['(9) = 8!, and the incomplete gamma function I'(9, 6) can be obtained by 
table lookup. We obtain: 


P(X <1) =0.153. 


An alternative computational procedure for determining P(X < 1) inExample 
7.7 can be found by noting from Equation (7.63) that random variable X can be 
represented by a sum of 7) independent random variables. Hence, according to 
the central limit theorem, its distribution approaches that of a normal random 
variable when 7 is large. Thus, provided that 7 is large, computations such as 
that required in Example 7.7 can be carried out by using Table A.3 for normal 
random variables. Let us again consider Example 7.7. Approximating X by 
a normal random variable, the desired probability is [see Equation (7.25)] 


PX <1) = P(Us-—), 


Ox 


where U is the standardized normal random variable. The mean and standard 
deviation of X are, using Equations (7.57), 


_n_9 

aes eet 

one 

=5 

and 

ie ae 

Ar 6 

1 

= 5: 


Hence, with the aid of Table A.3, 


P(X <1)~ P(UU < -1) = Fy(-1) = 1- Fy(1) 
= 1 — 0.8413 = 0.159, 


which is quite close to the answer obtained in Example 7.7. 
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7.4.1.2 Reliability and Exponential Failure Law 


One can infer from our discussion on interarrival time that many analogous 
situations can be treated by applying the exponential distribution. In reliability 
studies, the time to failure for a physical component or a system is expected to 
be exponentially distributed if the unit fails as soon as some single event, such 
as malfunction of a component, occurs, assuming such events happen indepen- 
dently. In order to gain more insight into failure processes, let us introduce 
some basic notions in reliability. 

Let random variable T be the time to failure of a component or system. It is 
useful to consider a function that gives the probability of failure during a 
small time increment, assuming that no failure occurred before that time. This 
function, denoted by A(t), is called the hazard function or failure rate and is 
defined by 


h(t)dt = P(t<T<t+d¢\T > 2) (7.64) 
which gives 
h(t) = ae (7.65) 


In reliability studies, a hazard function appropriate for many phenomena 
takes the so-called ‘bathtub curve’, shown in Figure 7.11. The initial portion of 
the curve represents ‘infant mortality’, attributable to component defects and 
manufacturing imperfections. The relatively constant portion of the h(t) curve 
represents the in-usage period in which failure is largely a result of chance 
failure. Wear-out failure near the end of component life is shown as the 


q b aa 


Figure 7.11 Typical shape of a hazard function 
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increasing portion of the A(t) curve. System reliability can be optimized by 
initial ‘burn-in’ until time ¢,; to avoid premature failure and by part replacement 
at time f2 to avoid wear out. 

We can now show that the exponential failure law is appropriate during the 
‘in-usage’ period of a system’s normal life. Substituting 


fr(t)=Ae™, 120, 
and 
Fr(t}=1-—e™, £>0, 
into Equation (7.65), we immediately have 
h(t) = x. (7.66) 


We see from the above that parameter 4 in the exponential distribution plays 
the role of a (constant) failure rate. 

We have seen in Example 7.7 that the gamma distribution is appropriate 
to describe the time required for a total of 7 arrivals. In the context of 
failure laws, the gamma distribution can be thought of as a generalization of 
the exponential failure law for systems that fail as soon as exactly 7 events 
fail, assuming events take place according to the Poisson law. Thus, the 
gamma distribution is appropriate as a time-to-failure model for systems 
having one operating unit and 7—1 standby units; these standby units go 
into operation sequentially, and each one has an exponential time-to-failure 
distribution. 


7.4.2 CHI-SQUARED DISTRIBUTION 


Another important special case of the gamma distribution is the chi-squared 
(x’) distribution, obtained by setting \ = 1/2 and 7 = n/2 in Equation (7.52), 
where n is a positive integer. The y? distribution thus contains one parameter, 
n, with pdf of the form 


1 
(n/2)—1,—x/2 : 

———~ x e , for x>0; 

f(x) = & BPD (n/2) (7.67) 


0, elsewhere. 
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The parameter n is generally referred to as the degrees of freedom. The utility of 
this distribution arises from the fact that a sum of the squares of n independent 
standardized normal random variables has a y7 distribution with n degrees of 
freedom; that is, if U;,U2,..., and U, are independent and distributed as 
N(O, 1), the sum 


X=U{+Uj+-:-+U2 (7.68) 


has a yx? distribution with n degrees of freedom. One can verify this statement 
by determining the characteristic function of each U? (see Example 5.7, page 
132) and using the method of characteristic functions as discussed in Section 4.5 
for sums of independent random variables. 

Because of this relationship, the y7 distribution is one of our main tools in 
the area of statistical inference and hypothesis testing. These applications are 
detailed in Chapter 10. 


0 2 4 6 8 10 12 


Figure 7.12 The x? distribution forn = 1,n=2,n=4, andn=6 
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The pdf fy (x) in Equation (7.67) is plotted in Figure 7.12 for several values 
of n. It is shown that, as n increases, the shape of fy(x) becomes more 
symmetric. In view of Equation (7.68), since X can be expressed as a sum of 
identically distributed random variables, we expect that the x7 distribution 
approaches a normal distribution as n — oo on the basis of the central limit 
theorem. 

The mean and variance of random variable X having a x7 distribution are 
easily obtained from Equation (7.57) as 


my =n, oy =2n. (7.69) 


7.5 BETA AND RELATED DISTRIBUTIONS 


Whereas the lognormal and gamma distributions provide a diversity of one- 
sided probability distributions, the beta distribution is rich in providing varied 
probability distributions over a finite interval. The beta distribution is char- 
acterized by the density function 


T'(a + 6) york x)! Baral 
farce ro & ARES Es wep) 


0, elsewhere; 


where parameters a and ( take only positive values. The coefficient of fy (x), 
I(a + 8)/[T(a@)I'(9)], can be represented by 1/[B(a, 3)], where 


(7.71) 


is known as the beta function, hence the name for the distribution given by 
Equation (7.70). 

The parameters a and (@ are both shape parameters; different combinations 
of their values permit the density function to take on a wide variety of shapes. 
When a,(@> 1, the distribution is unimodal, with its peak at x = (a -— 1)/ 
(a+ 6-2). It becomes U-shaped when a, ( < 1; it is J-shaped when a> | 
and @ <1; and it takes the shape of an inverted J when a <1 and @> 1. 
Finally, as a special case, the uniform distribution over interval (0,1) results 
when a = @ = 1. Some of these possible shapes are displayed in Figures 7.13(a) 
and 7.13(b). 
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Figure 7.13 Beta distribution with: (a) G = 2 and a = 1.0, a= 0.8, a = 0.5, and 
a = 0.2; and (b) combinations of values of a and 7 (a,6 = 1,2,...,7) such thata+ B= 8 
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The mean and variance of a beta-distributed random variable X are, follow- 
ing straightforward integrations, 


ais (7.72) 
(a+ B)(a+8+1) 


Because of its versatility as a distribution over a finite interval, the beta 
distribution is used to represent a large number of physical quantities for which 
values are restricted to an identifiable interval. Some of the areas of application 
are tolerance limits, quality control, and reliability. 

An interesting situation in which the beta distribution arises is as follows. 
Suppose a random phenomenon Y can be observed independently n times and, 
after these n independent observations are ranked in order of increasing mag- 
nitude, let y, and y,-s+; be the values of the rth smallest and sth largest 
observations, respectively. If random variable X is used to denote the propor- 
tion of the original Y taking values between y, and y,_5,1, it can be shown that 
X follows a beta distribution with a=n—r—s+1, and G=r-+s; that is. 


I'(n+ 1) ef rts—l 
x S(T x , fordO<x< 1; 
fea) =) T@ar-seressy (7.73) 


0, elsewhere. 


This result can be found in Wilks (1942). We will not prove this result but we 
will use it in the next section, in Example 7.8. 


7.5.1 PROBABILITY TABULATIONS 
The probability distribution function associated with the beta distribution is 


0, forx <0; 
ee ee ea ae B-1 
Fy(x) = rare u (1 _ u) du, for 0 < x < 1; (7.74) 


1, forx>1; 


which can be integrated directly. It also has the form of an incomplete beta 
function for which values for given values of a and ( can be found from 
mathematical tables. The incomplete beta function is usually denoted by 
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I.(a, 3). If we write Fy (x) with parameters a and @ in the form F(x; a, 3), the 
correspondence between I,(a, 3) and F(x; a, 3) is determined as follows. If 
a> @, then 


F(x; a, 8) = Ix(a, 8). (7.75) 
Ifa < £, then 
F(x;a, 8) = 1 —Ig_-»(G,a). (7.76) 


Another method of evaluating Fy(x) in Equation (7.74) is to note the 
similarity in form between fy (x) and py(k) of a binomial random variable Y 
for the case where a and / are positive integers. We see from Equation 
(6.2) that 


n! 


Dy(k) ~ kin—k! 


n— pi? —p)"* 


, k=0,1,...,n. (7.77) 


Also, f(x) in Equation (7.70) with a and / being positive integers takes the 
form 


( p=) a- B- 
fa) is iG lq—x, a,8=1,2,..., 0<x<1, (7.78) 


and we easily establish the relationship 
f x(x) = (a+ B— 1)py(k), a,G=1,2,...,0<x<1, (7.79) 


where py(k) is evaluated at k=a—1, with n=a+(-—2, and p=x. For 
example, the value of f,(0.5) with a = 2, and @ = 1, is numerically equal to 
2py (1) with n = 1, and p = 0.5; here py (1) can be found from Equation (7.77) 
or from Table A.1 for binomial random variables. 

Similarly, the relationship between F'y(x) and Fy(k) can be established. It 
takes the form 


Fy(x) =1-Fy(k), a,8=1,2,-..,0<x<], (7.80) 


with k=a-1, n=a+(6-2, and p=x. The PDF Fy(y) for a binomial 
random variable Y is also widely tabulated and it can be used to advantage 
here for evaluating Fy (x) associated with the beta distribution. 


Example 7.8. Problem: in order to establish quality limits for a manufactured 
item, 10 independent samples are taken at random and the quality limits are 
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established by using the lowest and highest sample values. What is the prob- 
ability that at least 50% of the manufactured items will fail within these limits? 
Answer: let X be the proportion of items taking values within the established 
limits. Its pdf thus takes the form of Equation (7.73), with n = 10,r = 1, and 
s=l. 
Hence, a= 10—1-—14+1=9,G6=1+41= 2, and 


Gt) 


= —x), for0<x<1; 


=0, elsewhere. 


x (l=), 


The desired probability is 
P(X > 0.50) = 1 — P(Y < 0.50) = 1 — Fy(0.50). (7.81) 
According to Equation (7.80), the value of Fy (0.50) can be found from 


Fy(0.50) = 1 — Fy(k), (7.82) 


where Y is binomial and k=a—1=8, n=a+(—2=9, and p=0.50. 
Using Table A.1, we find that 


Fy(8) = 1—py(9) = 1 — 0.002 = 0.998. (7.83) 
Equations (7.81) and (7.82) yield 


P(X > 0.50) = 1 — Fy(0.50) = 1— 1+ Fy(8) = 0.998. (7.84) 


7.5.2. GENERALIZED BETA DISTRIBUTION 


The beta distribution can be easily generalized from one restricted to unit 
interval (0,1) to one covering an arbitrary interval (a,b). Let Y be such 
a generalized beta random variable. It is clear that the desired transforma- 
tion is 


Y=(b-a)X +a, (7.85) 


where X is beta-distributed according to Equation (7.70). Equation (7.85) 
represents a monotonic transformation from X and Y and the procedure 
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developed in Chapter 5 can be applied to determine the pdf of Y in a straight- 
forward manner. Following Equation (5.12), we have 


! T(a+ 8) a-lyp 8-1 lee ei 
fry= (bay 1 Fay)” aa i (7.86) 


0, elsewhere. 


7.66 EXTREME-VALUE DISTRIBUTIONS 


A structural engineer, concerned with the safety of a structure, is often inter- 
ested in the maximum load and maximum stress in structural members. In 
reliability studies, the distribution of the life of a system having n components 
in series (where the system fails if any component fails) is a function of the 
minimum time to failure of these components, whereas for a system with a 
parallel arrangement (where the system fails when alJ components fail) it is 
determined by the distribution of maximum time to failure. These examples 
point to our frequent concern with distributions of maximum or minimum 
values of a number of random variables. 

To fix ideas, let X;,j = 1,2,...,n, denote the jth gust velocity of n gusts 
occurring in a year, and let Y, denote the annual maximum gust velocity. We 
are interested in the probability distribution of Y,, in terms of those of X;. In the 
following development, attention is given to the case where random variables 
Xj,j = 1,2,...,n, are independent and identically distributed with PDF Fy (x) 
and pdf fy(x) or pmf py (x). Furthermore, asymptotic results for n — oo are 
our primary concern. For the wind-gust example given above, these conditions 
are not unreasonable in determining the distribution of annual maximum gust 
velocity. We will also determine, under the same conditions, the minimum Z, 
of random variables X1,X2,..., and X,, which is also of interest in practical 
applications. 

The random variables Y, and Z, are defined by 


Y,, = max(X), X), oe Xn); 


7.87 
Zn = min(X,, X,...,Xn)- 


The PDF of Y,, is 


Fy,(y) = P(Y¥n < y) = P(all Xj < y) 
= P(X, <yNX.<yNe-AX, <y). 
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Assuming independence, we have 


Fy,(y) = Fx, (y)Fx(y)---Fx,0); (7.88) 


and, if each Fx,(y) = Fyx(y), the result is 


Fy,(y) = [Fx0)]". (7.89) 


The pdf of Y, can be easily derived from the above. When the X; are contin- 
uous, it has the form 


fy.0)= ae = Fry) fy). (7.90) 


The PDF of Z,, is determined in a similar fashion. In this case, 
Fz,(z) = P(Z, < z) = P(at least one X; < z) 
= P(X) <zUX) <zU---UX, < z) 
=1-—P(X, >zNX >20---NX, > z). 


When the X; are independent and identically distributed, the foregoing gives 


Fz,(z) =1—[1 — Fx, (2) — Fx,(2)] --- [1 — Fx, 2) 


(7.91) 
Lhe ya. 
If random variables X; are continuous, the pdf of Z,, is 
fz,(2) = nll — Fx(2)I" fF x(2). (7.92) 


The next step in our development is to determine the forms of Fy,(y) and 
Fz,(z) as expressed by Equations (7.89) and (7.91) asm — oo. Since the initial 
distribution Fy (x) of each X; is sometimes unavailable, we wish to examine 
whether Equations (7.89) and (7.91) lead to unique distributions for Fy, (y) and 
Fz,(z), respectively, independent of the form of Fy(x). This is not unlike 
looking for results similar to the powerful ones we obtained for the normal 
and lognormal distributions via the central limit theorem. 

Although the distribution functions Fy,(y) and Fz,(z) become increasingly 
insensitive to exact distributional features of X; as n — oo, no unique results 
can be obtained that are completely independent of the form of Fy(x). Some 
features of the distribution function Fy (x) are important and, in what follows, 
the asymptotic forms of Fy,(y) and Fz, (z) are classified into three types based 
on general features in the distribution tails of X;. Type I is sometimes referred 
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to as Gumbel’s extreme value distribution, and included in Type III is the 
important Weibull distribution. 


7.6.1 TYPE-I ASYMPTOTIC DISTRIBUTIONS OF EXTREME 
VALUES 


Consider first the Type-I asymptotic distribution of maximum values. It is the 
limiting distribution of Y, (as n — oo) from an initial distribution Fy(x) of 
which the right tail is unbounded and is of an exponential type; that is, Fy (x) 
approaches | at least as fast as an exponential distribution. For this case, we 
can express Fy (x) in the form 


Fy(x) = 1 — exp[—g(x)], (7.93) 


where g(x) is an increasing function of x. A number of important distributions 
fall into this category, such as the normal, lognormal, and gamma distributions. 
Let 


lim Y, = Y. (7.94) 


n—-0o 


We have the following important result (Theorem 7.6). 


Theorem 7.6: let random variables X,,X2,..., and X, be independent and 
identically distributed with the same PDF Fx (x). If Fx (x) is of the form given 
by Equation (7.93), we have 


Fy(y) = exp{-exp[—a(y — w)], o<y<m, (7.95) 


where a(a > 0) and uw are two parameters of the distribution. 


Proof of Theorem 7.6: we shall only sketch the proof here; see Gumbel (1958) 
for a more comprehensive and rigorous treatment. 
Let us first define a quantity u,, known as the characteristic value of Y,, by 


Fy(u,) =1- = (7.96) 
It is thus the value of X;,j = 1,2,...,n, at which P(X; <u,) =1—1/n. Asn 
becomes large, Fx (u,) approaches unity, or, u, is in the extreme right-hand tail 
of the distribution. It can also be shown that u, is the mode of Y,, which can 
be verified, in the case of X; being continuous, by taking the derivative of fy () 
in Equation (7.90) with respect to y and setting it to zero. 
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If Fx (x) takes the form given by Equation (7.93), we have 


or 


explg(un)] _ 1, (7.97) 


Now, consider Fy, (y) defined by Equation (7.89). In view of Equation (7.93), 
it takes the form 


Fy,(y) = {1 — exp[-g)]}" 
& {1 explg(un)] soley 


n 


= {1 exp{—[g(y) — lV 


(7.98) 


n 


In the above, we have introduced into the equation the factor exp [g(u,)/n, 
which is unity, as shown by Equation (7.97). 

Since u, is the mode or the ‘most likely’ value of Y,, function g(y) in 
Equation (7.98) can be expanded in powers of (y — u,) in the form 


g(Y) = 8(Un) + On(y — tn) +++, (7.99) 


where a,, = dg(y)/dy is evaluated at y = uy. It is positive, as g(y) is an increasing 
function of y. Retaining only up to the linear term in Equation (7.99) and 
substituting it into Equation (7.98), we obtain 


Fy,(y) = {1 explant = “al (7.100) 


in which a, and u, are functions only of n and not of y. Using the identity 


lim (1 — “\'= exp(—c), 


for any real c, Equation (7.100) tends, as n — ov, to 
Fy(y) = exp{-exp[—a(y — u)]}, (7.101) 


which was to be proved. In arriving at Equation (7.101), we have assumed that 
asn — oo, Fy (y) converges to Fy(y) as Y, converges to Y in some probabilistic 
sense. 
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The mean and variance associated with the Type-I maximum-value distribu- 
tion can be obtained through integration using Equation (7.90). We have noted 
that u is the mode of the distribution, that is, the value of y at which fy(y) is 
maximum. The mean of Y is 


me Awe, (7.102) 
a 
where y ~ 0.577 is Euler’s constant; and the variance is given by 


2 2 

oy =>: 7.103 

Y 6a2 ( ) 

It is seen from the above that u and @ are, respectively, the location and scale 

parameters of the distribution. It is interesting to note that the skewness 
coefficient, defined by Equation (4.11), in this case is 


1 & 1.1396, 


which is independent of a and u. This result indicates that the Type-I 
maximum-value distribution has a fixed shape with a dominant tail to the right. 
A typical shape for f(y) is shown in Figure 7.14. 

The Type-I asymptotic distribution for minimum values is the limiting 
distribution of Z, in Equation (7.91) as n — oo from an initial distribution 
Fx (x) of which the left tail is unbounded and is of exponential type as it decreases 
to zero on the left. An example of Fy (x) that belongs to this class is the normal 
distribution. 

The distribution of Z, as n — co can be derived by means of procedures 
given above for Y, through use of a symmetrical argument. Without giving 
details, if we let 


lim Z, = Z, (7.104) 


n—-oo 


yy. 


Figure 7.14 Typical plot of a Type-I maximum-value distribution 
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the PDF of Z can be shown to have the form 


Fz(z) = 1—exp{—exp[a(z — u)]}, -co << z< 00 (7.105) 


where a and u are again the two parameters of the distribution. 

It is seen that Type-I asymptotic distributions for maximum and minimum 
values are mirror images of each other. The mode of Z is u, and its mean, 
variance, and skewness coefficients are, respectively, 


meeye 
a 
fe (7.106) 
2 602 
yy ~ —1.1396 


For probability calculations, values for probability distribution functions 
Fy(y) and Fz(z) over various ranges of y and z are available in, for example, 
Microsoft Excel 2000 (see Appendix B). 


Example 7.9. Problem: the maximum daily gasoline demand Y during the 
month of May at a given locality follows the Type-I asymptotic maximum- 
value distribution, with my = 2 and oy = 1, measured in thousands of gallons. 
Determine (a) the probability that the demand will exceed 4000 gallons in 
any day during the month of May, and (b) the daily supply level that for 95% 
of the time will not be exceeded by demand in any given day. 

Answer: it follows from Equations (7.102) and (7.103) that parameters a and 
u are determined from 


Tv Tv 


i= =— = 1.282, 
Vocy v6 
0.577 0.577 


For part (a), the solution is 


P(Y > 4)=1- Fy(4) 
= | — exp{-exp[—1.282(4 — 1.55)]} 
= 1 — 0.958 = 0.042. 


For part (b), we need to determine y such that 


Fy(y) = P(Y < y) = 0.95, 
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or 
exp{—exp[—1.282(y — 1.55)]} = 0.95. (7.107) 
Taking logarithms of Equation (7.107) twice, we obtain 
y = 3.867; 


that is, the required supply level is 3867 gallons. 


Example 7.10. Problem: consider the problem of estimating floods in the 
design of dams. Let yr denote the maximum flood associated with return 
period 7. Determine the relationship between yr and T if the maximum river 
flow follows the Type-I maximum-value distribution. Recall from Example 6.7 
(page 169) that the return period T is defined as the average number of years 
between floods for which the magnitude is greater than yr. 

Answer: assuming that floods occur independently, the number of years 
between floods with magnitudes greater than yr assumes a geometric distribu- 
tion. Thus 


(7.108) 


Now, from Equation (7.101), 

Fy(yr) = exp[—exp(—d)}, (7.109) 
where b =a(yr —u). The substitution of Equation (7.109) into Equation 
(7.108) gives the required relationship. 


For values of yr where Fy(yr) — 1, an approximation can be made by 
noting from Equation (7.109) that 


exp(—b) = —InFy(yr) = —{[Fy(vr) — 1] — 5 iF r(vr) =f) ees}, 


Since Fy(yr) is close to 1, we retain only the first term in the foregoing 
expansion and obtain 


1 — Fy(yr) = exp(—8). 


Equation (7.108) thus gives the approximate relationship 


yr=u(1+ Zin), (7.110) 
Qu 
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where u is the scale factor and the value of au describes the characteristics of 
a river; it varies from 1.5 for violent rivers to 10 for stable or mild rivers. 

In closing, let us remark again that the Type-I maximum-value distribution 
is valid for initial distributions of such practical importance as normal, lognor- 
mal, and gamma distributions. It thus has wide applicability and is sometimes 
simply called the extreme value distribution. 


7.6.2 TYPE-II ASYMPTOTIC DISTRIBUTIONS OF EXTREME 
VALUES 


The Type-II asymptotic distribution of maximum values arises as the limiting 
distribution of Y, as n — oo from an initial distribution of the Pareto type, that 
is, the PDF F(x) of each X; is limited on the left at zero and its right tail is 
unbounded and approaches one according to 


Fy(x)=1—ax", a,k>0, x>0. (7.111) 


For this class, the asymptotic distribution of Y,, Fy(y), as n — & takes the 
form 


Fry) =ex|-(2) "|, nk>0, yo. (7.112) 


Let us note that, with Fy (x) given by Equation (7.111), each X; has moments 
only up to order r, where r is the largest integer less thank. Ifk > 1, the mean of 
Y is 


my = (1-3), (7.113) 


and, if k > 2, the variance has the form 


4 =e(r(1 z) r(1 alk (7.114) 


The derivation of Fy (y) given by Equation (7.112) follows in broad outline 
that given for the Type-I maximum-value asymptotic distribution and will not 
be presented here. It has been used as a model in meteorology and hydrology 
(Gumbel, 1958). 

A close relationship exists between the Type-I and Type-II asymptotic 
maximum-value distributions. Let Y; and Yy denote, respectively, these random 
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variables. It can be verified, using the techniques of transformations of random 
variables, that they are related by 


Fy,(y)=Fy,(Iny), y>0, (7.115) 


where parameters a and uw in Fy, (y) are related to parameters k and vin Fy,,(y) by 


u=Inv and a=k. (7.116) 


When they are continuous, their pdfs obey the relationship 
1. 
Fyy(y) = rl y(Iny), y>0. (7.117) 


The Type-II asymptotic distribution of minimum values arises under analogous 
conditions. With PDF Fx (x) limited on the right at zero and approaching zero 
on the left in a manner analogous to Equation (7.111), we have 


—k 
Fe{z) = 1 -exp| [| } yk >0, 2 <0. (7.118) 


However, it has not been found as useful as its counterparts in TypeI and Type II 
as in practice the required initial distributions are not frequently encountered. 


7.6.3 TYPE-II ASYMPTOTIC DISTRIBUTIONS OF EXTREME 
VALUES 


Since the Type-IIJ maximum-value asymptotic distribution is of limited prac- 
tical interest, only the minimum-value distribution will be discussed here. 

The Type-III minimum-value asymptotic distribution is the limiting distribu- 
tion of Z, as n— co for an initial distribution Fy(x) in, which the left tail 
increases from zero near x = € in the manner 


Fy(x) =c(x—e)*, ¢,k>0, x>e. (7.119) 


This class of distributions is bounded on the left at x = e«. The gamma distri- 
bution is such a distribution with € = 0. 

Again bypassing derivations, we can show the asymptotic distribution for the 
minimum value to be 


2 E& 


k 
Fe{z) = 1 -exp|-( ) | k>0, w>e, 226, (7.120) 


W—E 
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and, if it is continuous, 


fz(z) = s (2) ew|-(=5)'], k>0,w>e,z>e. (7.121) 


W—E\W—-E W—E 


The mean and variance of Z are 


1 
mz =e+ w-9E(14+ 3), 


3 =(w-2)[P(1+2) -r?(1+2)]. 


We have seen in Section 7.4.1 that the exponential distribution is used as a 
failure law in reliability studies, which corresponds to a constant hazard func- 
tion [see Equations (7.64) and (7.66)]. The distribution given by Equations 
(7.120) and (7.121) is frequently used as a generalized time-to-failure model 
for cases in which the hazard function varies with time. One can show that the 
hazard function 


(7.122) 


ise Ors t>0, (7.123) 


W \W. 


is capable of assuming a wide variety of shapes, and its associated probability 
density function for T, the time to failure, is given by 


eS (2) exel-(4)'1 ES OES: (7.124) 


W. 


It is the so-called Weibull distribution, after Weibull, who first obtained it, 
heuristically (Weibull, 1939). Clearly, Equation (7.124) is a special case of 
Equation (7.121), with ¢ = 0. 

The relationship between Type-III and Type-I minimum-value asymptotic 
distributions can also be established. Let Z; and Zy,; be the random variables 
having, respectively, Type-I and Type-III asymptotic distributions of minimum 
values. Then 


Fz,,(z) = Fz|ln(z—6))], z ><, (7.125) 


with uv = In(w —«), and a= k. If they are continuous, the relationship between 
their pdfs is 


F2q(2) = —f zln(z—e)], 226. (7.126) 


TLFeBOOK 


Fundamentals of Probability and Statistics for Engineers 


236 


[1 — (4 to) dxo }4ui * (; is) dxa 49 


Jo39UI OATISOd = 11 


0<¥X 


0<K 0<u 


0< 4M 0 < 49 


0<* 


(7/4) IzjnZ 


Tae = (OS 


‘(c/-) do (c/a 


0 <x (xy) dxay = (xX) 


u 
0 Z x ey jdvo x OF = (yrs 
u 
— ..| [40 
oe |(A) a 
Au / (uz)4 “od 
S - Joront 2 =(04f 


posenbs-1y9 


Jenuouodxy 


euUURED 


[ewsous0T 


70 “ul 0< 2 ‘u Geax . (uvIssned) [eULION 
aa <q! sxso iP taapty 
D D SxSv = (x wWIOJIU 
(2-9) qt+v q q I Fa) 
QOURLIVA pue URd/| sJo}OUeIe uonouny Aysuap Aqpiqeqoig uoNNqiystqg 


SUOTINIIJSIP SNONUT}UOD Jo ArewuruNg §=J°L Iqeuy, 


TLFeBOOK 


237 


Some Important Continuous Distributions 


2-2 
dt: : ; fat ae ; 
alee w) (? | 1a w)+3 0<¥'9 <a « (SS) S07 ww neds) 
anak 4 a\ a 
Jea- (2-1 a}e “(t= 1) 0<¥‘Q<a4 o<4 | G)-]ox (5)$-ov xeul [j-edA J, (9) 
c I : 1+ 
00 > Z > CO- 
7109 10 
a : —n n<~o  ‘{[(n —2)0]dxo — (n — z)o}dxa0 = (2)7f ur J-odAy, (q) 
z 
00 > d > oo ‘{[(n — A)0-] dxa 
09 _0 
oO etn n‘Q<v (n — dyo—}dxan = (4)4 f xeur [-od4 J, (v) 


SON[VA OUIdIIXY 
I1>x*>0 


0<90<” *-p% — Dy-o¥ oe = OVS wee 


(I+d+%9)(P+P) g+0 
go io) 


TLFeBOOK 


238 Fundamentals of Probability and Statistics for Engineers 


One final remark to be made is that asymptotic distributions of maximum and 
minimum values from the same initial distribution may not be of the same type. 
For example, for a gamma initial distribution, its asymptotic maximum-value 
distribution is of Type I whereas the minimum-value distribution falls into Type 
II. With reference to system time-to-failure models, a system having n components 
in series with independent gamma life distributions for its components will have a 
time-to-failure distribution belonging to the Type-III asymptotic minimum-value 
distribution as n becomes large. The corresponding model for a system having n 
components in parallel is the Type-I asymptotic maximum-value distribution. 


7.7 SUMMARY 


As in Chapter 6, it is useful to summarize the important properties associated 
with some of the important continuous distributions discussed in this chapter. 
These are given in Table 7.1. 
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FURTHER READING AND COMMENTS 


As we mentioned in Section 7.2.1, the central limit theorem as stated may be generalized 
in several directions. Extensions since the 1920s include cases in which random variable 
Y in Equation (7.14) is a sum of dependent and not necessarily identically distributed 
random variables. See, for example, the following two references: 


Loeve, M., 1955, Probability Theory, Van Nostrand, New York. 
Parzen, E., 1960, Modern Probability Theory and its Applications, John Wiley & Sons 
Inc., New York. 


Extensive probability tables exist in addition to those given in Appendix A. Prob- 
ability tables for lognormal, gamma, beta, chi-squared, and extreme-value distributions 
can be found in some of the references cited in Chapter 6. In particular, the following 
references are helpful: 
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Arkin, H., and Colton, R.1963, Tablesfor Statisticians, 2nd edn., Barnes and Noble, New York. 

Beyer, W.H., 1996, Handbook of Tables for Probability and Statistics, Chemical Rubber 
Co., Cleveland, OH. 

Hald, A., 1952, Statistical Tables and Formulas, John Wiley & Sons Inc. New York. 

Owen, D., 1962, Handbook of Statistical Tables, Addision-Wesley, Reading, 

Pearson, E.S., and Harley, H.O. (eds) 1954, Biometrika Tables for Statisticians, Volume 1, 
Cambridge University Press, Cambridge, England. 


Additional useful references include: 


Aitchison, J., and Brown, J.A.C., 1957, The Log-normal Distribution, Cambridge 
University Press, Cambridge, England. 

Harter, H.L., 1964, New Tables of the Incomplete Gamma Function Ratio and of Per- 
centage Points of the Chi-square and Beta Distributions, Aerospace Laboratory; US 
Government Printing office, Washington, DC. 

National Bureau of Standards, 1954, Tables of the Bivariate Normal Distribution and 
Related Functions: Applied Mathematics Series 50, US Government Printing office, 
Washington, DC. 


PROBLEMS 


7.1 The random variables X and Y are independent and uniformly distributed in 
interval (0.1). Determine the probability that their product XY is less than 1/2. 


7.2 The characteristic function (CF) of a random variable X uniformly distributed in the 
interval (—1, 1) is 
sin ¢ 


bx(t) =—_. 


t 


(a) Find the CF of Y, that is uniformly distributed in interval (—a, a). 
(b) Find the CF of Y if it is uniformly distributed in interval (a,a+ b). 


7.3 A machine component consisting of a rod-and-sleeve assembly is shown in Figure 
7.15. Owing to machining inaccuracies, the inside diameter of the sleeve is uniformly 
distributed in the interval (1.98 cm, 2.02 cm), and the rod diameter is also uniformly 
distributed in the interval (1.95cm, 2.00cm). Assuming independence of these two 
distributions, find the probability that: 

(a) The rod diameter is smaller than the sleeve diameter. 
(b) There is at least a 0.01 cm clearance between the rod and the sleeve. 


Sleeve 


Figure 7.15 Rod and sleeve arrangement, for Problem 7.3 
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7.4 Repeat Problem 7.3 if the distribution of the rod diameter remains uniform but 
that of the sleeve inside diameter is N(2cm, 0.0004 cm7?). 


7.5 The first mention of the normal distribution was made in the work of de Moivre in 
1733 as one method of approximating probabilities of a binomial distribution when 
n is large. Show that this approximation is valid and give an example showing 
results of this approximation. 


7.6 If the distribution of temperature T of a given volume of gas is N(400, 1600), 
measured in degrees Fahrenheit, find: 
(a) fr (450); 
(b) P(T < 450); 
(c) P(|T —mr| < 20); 
(d) P(\T —mr| < 20|T > 300). 


7.7. If X isa random variable and distributed as N(m, o”), show that 


E{|X —ml} = (=) es 


7.8 Let random variable X and Y be identically and normally distributed. Show that 
random variables X + Y and X — ¥Y are independent. 


7.9 Suppose that the useful lives measured in hours of two electronic devices, say T; 
and T2, have distributions N(40, 36) and N(45,9), respectively. If the electronic 
device is to be used for a 45-hour period, which is to be preferred? Which is 
preferred if it is to be used for a 48-hour period? 


7.10 Verify Equation (7.13) for normal random variables. 


7.11 Let random variables X,,X,...,X, be jointly normal with zero means. Show that 


E{XX2X3} = 0, 
ELX | X2X3X4} = ELX Xo} E{X3X4} + ELX| X3} E{X2X4} + ELX | X4} E{X2X3}. 


Generalize the results above and verify Equation (7.35). 


7.12 Two rods, for which the lengths are independently, identically, and normally 
distributed random variables with means 4 inches and variances 0.02 square inches, 
are placed end to end. 

(a) What is the distribution of the total length? 
(b) What is the probability that the total length will be between 7.9 inches and 8.1 
inches? 


7.13 Let random variables X;, X2, and X3 be independent and distributed according 
to N(O, 1), Nd, 1), and N(2, 1), respectively. Determine probability P(X; + X2+ 
X3> 1). 


7.14 A rope with 100 strands supports a weight of 2100 pounds. If the breaking strength 
of each strand is random, with mean equal to 20 pounds and standard deviation 4 
pounds, and if the breaking strength of the rope is the sum of the independent 
breaking strengths of its strands, determine the probability that the rope will not 
fail under the load. (Assume there is no individual strand breakage before rope 
failure.) 
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7.15 IfX1,X2,...,X, are independent random variables, all having distribution N(m, 0°), 
determine the conditions that must be imposed on cj, c2,...,C, such that the sum 


Y =c 1X, + 0oX2 +++ + EnXy 


is also N(m, a7). Can all cs be positive? 


7.16 Let U be the standardized normal random variable, and define X = |U|. Then, X 
is called the folded standardized normal random variable. Determine fy (x). 


7.17 The Cauchy distribution has the form 


1 


fy (x) ~ (1 + x2)’ 


-WO<X< Ow. 


(a) Show that it arises from the ratio X|/X>, where X; and X> are independent and 
distributed as N(0, 0). 
(b) Show that the moments of X do not exist. 


7.18 Let X, and X> be independent normal random variables, both with mean 0 and 
standard deviation 1. Prove that: 


X2 
Y = arctan — 
1 


is uniformly distributed from —z to 7. 
7.19 Verify Equations (7.48) for the lognormal distribution. 


7.20 The lognormal distribution is found to be a good model for strains in structural 
members caused by wind loads. Let the strain be represented by X, with my = 1 
and oy = 0.09. 
(a) Determine the probability P(X > 1.2). 
(b) If stress Y in a structural member is related to the strain by Y = a+ bX, with 
b> 0, determine fy(y) and my. 


7.21 Arrivals at a rural entrance booth to the New York State Thruway are considered 
to be Poisson distributed with a mean arrival rate of 20 vehicles per hour. The time 
to process an arrival is approximately exponentially distributed with a mean time of 
one min. 

(a) What percentage of the time is the tollbooth operator free to work on opera- 
tional reports? 

(b) How many cars are expected to be waiting to be processed, on average, per hour? 

(c) What is the average time a driver waits in line before paying the toll? 

(d) Whenever the average number of waiting vehicles reaches 5, a second tollbooth 
will be opened. How much will the average hourly rate of arrivals have to 
increase to require the addition of a second operator? 


7.22 The life of a power transmission tower is exponentially distributed, with mean life 
25 years. If three towers, operated independently, are being erected at the same 
time, what is the probability that at least 2 will still stand after 35 years? 


7.23 For a gamma-distributed random variable, show that: 
(a) Its mean and variance are those given by Equation (7.57). 
(b) It has a positive skewness. 
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7.24 Show that, if 7 is a positive integer, the probability distribution function (PDF) of 
a gamma-distributed random variable X can be written as 


0, for x <0; 
n- k Ax 
Fy(x)= p> Oe * forx>0. 
k=0 k\ , : 


Recognize that the terms in the sum take the form of the Poisson mass function and 
therefore can be calculated with the aid of probability tables for Poisson distribu- 
tions. 


7.25. The system shown in Figure 7.16 has three redundant components, A-C. Let their 
operating lives (in hours) be denoted by T;, T2, and 73, respectively. If the 
redundant parts come into operation only when the online component fails (cold 
redundancy), then the operating life of the system, T, is T = T; +T2 +73. 

Let T,, T2, and T3 be independent random variables, each distributed as 


fo(g) =f We for y 20, §=1,2,3; 
J 174i) = : 
vd 0, otherwise. 


Determine the probability that the system will operate at least 300 hours. 


7.26 We showed in Section 7.4.1 that an exponential failure law leads to a constant 
failure rate. Show that the converse is also true; that is, if h(t) as defined by 
Equation (7.65) is a constant then the time to failure T is exponentially distributed. 


7.27 A shifted exponential distribution is defined as an exponential distribution shifted 
to the right by an amount a; that is, if random variable X has an exponential 
distribution with 


. _ fre**, for x > 0; 
eC Ve elsewhere; 


random variable Y has a shifted exponential distribution if fy(y) has the same 
shape as fy (x) but its nonzero portion starts at point a rather than zero. Determine 
the relationship between X and Y and probability density function (pdf) fy(y). 
What are the mean and variance of Y? 


Figure 7.16 System of components, for Problem 7.25 


TLFeBOOK 


Some Important Continuous Distributions 243 


7.28 Let random variable X be y?-distributed with parameter n. Show that the limiting 
distribution of 


X—n 


(2n)'/? 
as n — oo is N(0, 1). 


7.29 Let X1,X2,...,Xn be independent random variables with common PDF Fx (x) 
and pdf f,(x). Equations (7.89) and (7.91) give, respectively, the PDFs of their 
maximum and minimum values. Let Xi be the random variable denoting the 
jth-smallest value of X,,X2,...,X,. Show that the PDF of X,) has the form 


n 


Fyg(x) => (FeO Fe, F120 


k=j 


7.30 Ten points are distributed uniformly and independently in interval (0, 1). Find: 
(a) The probability that the point lying farthest to the right is to the left of 3/4. 
(b) The probability that the point lying next farthest to the right is to the right of 1/2. 


7.31 Let the number of arrivals in a time interval obey the distribution given in Problem 
6.32, which corresponds to a Poisson-type distribution with a time-dependent 
mean rate of arrival. Show that the pdf of time between arrivals is given by 


aera ‘ag 
== y wee > 0: 
frtt) (=): exp( “| , for t>0; 


0, elsewhere. 


As we see from Equation (7.124), it is the Weibull distribution. 


7.32 A multiple-member structure in a parallel arrangement, as shown in Figure 7.17, 
supports a load s. It is assumed that all members share the load equally, that their 
resistances are random and identically distributed with common PDF Fa(r), and 
that they act independently. If a member fails when the load it supports exceeds 
its resistance, show that the probability that failure will occur to n— k members 
among n initially existing members is 


and 


where 
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s 


Figure 7.17 Structure under load s, for Problem 7.32 


7.33 What is the probability sought in Problem 7.32 if the load is also a random variable 
S with pdf f,(s)? 


7.34 Let n = 3 in Problem 7.32. Determine the probabilities of failure in zero, one, two, 
and three members in Problem 7.32 if R follows a uniform distribution over 
interval (80,100), and s= 270. Is partial failure (one-member or two-member 
failure) possible in this case? 


7.35 To show that, as a time-to-failure model, the Weibull distribution corresponds to 
a wide variety of shapes of the hazard function, graph the hazard function in Equation 
(7.123) and the corresponding Weibull distribution in Equation (7.124) for the follow- 
ing combinations of parameter values: k = 0.5, 1,2, and 3; and w = 1 and 2. 


7.36 The ranges of n independent test flights of a supersonic aircraft are assumed to be 
identically distributed with PDF Fx (x) and pdf fy (x). If range span is defined as the 
distance between the maximum and minimum ranges of these n values, determine 
the pdf of the range span in terms of Fy (x) or fy (x). Expressing it mathematically, 
the pdf of interest is that of S, where 


S=Y-Z, 
with 
Y = max(X), Xo,...,Xn), 
and 
Z = min(X), X,..., Xn). 


Note that random variables Y and Z are not independent. 
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Observed Data and Graphical 
Representation 


Referring to Figure 1.1 in Chapter 1, we are concerned in this and subsequent 
chapters with step D — E of the basic cycle in probabilistic modeling, that is, 
parameter estimation and model verification on the basis of observed data. In 
Chapters 6 and 7, our major concern has been the selection of an appropriate 
model (probability distribution) to represent a physical or natural phenom- 
enon based on our understanding of its underlying properties. In order to 
specify the model completely, however, it is required that the parameters in the 
distribution be assigned. We now consider this problem of parameter estima- 
tion using available data. Included in this discussion are techniques for asses- 
sing the reasonableness of a selected model and the problem of selecting a 
model from among a number of contending distributions when no single one 
is preferred on the basis of the underlying physical characteristics of a given 
phenomenon. 

Let us emphasize at the outset that, owing to the probabilistic nature of the 
situation, the problem of parameter estimation is precisely that — an estima- 
tion problem. A sequence of observations, say n in number, is a sample of 
observed values of the underlying random variable. If we were to repeat the 
sequence of n observations, the random nature of the experiment should 
produce a different sample of observed values. Any reasonable rule for 
extracting parameter estimates from a set of nm observations will thus give 
different estimates for different sets of observations. In other words, no single 
sequence of observations, finite in number, can be expected to yield true 
parameter values. What we are basically interested in, therefore, is to obtain 
relevant information about the distribution parameters by actually observing 
the underlying random phenomenon and using these observed numerical 
values in a systematic way. 
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8.1 HISTOGRAM AND FREQUENCY DIAGRAMS 


Given a set of independent observations x1,x2,..., and x, of a random variable 
X, a useful first step is to organize and present them properly so that they can 
be easily interpreted and evaluated. When there are a large number of observed 
data, a histogram is an excellent graphical representation of the data, facilitating 
(a) an evaluation of adequacy of the assumed model, (b) estimation of percentiles 
of the distribution, and (c) estimation of the distribution parameters. 

Let us consider, for example, a chemical process that is producing batches of 
a desired material; 200 observed values of the percentage yield, X, representing 
a relatively large sample size, are given in Table 8.1 (Hill, 1975). The sample 
values vary from 64 to 76. Dividing this range into 12 equal intervals and 
plotting the total number of observed yields in each interval as the height of 
a rectangle over the interval results in the histogram as shown in Figure 8.1. 
A frequency diagram is obtained if the ordinate of the histogram is divided by 
the total number of observations, 200 in this case, and by the interval width A 
(which happens to be one in this example). We see that the histogram or 
the frequency diagram gives an immediate impression of the range, relative 
frequency, and scatter associated with the observed data. 

In the case of a discrete random variable, the histogram and frequency diagram as 
obtained from observed data take the shape of a bar chart as opposed to connected 
rectangles in the continuous case. Consider, for example, the distribution of the 
number of accidents per driver during a six-year time span in California. The data 
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Figure 8.1 Histogram and frequency diagram for percentage yield 
(data source: Hill, 1975) 
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Table 8.1 Chemical yield data (data source: Hill, 1975) 


249 


Batch no. Yield Batch no. Yield Batch no. Yield Batch no. Yield Batch no. Yield 


(%) (%) (%) (%) (%) 

1 68.4 41 68.7 81 68.5 121 73.3 161 70.5 
2 69.1 42 69.1 82 71.4 122 75.8 162 68.8 
3 71.0 43 69.3 83 68.9 123 70.4 163 72.9 
4 69.3 44 69.4 84 67.6 124 69.0 164 69.0 
5 72.9 45 71.1 85 12.2. 125 72.2 165 68.1 
6 72.5 46 69.4 86 69.0 126 69.8 166 67.7 
7 71.1 47 75.6 87 69.4 127 68.3 167 67.1 
8 68.6 48 70.1 88 73.0 128 68.4 168 68.1 
9 70.6 49 69.0 89 71.9 129 70.0 169 71.7 
10 70.9 50 71.8 90 70.7 130 70.9 170 69.0 
11 68.7 51 70.1 91 67.0 131 72.6 171 72.0 
12 69.5 52 64.7 92 71.1 132 70.1 172 71.5 
13 72.6 53 68.2 93 71.8 133 68.9 173 74.9 
14 70.5 54 71.3 94 67.3 134 64.6 174 78.7 
15 68.5 55 71.6 95 71.9 135 72.5 175 69.0 
16 71.0 56 70.1 96 70.3 136 73.5 176 70.8 
17 74.4 57 71.8 97 70.0 137 68.6 177 70.0 
18 68.8 58 72.5 98 70.3 138 68.6 178 70.3 
19 72.4 59 71.1 99 72.9 139 64.7 179 67.5 
20 69.2 60 67.1 100 68.5 140 65.9 180 71.7 
21 69.5 61 70.6 101 69.8 141 69.3 181 74.0 
22 69.8 62 68.0 102 67.9 142 70.3, 182 67.6 
23 70.3 63 69.1 103 69.8 143 70.7 183 71.1 
24 69.0 64 71.7 104 66.5 144 65.7 184 64.6 
25 66.4 65 72.2 105 67.5 145 71.1 185 74.0 
26 72.3 66 69.7 106 71.0 146 70.4 186 67.9 
27 74.4 67 68.3 107 72.8 147 69.2 187 68.5 
28 69.2 68 68.7 108 68.1 148 73.7 188 73.4 
29 71.0 69 73.1 109 73.6 149 68.5 189 70.4 
30 66.5 70 69.0 110 68.0 150 68.5 190 70.7 
31 69.2 71 69.8 111 69.6 151 70.7 191 71.6 
32 69.0 72 69.6 112 70.6 152 72.3, 192 66.9 
33 69.4 73 70.2 113 70.0 153 71.4 193 72.6 
34 715 74 68.4 114 68.5 154 69.2 194 72.2 
35 68.0 75 68.7 115 68.0 155 73.9 195 69.1 
36 68.2 76 72.0 116 70.0 156 70.2 196 71.3 
37 71.10 =77 71.9 117 69.2 157 69.6 197 67.9 
38 72.0 78 74.1 118 70.3 158 71.6 198 66.1 
39 68.3 79 69.3 119 67.2 159 69.7 199 70.8 
40 70.6 80 69.0 120 70.7 160 71.2 200 69.5 


given in Table 8.2 are six-year accident records of 7842 California drivers (Burg, 
1967, 1968). Based upon this set of observations, the histogram has the form given 
in Figure 8.2. The frequency diagram is obtained in this case simply by dividing 
the ordinate of the histogram by the total number of observations, which is 7842. 
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Returning now to the chemical yield example, the frequency diagram as 
shown in Figure 8.1 has the familiar properties of a probability density function 
(pdf). Hence, probabilities associated with various events can be estimated. For 
example, the probability of a batch having less than 68% yield can be read off 
from the frequency diagram by summing over the areas to the left of 68%, 
giving 0.13 (0.02 + 0.01 + 0.025 + 0.075). Similarly, the probability of a batch 
having yields greater than 72% is 0.18 (0.105 + 0.035 + 0.03 + 0.01). Let us 
remember, however, these are probabilities calculated based on the observed 
data. A different set of data obtained from the same chemical process would 
in general lead to a different frequency diagram and hence different values for 
these probabilities. Consequently, they are, at best, estimates of probabilities 
P(X < 68) and P(X > 72) associated with the underlying random variable X. 

A remark on the choice of the number of intervals for plotting the histograms 
and frequency diagrams is in order. For this example, the choice of 12 intervals is 
convenient on account of the range of values spanned by the observations and of 
the fact that the resulting resolution is adequate for calculations of probabilities 
carried out earlier. In Figure 8.3, a histogram is constructed using 4 intervals 
instead of 12 for the same example. It is easy to see that it projects quite a different, 
and less accurate, visual impression of data behavior. It is thus important to 
choose the number of intervals consistent with the information one wishes to 
extract from the mathematical model. As a practical guide, Sturges (1926) suggests 
that an approximate value for the number of intervals, k, be determined from 


k=1+3.3logign, (8.1) 


where n is the sample size. 

From the modeling point of view, it is reasonable to select a normal distribution 
as the probabilistic model for percentage yield X by observing that its random vari- 
ations are the resultant of numerous independent random sources in the chem- 
ical manufacturing process. Whether or not this is a reasonable selection can be 


Table 8.2. Six-year accident record for 7842 
California drivers (data source: Burg, 1967, 1968) 


Number of accidents Number of drivers 

0 5147 

1 1859 

2 595 

3 167 

4 54 

5 14 

>5 6 
Total =7842 
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Figure 8.2. Histogram from six-year accident data (data source: Burg, 1967, 1968) 
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Figure 8.3. Histogram for percentage yield with four intervals (data source: Hill, 1975) 
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evaluated in a subjective way by using the frequency diagram given in Figure 8.1. 
The normal density function with mean 70 and variance 4 is superimposed on the 
frequency diagram in Figure 8.1, which shows a reasonable match. Based on this 
normal distribution, we can calculate the probabilities given above, giving a further 
assessment of the adequacy of the model. For example, with the aid of Table A.3, 
P(X < 68) = Fu (=) 


which compares with 0.13 with use of the frequency diagram. 

In the above, the choice of 70 and 4, respectively, as estimates of the mean 
and variance of X is made by observing that the mean of the distribution should 
be close to the arithmetic mean of the sample, that is, 


nee Xx; 8.2 
n y 


o &—S (x; — my)’, (8.3) 


which gives the arithmetic average of the squares of sample values with respect 
to their arithmetic mean. 

Let us emphasize that our use of Equations (8.2) and (8.3) is guided largely 
by intuition. It is clear that we need to address the problem of estimating the param- 
eter values in an objective and more systematic fashion. In addition, procedures 
need to be developed that permit us to assess the adequacy of the normal model 
chosen for this example. These are subjects of discussion in the chapters to follow. 
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PROBLEMS 


8.1 It has been shown that the frequency diagram gives a graphical representation of the 
probability density function. Use the data given in Table 8.1 and construct a diagram 
that approximates the probability distribution function of percentage yield X. 


8.2 In parts (a)—(1) below, observations or sample values of size n are given for a random 
phenomenon. 

(i) If not already given, plot the histogram and frequency diagram associated with 
the designated random variable X. 

(ii) Based on the shape of these diagrams and on your understanding of the 
underlying physical situation, suggest one probability distribution (normal, 
Poisson, gamma, etc.) that may be appropriate for X. Estimate parameter 
value(s) by means of Equations (8.2) and (8.3) and, for the purposes of 
comparison, plot the proposed probability density function (pdf) or probabil- 
ity mass function (pmf) and superimpose it on the frequency diagram. 


(a) X is the maximum annual flood flow of the Feather River at Oroville, CA. 
Data given in Table 8.3 are records of maximum flood flows in 1000 cfs for 
the years 1902 to 1960 (source: Benjamin and Cornell, 1970). 

(b) X is the number of accidents per driver during a six-year time span in 
California. Data are given in Table 8.2 for 7842 drivers. 

(c) X is the time gap in seconds between cars on a stretch of highway. Table 8.4 
gives measurements of time gaps in seconds between successive vehicles at 
a given location (n = 100). 

(d) X is the sum of two successive gaps in Part (c) above. 

(e) X is the number of vehicles arriving per minute at a toll booth on New York 
State Thruway. Measurements of 105 one-minute arrivals are given in 
Table 8.5. 

(f) X is the number of five-minute arrivals in Part (e) above. 

(g) X is the amount of yearly snowfall in inches in Buffalo, NY. Given in Table 8.6 
are recorded snowfalls in inches from 1909 to 2002. 

(h) X is the peak combustion pressure in kPa per cycle. In spark ignition 
engines, cylinder pressure during combustion varies from cycle to cycle. 
The histogram of peak combustion pressure in kPa is shown in Figure 8.4 
for 280 samples (source: Chen and Krieger, 1976). 
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Table 8.3. Maximum flood flows (in 1000 cfs), 1902-60 (source: 
Benjamin and Cornell, 1970). 


Year Flood Year Flood Year Flood 
1902 42 1922 36 1942 110 
1903 102 1923 22 1943 108 
1904 118 1924 42 1944 25 
1905 81 1925 64 1945 60 
1906 128 1926 56 1946 54 
1907 230 1927 94 1947 46 
1908 16 1928 185 1948 37 
1909 140 1929 14 1949 17 
1910 31 1930 80 1950 46 
1911 75 1931 12 1951 92 
1912 16 1932 23 1952 13 
1913 17 1933 9 1953 59 
1914 122 1934 20 1954 113 
1915 81 1935 59 1955 55 
1916 42 1936 85 1956 203 
1917 80 1937 19 1957 83 
1918 28 1938 185 1958 102 
1919 66 1939 8 1959 35 
1920 23 1940 152 1960 135 
1921 62 1941 84 


(i) X1,X2, and X3 are annual premiums paid by low-risk, medium-risk, and 
high-risk drivers. The frequency diagram for each group is given in Figure 8.5. 
(simulated results, over 50 years, are from Ferreira, 1974). 

(j) X is the number of blemishes in a certain type of image tube for television, 
58 data points are used for construction of the histogram shown in Figure 8.6. 


(source: Link, 1972). 


(k) X is the difference between observed and computed urinary digitoxin 
excretion, in micrograms per day. In a study of metabolism of digitoxin 
to digoxin in patients, long-term studies of urinary digitoxin excretion were 
carried out on four patients. A histogram of the difference between 
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Table 8.5 Arrivals per minute at a New York State Thruway toll booth 


9 9 11 15 6 11 9 6 11 8 10 
3 9 8 5 7 15 7 14 6 6 16 
6 8 10 6 10 11 9 7 7 11 10 
3 8 4 vi 15 6 7 7 8 7 5 
13 12 11 10 8 14 3 15 13 5 7 
12 7 10 4 16 7 ll 11 13 10 
9 10 11 6 6 8 9 5 5 5 
11 6 7 9 5 12 12 4 13 4 
12 16 10 14 15 16 10 8 10 6 
18 13 6 9 4 13 14 6 10 10 
Table 8.6 Annual snowfall, in inches, in Buffalo, NY, 1909-2002 
Year Snowfall Year Snowfall Year Snowfall 
1909-1910 126.4 1939-1940 717.8 1969-1970 = 120.5 
1910-1911 82.4 1940-1941 79.3 1970-1971 97.0 
1911-1912 78.1 1941-1942 89.6 1971-1972 109.9 
1912-1913 51.1 1942-1943 85.5 1972-1973 78.8 
1913-1914 90.9 1943-1944 58.0 1973-1974 88.7 
1914-1915 76.2 1944-1945 120.7 1974-1975 95.6 
1915-1916 104.5 1945-1946 110.5 1975-1976 82.5 
1916-1917 87.4 1946-1947 65.4 1976-1977 199.4 
1917-1918 110.5 1947-1948 39.9 1977-1978 154.3 
1918-1919 25.0 1948-1949 40.1 1978-1979 97.3 
1919-1920 69.3 1949-1950 88.7 1979-1980 68.4 
1920-1921 53.5 1950-1951 71.4 1980-1981 60.9 
1921-1922 39.8 1951-1952 83.0 1981-1982 112.4 
1922-1923 63.6 1952-1953 55.9 1982-1983 52.4 
1923-1924 46.7 1953-1954 89.9 1983-1984 132.5 
1924-1925 72.9 1954-1955 84.6 1984-1985 107.2 
1925-1926 74.6 1955-1956 =105.2 1985-1986 114.7 
1926-1927 83.6 1956-1957. 113.7 1986-1987 67.5 
1927-1928 80.7 1957-1958 124.7 1987-1988 56.4 
1928-1929 60.3 1958-1959 114.5 1988-1989 67.4 
1929-1930 79.0 1959-1960 115.6 1989-1990 93.7 
1930-1931 74.4 1960-1961 102.4 1990-1991 57.5 
1931-1932 49.6 1961-1962 101.4 1991-1992 92.8 
1932-1933 54.7 1962-1963 89.8 1992-1993 93.2 
1933-1934 71.8 1963-1964 71.5 1993-1994 $112.7 
1934-1935 49.1 1964-1965 70.9 1994-1995 74.6 
1935-1936 103.9 1965-1966 98.3 1995-1996 =141.4 
1936-1937 51.6 1966-1967 55.5 1996-1997 97.6 
1937-1938 82.4 1967-1968 66.1 1997-1998 75.6 
1938-1939 83.6 1968-1969 78.4 1998-1999 = 100.5 
1999-2000 63.6 
2000-2001 158.7 
2001-2002 132.4 
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Figure 8.4 Histogram for Problem 8.2(h) (source: Chen and Krieger, 1976) 
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Figure 8.5 Frequency diagrams for Problem 8.2(i) (source: Ferreira, 1974) 


observed and computed urinary digitoxin excretion in micrograms per day 
is given in Figure 8.7 (n = 100) (source: Jelliffe et al, 1970). 

(1) X is the live load in pounds per square feet (psf) in warehouses. The 
histogram in Figure 8.8 represents 220 measurements of live loads on 
different floors of a warehouse over bays of areas of approximately 400 
square feet (source: Dunham, 1952). 
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Figure 8.6 Histogram for Problem 8.2(j) (source: Link, 1972) 
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Figure 8.7 Histogram for Problem 8.2(k) (source: Jelliffe etal ., 1970). 


Note: the horizontal axis shows the difference between the observed and 
computed urinary digitoxin excretion, in micrograms per day 
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Figure 8.8 Histogram for Problem 8.2(1) (source: Dunham, 1952) 
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Parameter Estimation 


Suppose that a probabilistic model, represented by probability density function 
(pdf) f(x), has been chosen for a physical or natural phenomenon for which 
parameters 6),02,... are to be estimated from independently observed data 
X1,X2,...,X,. Let us consider for a moment a single parameter 0 for simplicity 
and write f (x; 0) to mean a specified probability distribution where 0 is the unknown 
parameter to be estimated. The parameter estimation problem is then one of 
determining an appropriate function of x1,x2,...,%n, say h(x1,X2,...,Xn), Which 
gives the ‘best’ estimate of @. In order to develop systematic estimation procedures, 
we need to make more precise the terms that were defined rather loosely in the 
preceding chapter and introduce some new concepts needed for this development. 


9.1 SAMPLES AND STATISTICS 
Given an independent data set x«;,%2,...,X,, let 
6 = h(x1,x2,.--,Xn) (9.1) 


be an estimate of parameter §. In order to ascertain its general properties, it is 
recognized that, if the experiment that yielded the data set were to be repeated, 
we would obtain different values for x1,x2,...,X,. The function h(x,,x2,...,Xn) 
when applied to the new data set would yield a different value for 6. We thus see 
that estimate 6 is itself a random variable possessing a probability distribution, 
which depends both on the functional form defined by / and on the distribution 
of the underlying random variable X. The appropriate representation of 0 is thus 


6 = h(X1,Xo,..., Xn); (9.2) 


where X1,X2,...,X, are random variables, representing a sample from random 
variable X, which is referred to in this context as the population. In practically 
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all applications, we shall assume that sample X,,X2,...,X, possesses the 
following properties: 


e Property 1: X1,X2,...,X, are independent. 
© Property 2: fy,(x) = fx(x) for all x, 7 = 1,2,...,n. 


The random variables X1,...,X,, satisfying these conditions are called a random 
sample of size n. The word ‘random’ in this definition is usually omitted for the 
sake of brevity. If X is a random variable of the discrete type with probability 
mass function (pmf) px (x), then py,(x) = py(x) for each j. 

A specific set of observed values (41,X2,...,X,) is a set of sample values 
assumed by the sample. The problem of parameter estimation is one class in 
the broader topic of statistical inference in which our object is to make infer- 
ences about various aspects of the underlying population distribution on the 
basis of observed sample values. For the purpose of clarification, the interre- 
lationships among X,(X1,X2,...,X,), and (%1,%2,...,Xn) are schematically 
shown in Figure 9.1. 

Let us note that the properties of a sample as given above imply that certain 
conditions are imposed on the manner in which observed data are obtained. 
Each datum point must be observed from the population independently and 
under identical conditions. In sampling a population of percentage yield, as 
discussed in Chapter 8, for example, one would avoid taking adjacent batches if 
correlation between them is to be expected. 

A statistic is any function of a given sample X1,X2,...,X, that does not 
depend on the unknown parameter. The function h(X,,X2,...,X,) in Equation 
(9.2) is thus a statistic for which the value can be determined once the sample 
values have been observed. It is important to note that a statistic, being a function 
of random variables, is a random variable. When used to estimate a distribution 
parameter, its statistical properties, such as mean, variance, and distribution, give 
information concerning the quality of this particular estimation procedure. Cer- 
tain statistics play an important role in statistical estimation theory; these include 
sample mean, sample variance, order statistics, and other sample moments. Some 
properties of these important statistics are discussed below. 


xX (population) 


JIS 


X; Xo eee Xn (sample) 


xy XQ eee Xn (sample values) 


Figure 9.1 Population, sample, and sample values 
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9.1.1 SAMPLE MEAN 


The statistic 


F=5yox (9.3) 


is called the sample mean of population X. Let the population mean and 
variance be, respectively, 


E{X} =m, 
5 (9.4) 
var{X} =o". 
The mean and variance of X, the sample mean, are easily found to be 
e(R} = 1S BEx} = 1 (am) (9.5 
= is = —(um) =™, : 
1S n 


and, owing to independence, 


var{X} = E{(X —m)}=E 


2 
n 2 a) (9.6) 


which is inversely proportional to sample size n. As n increases, the variance of X 
decreases and the distribution of X becomes sharply peaked at E{Y} = m. Hence, 
it is intuitively clear that statistic X provides a good procedure for estimating 
population mean m. This is another statement of the law of large numbers that 
was discussed in Example 4.12 (page 96) and Example 4.13 (page 97). 

Since X is a sum of independent random variables, its distribution can also be 
determined either by the use of techniques developed in Chapter 5 or by means of 
the method of characteristic functions given in Section 4.5. We further observe 
that, on the basis of the central limit theorem (Section 7.2.1), sample mean X 
approaches a normal distribution as n — oo. More precisely, random variable 


mia) 


approaches N(0, 1) as n — oo. 
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9.1.2 SAMPLE VARIANCE 


The statistic 


1 n — 
SK ree) (9.7) 
i=l 


is called the sample variance of population X. The mean of S? can be found by 
expanding the squares in the sum and taking termwise expectations. We first 
write Equation (9.7) as 


st =) Sx; — m) - my 
i=1 
1 n 1 n 2 
= iS (X; — m) no m) 
SI ew emiaGen 
t=] n(n — 1) i,j=l 


Taking termwise expectations and noting mutual independence, we have 
E{S =o, (9.8) 


where mand o? are defined in Equations (9.4). We remark at this point that the 
reason for using 1/(n — 1) rather than 1/n in Equation (9.7) is to make the mean 
of S? equal to o”. As we shall see in the next section, this is a desirable property 
for S? if it is to be used to estimate o”, the true variance of X. 

The variance of S? is found from 


var{S?} = E{(S? — 07)*}. (9.9) 


Upon expanding the right-hand side and carrying out expectations term by 
term, we find that 


1 coe 
var{s?} = 2 | —2— Fo!) (9.10) 


where j14 is the fourth central moment of X; that is, 
pig = E{(X — m)"*}. (9.11) 


Equation (9.10) shows again that the variance of S? is an inverse function of n. 
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In principle, the distribution of S? can be derived with use of techniques 
advanced in Chapter 5. It is, however, a tedious process because of the complex 
nature of the expression for S* as defined by Equation (9.7). For the case in 
which population X is distributed according to N(m, a”), we have the following 
result (Theorem 9.1). 


Theorem 9.1: Let S* be the sample variance of size n from normal population 
N(m,o*), then (n — 1)S7/o? has a chi-squared (x7) distribution with (n — 1) 
degrees of freedom. 


Proof of Theorem 9.1: the chi-squared distribution is given in Section 7.4.2. 
In order to sketch a proof for this theorem, let us note from Section 7.4.2 that 
random variable Y, 


1 n 
Va —m)’, (9.12) 


has a chi-squared distribution of n degrees of freedom since each term in the 
sum is a squared normal random variable and is independent of other random 
variables in the sum. Now, we can show that the difference between Y and 
(n — 1)S?/o? is 

(ae nae o \-1/? 


Since the right-hand side of Equation (9.13) is a random variable having a chi- 
squared distribution with one degree of freedom, Equation (9.13) leads to the 
result that (n — 1)S7/o7 is chi-squared distributed with (n — 1) degrees of freedom 
provided that independence exists between (n — 1)S7/o and 


ms o \-!]? 
wr ~m) (73) 


The proof of this independence is not given here but can be found in more 
advanced texts (e.g. Anderson and Bancroft, 1952). 


Y= 


9.1.3 SAMPLE MOMENTS 


The kth sample moment is 


My = bag (9.14) 


TLFeBOOK 


264 Fundamentals of Probability and Statistics for Engineers 


Following similar procedures as given above, we can show that 


E{ My} = a, 
1 (9.15) 
var{ M;.} = i (Q2x = ar), 
where a, is the kth moment of population X. 
9.1.4 ORDER STATISTICS 
A sample X;,X2,...,X, can be ranked in order of increasing numerical mag- 


nitude. Let X(1), X(2),...,X(n) be such a rearranged sample, where X(1) is the 
smallest and X,,) the largest. Then Xj) is called the kth-order statistic. Extreme 
values X(1) and X() are of particular importance in applications, and their 
properties have been discussed in Section 7.6. 

In terms of the probability distribution function (PDF) of population X, 
Fy (x), it follows from Equations (7.89) and (7.91) that the PDFs of X(1) and 
Xn) are 


Fy (x) = 1 [1 — Fro)" (9.16) 
Fy, (x) = Fy (x). (9.17) 


If X is continuous, the pdfs of X(1) and X(,) are of the form [see Equations (7.90) 
and (7.92)] 


fay (2) = all — Fe)" fx(), (9.18) 
FX (0) = FY" (x) fir). (9.19) 


The means and variances of order statistics can be obtained through integration, 
but they are not expressible as simple functions of the moments of population X. 


9.2. QUALITY CRITERIA FOR ESTIMATES 


We are now in a position to propose a number of criteria under which the 
quality of an estimate can be evaluated. These criteria define generally desirable 
properties for an estimate to have as well as provide a guide by which the 
quality of one estimate can be compared with that of another. 
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Before proceeding, a remark is in order regarding the notation to be used. As seen 
in Equation (9.2), our objective in parameter estimation is to determine a statistic 


6 = A(X, X2,..., Xn), (9.20) 


which gives a good estimate of parameter 0. This statistic will be called an 
estimator for 0, for which properties, such as mean, variance, or distribution, 
provide a measure of quality of this estimator. Once we have observed sample 
values x1,%2,...,X,, the observed estimator, 


0 = A(x, X2,---, Xn); (9.21) 


has a numerical value and will be called an estimate of parameter 0. 


9.2.1 UNBIASEDNESS 


An estimator 9 is said to be an unbiased estimator for 0 if 


E{O} =8, (9.22) 


for all @. This is clearly a desirable property for O, which states that, on average, 
we expect O to be close to true parameter value 9. Let us note here that the 
requirement of unbiasedness may lead to other undesirable consequences. 
Hence, the overall quality of an estimator does not rest on any single criterion 
but on a set of criteria. 

We have studied two statistics, X and S?, in Sections 9.1.1 and 9.1.2. It is seen 
from Equations (9.5) and (9.8) that, if X and S? are used as estimators for the 
population mean m and population variance o7, respectively, they are unbiased 
estimators. This nice property for S* suggests that the sample variance defined 
by Equation (9.7) is preferred over the more natural choice obtained by repla- 
cing 1/(n — 1) by I/n in Equation (9.7). Indeed, if we let 


1 n —_ 
= Spe. ae (9.23) 
i=! 


its mean is 


—1 
n 


and estimator S”* has a bias indicated by the coefficient (n — 1)/n. 
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9.2.2 MINIMUM VARIANCE 


It seems natural that, if O= h(X1,X2,...,Xp) is to qualify as a good estimator 
for 6, not only its mean should be close to true value @ but also there should be a 
good probability that any of its observed values 6 will be close to 6. This can be 
achieved by selecting a statistic in such a way that not only is © unbiased but 
also its variance is as small as possible. Hence, the second desirable property is 
one of minimum variance. 


Definition 9.1. let O be an unbiased estimator for 0. It is an unbiased 
minimum-variance estimator for 6 if, for all other unbiased estimators ©* of 6 
from the same sample, 


var{O} < var{O*}, (9.24) 


for all 0. 

Given two unbiased estimators for a given parameter, the one with smaller 
variance is preferred because smaller variance implies that observed values of 
the estimator tend to be closer to its mean, the true parameter value. 


Example 9.1. Problem: we have seen that X obtained from a sample of size n 
is an unbiased estimator for population mean m. Does the quality of X improve 
as n increases? 

Answer: we easily see from Equation (9.5) that the mean of X is independent 
of the sample size; it thus remains unbiased as n increases. Its variance, on the 
other hand, as given by Equation (9.6) is 


o 


var{X} = — (9.25) 


’ 
n 


which decreases as n increases. Thus, based on the minimum variance criterion, 
the quality of X as an estimator for m improves as n increases. 


Example 9.2. Part 1. Problem: based on a fixed sample size n, is X the best 
estimator for m in terms of unbiasedness and minimum variance? 

Approach: in order to answer this question, it is necessary to show that the 
variance of X as given by Equation (9.25) is the smallest among all unbiased 
estimators that can be constructed from the sample. This is certainly difficult to 
do. However, a powerful theorem (Theorem 9.2) shows that it is possible to 
determine the minimum achievable variance of any unbiased estimator 
obtained from a given sample. This lower bound on the variance thus permits 
us to answer questions such as the one just posed. 
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Theorem 9.2: the Cramer—Rao inequality. Let X,,X>,...,X, denote a sample 
of size n from a population X with pdf f(x; 6), where 6 is the unknown param- 
eter, and let O= h(X1,X2,...,Xn) be an unbiased estimator for 6. Then, the 
variance of @ satisfies the inequality 


-1 
var{O} > {ret poe th (9.26) 


if the indicated expectation and differentiation exist. An analogous result with 
P(X ;9) replacing f (X ;0) is obtained when X is discrete. 


Proof of Theorem 9.2: the joint probability density function Gpdf) of X1, X2,..., 
and X,, is, because of their mutual independence, f(x1; 0) f(x2; 4) ---f(%n; 4). The 
mean of statistic O, O = h(X), X2,..., Xn), is 


E{O} = E{h(X, X2,...,Xn)}, 
and, since O is unbiased, it gives 
6= is vee 2 h(x1,---,Xn)f (4159) «+f (%nj 8) dey ++ dxp. (9.27) 
Another relation we need is the identity: 
l= i SF (xi 9) dx, i=1,2,...,n. (9.28) 


Upon differentiating both sides of each of Equations (9.27) and (9.28) with 
respect to 6, we have 


fore) oe) n 1 Of (xj; 9) x . y ; 
i= fof Hoot Sere 06 | ol) of) ad 


j= 


(9.30) 
Sf Se Hosen) Sy Of) f 0) B08 
—oo —oo j=l 
— f° Of (i; 9) 
=f. aa dx; 
| (9.30) 
=| Cn LOD) 1.0) dx, i=1,2,...,n. 
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Let us define a new random variable Y by 
ro 
we pS ni (9.31) 


Equation (9.30) shows that 
E{Y}=0. 
Moreover, since Y is a sum of n independent random variables, each with mean 


zero and variance E{[0ln f(x; 0)/00}"}, the variance of Y is the sum of the n 
variances and has the form 


: 2 
oS ney we \ (9.32) 


Now, it follows from Equation (9.29) that 
1 = E{OY}. (9.33) 
Recall that 
E{OY} = E{OVE{Y} + poyseoy, 
or 
1 = 0(0) + payogcy. (9.34) 


As a consequence of property p* < 1, we finally have 


or, using Equation (9.32), 


1 dlnf(X;0)]12) ) 
o> = {ney \ F (9.35) 


The proof is now complete. 


In the above, we have assumed that differentiation with respect to 6 under an 
integral or sum sign are permissible. Equation (9.26) gives a lower bound on the 
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variance of any unbiased estimator and it expresses a fundamental limitation 
on the accuracy with which a parameter can be estimated. We also note that 
this lower bound is, in general, a function of 0, the true parameter value. 

Several remarks in connection with the Cramer—Rao lower bound (CRLB) 
are now in order. 


e Remark 1: the expectation in Equation (9.26) is equivalent to 
—E{0 Inf(X; 0)/007}, or 


-1 


0%, > (nea (9.36) 


This alternate expression offers computational advantages in some cases. 


¢ Remark 2: the result given by Equation (9.26) can be extended easily to 
multiple parameter cases. Let 6), 62,..., and 6, (m <n) be the unknown 
parameters in f(x; 6),..-,9n), which are to be estimated on the basis of a 
sample of size n. In vector notation, we can write 


O° = (0, 0. +++ Onl, (9.37) 
with corresponding vector unbiased estimator 
=[0O; Of --- Onl. (9.38) 


Following similar steps in the derivation of Equation (9.26), we can show that 
the Cramer—Rao inequality for multiple parameters is of the form 
me AT! 
cov{O} > —, (9.39) 
n 


where A~! is the inverse of matrix A for which the elements are 


Lf Olnf(X; 4) oInf(X; 8) be. 
Ay= Ef 0, 36; » &f=1,2,...,m (9.40) 
Equation (9.39) implies that 
F (Arts 1 
var{O,} > n a > nj’ J — 1,2,...,m, (9.41) 


where (A“!), is the jjth element of A!. 


Remark 3: the CRLB can be transformed easily under a transformation of 
the parameter. Suppose that, instead of 0, parameter ¢ = g(@) is of interest, 
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which is a one-to-one transformation and differentiable with respect to 6; 
then, 


dg(é 


CRLB for var{} = | 0 I} crt for var(O)], (9.42) 


where © is an unbiased estimator for op. 


Remark 4: given an unbiased estimator O for parameter 6, the ratio of its 
CRLB to its variance is called the efficiency of ©. The efficiency of any 
unbiased estimator is thus always less than or equal to 1. An unbiased 
estimator with efficiency equal to | is said to be efficient. We must point 
out, however, that efficient estimators exist only under certain conditions. 


We are finally in the position to answer the question posed in Example 9.2. 


Example 9.2. part 2. Answer: first, we note that, in order to apply the CRLB, 


pdf f(x;@) of population X must be known. Suppose that f(x;m) for this 
example is N(m, a’). We have 


and 


Thus, 


om 


e{ peel - SEK m)} = Et 


Equation (9.26) then shows that the CRLB for the variance of any unbiased 
estimator for m is o”/n. Since the variance of X is o%/n, it has the minimum 
variance among all unbiased estimators for m when population X is distributed 
normally. 


Example 9.3. Problem: consider a population X having a normal distribution 


N(0, 0”) where o? is an unknown parameter to be estimated from a sample of 
sizen> 1. (a) Determine the CRLB for the variance of any unbiased estimator 
for o7. (b) Is sample variance S? an efficient estimator for 07? 
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Answer: let us denote o? by 6. Then, 


: 1 =X? 
F(8) = penn 20 ) 
and 


xX 


Inf(X; 0) = — 0 


1 
= xin 270, 


Olnf(X;0) XxX? 1 


00 202 26’ 


07 Inf (X; 6) Neo 2) 


062 @ ° 262” 


2 : 
Po (cia 10-67) ne 
we 262 (2g 


Hence, according to Equation (9.36), the CRLB for the variance of any 
unbiased estimator for 6 is 267/n. 

For S2, it has been shown in Section 9.1.2 that it is an unbiased estimator for 
@ and that its variance is [see Equation (9.10)] 


1 n—3 
var{S?} = (1 ais io) 


since 44 = 30% when X is normally distributed. The efficiency of 57, denoted by 
e(S7), is thus 


_ CRLB_ n-1 


~ var(S?) n 


e(S”) 


We see that the sample variance is not an efficient estimator for @ in this 
case. It is, however, asymptotically efficient in the sense that e(S?) > 1 as 
n— oO. 
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Example 9.4. Problem: determine the CRLB for the variance of any unbiased 
estimator for 6 in the lognormal distribution 


1 Wick ) 
———~ exp( —-~In’x]}, for x>0, and @> 0; 
f (x10) = & x(270)!? ( 26 


0, elsewhere. 


Answer: we have 


Cinf(Xeo)., Tocin x 


Ye ee 
O lng XG) - 1. - inex 
302 20228’ 


‘e elf) . De o6r. 
002 262 262” 


It thus follows from Equation (9.36) that the CRLB is 267/n. 


Before going to the next criterion, it is worth mentioning again that, although 
unbiasedness as well as small variance is desirable it does not mean that we should 
discard all biased estimators as inferior. Consider two estimators for a parameter 0, 
2) , and ©, the pdfs of which are depicted in Figure 9.2(a). Although 0, is biased, 
because of its smaller variance, the probability of an observed value of 0» being 
closer to the true value @ can well be higher than that associated with an observed 
value of 0 1. Hence, one can argue convincingly that Op i is the better estimator of 
the two. A more dramatic situation is shown in Figure 9.2(b). Clearly, based on a 
particular sample of size n, an observed value of ©) will likely be closer to the true 
value 0 than that of ©, even though O) is again unbiased. It is worthwhile for us to 
reiterate our remark advanced in Section 9.2.1 — that the quality of an estimator 
does not rest on any single criterion but on a combination of criteria. 


Example 9.5. To illustrate the point that unbiasedness can be outweighed by 
other considerations, consider the problem of estimating parameter 6 in the 
binomial distribution 


p(k) =6(1-0)'*, k=0,1. (9.43) 


Let us propose two estimators, 0, and ©), for 0 given by 


® 


AERA (9.44) 
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6,0) 6,02) 


rao) F6,(04) 


2 04,0. 
(a) (b) as 
Figure 9.2. Probability density functions of 0, and 05 
where X is the sample mean based on a sample of size n. The choice of O, is 


intuitively obvious since E{X} = 0, and the choice of > is based on a prior 
probability argument that is not our concern at this point. 


Since 
E{X} =8, 
and 
A(1 — 8) 
De 
= n 
we have 
E{O} =8, on 
a no+1 9.45 
E = —_ 
{92} n+2 
and 
as A(1 — 8) 
61 _. 
; re _ nl 8) ae) 


on = oO: ‘ 
S42 * in+2Y 


We see from the above that, although e, is a biased estimator, its variance is 
smaller than that of ©), particularly when n is of a moderate value. This is 
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a valid reason for choosing ©, as a better estimator, compared with ©}, for 0, 
in certain cases. 


9.2.3 CONSISTENCY 


An estimator © is said to be a consistent estimator for @ if, as sample size n 
increases, 


lim P[|O — 6| > <] =0, (9.47) 


n—-oo 


for alle > 0. The consistency condition states that estimator ) converges in the 
sense above to the true value @ as sample size increases. It is thus a large-sample 
concept and is a good quality for an estimator to have. 


Example 9.6. Problem: show that estimator S* in Example 9.3 is a consistent 
estimator for 0°. 

Answer: using the Chebyshev inequality defined in Section 4.2, we 
can write 


1 
P{|S?— o°| Be} S E(S? oF}. 
We have shown that E{S?} = o7, and var{S?} = 267/(n — 1). Hence, 


2 
ia Pls eo Se) tin (-) _ 0, 
n—-0o n 


n-00 € —| 


Thus S2 is a consistent estimator for 0”. 


Example 9.6 gives an expedient procedure for checking whether an estimator 
is consistent. We shall state this procedure as a theorem below (Theorem 9.3). It 
is important to note that this theorem gives a sufficient, but not necessary, 
condition for consistency. 


Theorem 9.3: Let © be an estimator for @ based on a sample of size n. 
Then, if 


lim E{O}=6, and lim var{O}=0, (9.48) 


n—-oo 


estimator 0 is a consistent estimator for 0. 
The proof of Theorem 9.3 is essentially given in Example 9.6 and will not be 
repeated here. 
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9.2.4 SUFFICIENCY 


Let X1,X2,...,X, be a sample of a population X the distribution of which 
depends on unknown parameter 0. If Y = h(X,, X2,...,X;,) is a statistic such 
that, for any other statistic 


AS 8M A905 Xn)y 


the conditional distribution of Z, given that Y = y does not depend on @, then 
Y is called a sufficient statistic for 0. If also E{ Y} = 9, then Y is said to be a 
sufficient estimator for 6. 

In words, the definition for sufficiency states that, if Y is a sufficient statistic 
for 0, all sample information concerning @ is contained in Y. A sufficient 
statistic is thus of interest in that if it can be found for a parameter then an 
estimator based on this statistic is able to make use of all the information that 
the sample contains regarding the value of the unknown parameter. Moreover, 
an important property of a sufficient estimator is that, starting with any 
unbiased estimator of a parameter @ that is not a function of the sufficient 
estimator, it is possible to find an unbiased estimator based on the sufficient 
statistic that has a variance smaller than that of the initial estimator. Sufficient 
estimators thus have variances that are smaller than any other unbiased esti- 
mators that do not depend on sufficient statistics. 

If a sufficient statistic for a parameter 6 exists, Theorem 9.4, stated here 
without proof, provides an easy way of finding it. 


Theorem 9.4: Fisher-Neyman factorization criterion. Let 
Y = h(X,, X2, a ., Xn) 


be a statistic based on a sample of size n. Then Y is a sufficient statistic for 
@ if and only if the joint probability density function of X,,X2,..., and 
Xn fv(x15 9)- ++ fx(%Xp3 8), can be factorized in the form 


[[ 405: 9) = gill, xn), Olg2(m1, «5 Xn) (9.49) 
j=l 

If X is discrete, we have 
[ [ex 05: 9) = gilha,..- 5%), Olga(x1, 5 Xn). (9.50) 
j=l 


The sufficiency of the factorization criterion was first pointed out by Fisher 
(1922). Neyman (1935) showed that it is also necessary. 
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The foregoing results can be extended to the multiple parameter case. Let 
0! =[0,...6,,],m <n, be the parameter vector. Then Y; = /)(X1,...,Xy),---5 


Y,=h(X,...,Xn),¢ > m, is a set of sufficient statistics for 0 if and only if 
[ [4 07:9) = gilt, .- Xn), O]g2(01,-- Xn); (9.51) 
j=l 

where h’ = [h, ---h,]. A similar expression holds when X is discrete. 


Example 9.7. Let us show that statistic X is a sufficient statistic for 6 in 
Example 9.5. In this case, 


px(x30) = [Jo - 8)! 
I I (9.52) 
= o-i(1 =e eyes. 


We see that the joint probability mass function (Gpmf) is a function of Ux; and 
0. If we let 


r= 
j=l 
the jpmf of X;,..., and X,, takes the form given by Equation (9.50), with 
gi = (1 — 0), 
and 
22> 1. 
In this example, 
2% 
j=l 


is thus a sufficient statistic for 0. We have seen in Example 9.5 that both ©, and 


©2, where 0, = X, and 0, = (nX + 1)/(n+2), are based on this sufficient 
statistic. Furthermore, ©), being unbiased, is a sufficient estimator for 6. 


Example 9.8. Suppose X |, X2,..., and X, are a sample taken from a Poisson 
distribution; that is, 


k= 012.04 (9.53) 
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where @ is the unknown parameter. We have 


Q™-%i eo 


[[pxos:8) = Tha!’ (9.54) 
j=l y 


which can be factorized in the form of Equation (9.50) by letting 


g= Q=X eon 


% 


and 


It is seen that 


= 


is a sufficient statistic for 0. 


9.3. METHODS OF ESTIMATION 


Based on the estimation criteria defined in Section 9.2, some estimation tech- 
niques that yield ‘good’, and sometimes ‘best’, estimates of distribution param- 
eters are now developed. 

Two approaches to the parameter estimation problem are discussed in what 
follows: point estimation and interval estimation. In point estimation, we use 
certain prescribed methods to arrive at a value for 6 as a function of the 
observed data that we accept as a ‘good’ estimate of # — good in terms of 
unbiasedness, minimum variance, etc., as defined by the estimation criteria. 

In many scientific studies it is more useful to obtain information about a 
parameter beyond a single number as its estimate. Interval estimation is a 
procedure by which bounds on the parameter value are obtained that not only 
give information on the numerical value of the parameter but also give an 
indication of the level of confidence one can place on the possible numerical 
value of the parameter on the basis of a sample. Point estimation will be 
discussed first, followed by the development of methods of interval estimation. 


9.3.1 POINT ESTIMATION 


We now proceed to present two general methods of finding point estimators for 
distribution parameters on the basis of a sample from a population. 
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9.3.1.1 Method of Moments 


The oldest systematic method of point estimation was proposed by Pearson 
(1894) and was extensively used by him and his co-workers. It was neglected for 
a number of years because of its general lack of optimum properties and 
because of the popularity and universal appeal associated with the method of 
maximum likelihood, to be discussed in Section 9.3.1.2. The moment method, 
however, appears to be regaining its acceptance, primarily because of its 
expediency in terms of computational labor and the fact that it can be improved 
upon easily in certain cases. 

The method of moments is simple in concept. Consider a selected probability 
density function f(x; 0), 02,...,6) for which parameters 0,, j = 1,2,...,m, are 
to be estimated based on sample X1,X2,...,X, of X. The theoretical or popu- 
lation moments of X are 


a= | PPB ihn Old. VAIO acy: (9.55) 


They are, in general, functions of the unknown parameters; that is, 
Qi = a;(01,02,..-,Om)- (9.56) 


However, sample moments of various orders can be found from the sample by 
[see Equation (9.14)] 


oui 
M,;=-S X!, i=1,2,.... 9.5 
nee (9.57) 


The method of moments suggests that, in order to determine estimators O), Seats 
and @,, from the sample, we equate a sufficient number of sample moments to 
the corresponding population moments. By establishing and solving as many 
resulting moment equations as there are parameters to be estimated, estimators 
for the parameter are obtained. Hence, the procedure for determining 


01, Oo,..., and O,, consists of the following steps: 
¢ Step 1: let 
a;(O1,...,Om)=Mi, i=1,2,...,m. (9.58) 
These yield m moment equations in m unknowns 0, pols wamn 
e Step 2: solve for 0, j=1,...,m, from this system of equations. These are 
called the moment estimators for 6,,..., and On. 
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Let us remark that it is not necessary to consider m consecutive moment 
equations as indicated by Equations (9.58); any convenient set of m equations that 
lead to the solution for 0, j=1,...,m, is sufficient. Lower-order moment equa- 
tions are preferred, however, since they require less manipulation of observed data. 

An attractive feature of the method of moments is that the moment equations 
are straightforward to establish, and there is seldom any difficulty in solving 
them. However, a shortcoming is that such desirable properties as unbiasedness 
or efficiency are not generally guaranteed for estimators so obtained. 

However, consistency of moment estimators can be established under general 
conditions. In order to show this, let us consider a single parameter 9 whose 
moment estimator @ satisfies the moment equation 


a;(O) = M; (9.59) 


for some i. The solution of Equation (9.59) for © can be represented by 
© = O(M ,), for which the Taylor’s expansion about a;() gives 
0 [ai(4)] 


a Mi ai) +--+, (9.60) 


0 = 0+ Ol [aj(8)][M; — a;(9)] + 
where superscript (k) denotes the kth derivative with respect to M;. Upon 
performing successive differentiations of Equation (9.59) with respect to Mj, 
Equation (9.60) becomes 


sail ce aif 


xd d ag) [eau 6 


0 -0=[M, ai(]| = 7 ptvas 


iM, ai(o)?| 
(9.61) 


The bias and variance of © can be found by taking the expectation of 
Equation (9.61) and the expectation of the square of Equation (9.61), respect- 
ively. Up to the order of 1/n, we find 


a ~ 1 2 da; da; 3 
B{6} 0 = - 5 (an - 0) (SE) (FE) 


var{} = 2 (ay — a) ($2) 7 


n 


(9.62) 


Assuming that all the indicated moments and their derivatives exist, Equations 
(9.62) show that 


lim E{O} = 8, 
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and 


lim var{O} = 0, 


n—-oo 


and hence @ is consistent. 
Example 9.9. Problem: let us select the normal distribution as a model for the 


percentage yield discussed in Chapter 8; that is, 


2 
f(xjm, 0’) = sas & | , oo <x < ow. (9.63) 


Estimate parameters 0; = m, and 0) = 0”, based on the 200 sample values given 
in Table 8.1, page 249. 

Answer: following the method of moments, we need two moment equations, 
and the most convenient ones are obviously 


a, =M,=X, 


and 


Now, 


x. (9.64) 


The properties of this estimator have already been discussed in Example 9.2. It 

is unbiased and has minimum variance among all unbiased estimators for m. 

We see that the method of moments produces desirable results in this case. 
The second moment equation gives 


’ : 1 
2 _ = 2D. 
6? + 0) = Mp a Sete 


or 


a 1:2 a 
02 = M2 — Mt =-)-(X;-X)’. (9.65) 


This, as we have shown, is a biased estimator for o”. 
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Estimates 6; and 6, of 0; = mand 6) = o” based on the sample values given 
by Table 8.1 are, following Equations (9.64) and (9.65), 


i 200 24 sa 
. 1 200 sous 
0 500 > (x; 61) +4, 
j=! 
where x;, j = 1,2,...,200, are sample values given in Table 8.1. 


Example 9.10. Problem: consider the binomial distribution 


px(ksp) =p*(1—p)'*, k=0,1. (9.66) 


Estimate parameter p based on a sample of size n. 
Answer: the method of moments suggests that we determine the estimator for 
p, P, by equating a; to M,; = X. Since 


oy = E{X} =p, 
we have 
P=YX. (9.67) 
The mean of P is 
Z ii 
E{P} =—) F(X} =p. (9.68) 
j=l 


Hence it is an unbiased estimator. Its variance is given by 


var{ P} = var{¥} = a = see (9.69) 


It is easy to derive the CRLB for this case and show that P defined by Equation 
(9.67) is also efficient. 


Example 9.11. Problem: a set of 214 observed gaps in traffic on a section of 
Arroyo Seco Freeway is given in Table 9.1. If the exponential density function 


f(r) =r, 120, (9.70) 


is proposed for the gap, determine parameter \ from the data. 
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Table 9.1 Observed traffic gaps on Arroyo Seco Freeway, 
for Example 9.11 (Source: Gerlough, 1955) 


Gap length (s) Gaps (No.) Gap length (s) Gaps (No.) 


0-1 18 16-17 6 
1-2 25 17-18 4 
2-3 21 18-19 3 
3-4 13 19-20 3 
4-5 11 20-21 1 
5-6 15 21-22 1 
6-7 16 22-23 1 
7-8 12 23-24 0 
8-9 11 24-25 1 
9-10 11 25-26 0 
10-11 8 26-27 1 
11-12 12 27-28 1 
12-13 6 28-29 1 
13-14 3 29-30 2 
14-15 3 30-31 1 
15-16 3 
Answer: in this case, 
1 
Q) SY ’ 


and, following the method of moments, the simplest estimator, A, for » is 
obtained from 


ad 1 
Qy , or 7 ( ) 
Hence, the desired estimate is 
P 1 2i4 es 
‘sce may 
7 214 (9.72) 
~ 18(0.5) + 25(1.5) +--+ + 1(30.5) 


=0.13s 1. 


Let us note that, although X is an unbiased estimator for a), the estimator 
for A obtained above is not unbiased since 


Ay) aT 
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Example 9.12. Suppose that population X has a uniform distribution over the 
range (0, #) and we wish to estimate parameter 6 from a sample of size n. 
The density function of X is 


1 
= f <x<é: 
fear Ses (9.73) 
0, elsewhere; 
and the first moment is 
0 
ay= > (9.74) 


It follows from the method of moments that, on letting ay = ¥, we obtain 


. = 2 n 
) =2¥ =") x (9.75) 
j=l 


Upon little reflection, the validity of this estimator is somewhat questionable 
because, by definition, all values assumed by X are supposed to lie within 
interval (0,0). However, we see from Equation (9.75) that it is possible that 
some of the samples are greater than O. Intuitively, a better estimator might be 


6 = Xin, (9.76) 


where X(,) is the nth-order statistic. As we will see, this would be the outcome 
following the method of maximum likelihood, to be discussed in the next 
section. 

Since the method of moments requires only a;, the moments of population X, 
the knowledge of its pdf is not necessary. This advantage is demonstrated in 
Example 9.13. 


Example 9.13. Problem: consider measuring the length r of an object with use 
of a sensing instrument. Owing to inherent inaccuracies in the instrument, what 
is actually measured is X, as shown in Figure 9.3, where X; and Xz are 
identically and normally distributed with mean zero and unknown variance 
o*. Determine a moment estimator © for 0 = r? on the basis of a sample of size 
n from X. 

Answer: now, random variable X is 


X= (yy bal. (9.77) 


The pdf of X with unknown parameters 6 and o* can be found by using 
techniques developed in Chapter 5. It is, however, unnecessary here since some 
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__———i™ds 


|. r ‘| X; [. 


Figure 9.3. Measurement X, for Example 9.13 


moments of X can be directly generated from Equation (9.77). We remark that, 
although an estimator for o* is not required, it is nevertheless an unknown 
parameter and must be considered together with @. In the applied literature, an 
unknown parameter for which the value is of no interest is sometimes referred 
to as a nuisance parameter. 

Two moment equations are needed in this case. However, we see from 
Equation (9.77) that the odd-order moments of X are quite complicated. For 
simplicity, the second-order and fourth-order moment equations will be used. 
We easily obtain from Equation (9.77) 


a =0+20°, 
: 2 2 4 (9.78) 
a4 = 0 + 800° + 8a". 
The two moment equations are 
6 +252 = Mp, 
Soe (9.79) 
O° + 80D? + 87° = My. 
Solving for , we have 
© = (2M3 — M,)'”. (9.80) 


Incidentally, a moment estimator ? for o, if needed, is obtained from Equa- 
tions (9.79) to be 


— 


y? = 


(M2 — 0). (9.81) 


Nile 


Combined Moment Estimators. Let us take another look at Example 9.11 for 
the purpose of motivating the following development. In this example, an 
estimator for \ has been obtained by using the first-order moment equation. 
Based on the same sample, one can obtain additional moment estimators for 
by using higher-order moment equations. For example, since a7 = 2/X”, the 
second-order moment equation, 


ar = M), 
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produces a moment estimator A for \ in the form 


A= (ma) is (9.82) 


Although this estimator may be inferior to 1/X in terms of the quality criteria 
we have established, an interesting question arises: given two or more moment 
estimators, can they be combined to yield an estimator superior to any of the 
individual moment estimators? 

In what follows, we consider a combined moment estimator derived from an 
optimal linear combination of a set of moment estimators. Let eM, 9), ae 
0) be p moment estimators for the same parameter 9. We seek a combined 
estimator O° in the form 


oO, = w OW) + eee + wp”), (9.83) 
where coefficients W},.-., and w, are to be chosen in such a way that it is 
unbiased if 0”, j=1,2,...,p, are unbiased and the variance of oO, is minimized. 


The unbiasedness condition requires that 
wpt---+w,=1. (9.84) 
We thus wish to determine coefficients w; by minimizing 
P A 5 
Q = var{O)} = var S- wi” >, (9.85) 
j=l 
subject to Equation (9.84). | P : 
Let wt =[1 --- 1, OT=[0M «-. OP), and wl=[m --- wy]. 


Equations (9.84) and (9.85) can be written in the vector—matrix form 


wiu=1, (9.86) 


and 
p “a . 
Q(w) = var ye w/0 } =w'dw, (9.87) 
where A = [Aj] with \y = cov{O, 0%}. 
In order to minimize Equation (9.87) subject to Equation (9.86), we consider 


Q,(w) = w Aw — wlud— uw (9.88) 
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where J is the Lagrange multiplier. Taking the first variation of Equation (9.88) 
and setting it to zero we obtain 


5Q,(w) = Sw! (Aw — wd) + (wT A — Au")Sw = 0 
as a condition of extreme. Since dw and dw! are arbitrary, we require that 
Aw—ux=0 and w'A—du' =0, (9.89) 
and either of these two relations gives 
wh = dw AT, (9.90) 
The constraint Equation (9.86) is now used to determine 4. It implies that 


wu = du AT'u = 1, 


or 
1 
=——_. 9.91 
wAalu ( ) 
Hence, we have from Equations (9.90) and (9.91) 
me ae 
= ——_.. 9.92 
wAlu ( ) 
The variance of 5 is 
1 
Cn eres = 
var{O7} =w Aw = Tasta’ (9.93) 


in view of Equation (9.92). 

Several attractive features are possessed by ©). For example, we can show 
that its variance is smaller than or equal to that of any of the simple moment 
estimators Ca = 1,2,...,p, and furthermore (see Soong, 1969), 


var{O7} < var{O7}, (9.94) 
if p > q. 


Example 9.14. Consider the problem of estimating parameter @ in the log- 
normal distribution 


1 1 
f(x;0) = exp] ins], x>0, 0>0, 9.95 


from a sample of size n. 
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nd 
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Asymptotic efficiency 


0.01 
0.01 0.1 1 
0 


Figure 9.4 Efficiencies of estimators in Example 9.14 as n — co 


Three moment estimators for 9 — eM), 92), and 9°) — can be found by means 
of establishing and solving the first three moment equations. Let ©3 be the 
combined moment estimator of 0 and 0, and let ©} be the combined 
estimator of all three. As we have obtained the CRLB for the variance of any 
unbiased estimator for 6 in Example 9.4, the efficiency of each of the above 
estimators can be calculated. Figure 9.4 shows these efficiencies as n — oo. As 
we can see, a significant increase in efficiency can result by means of combining 
even a small number of moment estimators. 


9.3.1.2 Method of Maximum Likelihood 


First introduced by Fischer in 1922, the method of maximum likelihood has 
become the most important general method of estimation from a theoretical 
point of view. Its greatest appeal stems from the fact that some very general 
properties associated with this procedure can be derived and, in the case of 
large samples, they are optimal properties in terms of the criteria set forth in 
Section 9.2. 
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Let f (x; 0) be the density function of population X where, for simplicity, 0 is 
the only parameter to be estimated from a set of sample values x1,x2,...,Xpn. 
The joint density function of the corresponding sample X1,X2,...,X, has the 
form 


SF (15 OF (25 A) +++ f (%n5 8). 


We define the likelihood function L of a set of n sample values from the 
population by 


L(x1,X2,---,Xn3 0) =f (x1; Of (x2; 8) ++ f(%n5 A). (9.96) 


In the case when X is discrete, we write 


L(x1,X2,---,Xn3 0) = p(x1; 8) p(x; 9) +++ p(xn; 9). (9.97) 


When the sample values are given, likelihood function L becomes a function 
of a single variable 0. The estimation procedure for # based on the method of 
maximum likelihood consists of choosing, as an estimate of @, the particular 
value of 6 that maximizes L. The maximum of L(6) occurs in most cases at the 
value of 6 where dL(6@)/d@ is zero. Hence, in a large number of cases, the 
maximum likelihood estimate (MLE) 6 of 6 based on sample values x1,X2,..., 
and x, can be determined from 


AL (21, 25-5 Xns 8) in (9.98) 
dé 
As we see from Equations (9.96) and (9.97), function L is in the form of a 
product of many functions of @. Since L is always nonnegative and attains its 
maximum for the same value of 6 as In L, it is generally easier to obtain MLE 
6 by solving 


din L(x1,--.5%ni8) _ 9 (9.99) 
do | 


because In L is in the form of a sum rather than a product. 

Equation (9.99) is referred to as the likelihood equation. The desired solution 
is one where root 6 is a function of x;,j = 1,2,...,n, if such a root exists. When 
several roots of Equation (9.99) exist, the MLE is the root corresponding to the 
global maximum of L or In L. 
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To see that this procedure is plausible, we observe that the quantity 
L(X1,X2,---,Xn30)dx,dx2--- dx, 


is the probability that sample X1,X2,...,X, takes values in the region defined 
by (x; + dx], x2 + dx2,...,X, + dx,). Given the sample values, this probability 
gives a measure of likelihood that they are from the population. By choosing 
a value of # that maximizes L, or In L, we in fact say that we prefer the value of 
@ that makes as probable as possible the event that the sample values indeed 
come from the population. 

The extension to the case of several parameters is straightforward. In the case 
of m parameters, the likelihood function becomes 


L(X1,---5 Xn} O1,---, Om); 


and the MLEs of 0;,j = 1,...,m, are obtained by solving simultaneously the 
system of likelihood equations 


——=0, jf=1,2,...,m: (9.100) 


A discussion of some of the important properties associated with a maximum 
likelihood estimator is now in order. Let us represent the solution of the like- 
lihood equation, Equation (9.99), by 


6 = h(x1,X2,..-,Xn). (9.101) 


The maximum likelihood estimator © for @ is then 


6 =h(X1,Xo,..-,Xn)- (9.102) 


The universal appeal enjoyed by maximum likelihood estimators stems from 
the optimal properties they possess when the sample size becomes large. Under 
mild regularity conditions imposed on the pdf or pmf of population X, two 
notable properties are given below, without proof. 


Property 9.1: consistency and asymptotic efficiency. Let © be the maximum 
likelihood estimator for 6 in pdf f(x; @) on the basis of a sample of size n. Then, 
asn— oo, 


E{} — 8, (9.103) 


-1 
var{O} > {| peamay'\t ’ (9.104) 


and 
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Analogous results are obtained when population X is discrete. Furthermore, 
the distribution of O tends to a normal distribution as n becomes large. 


This important result shows that MLE O is consistent. Since the variance 
given by Equation (9.104) is equal to the Cramer—Rao lower bound, it is 
efficient as n becomes large, or asymptotically efficient. The fact that MLE ) 
is normally distributed as n — oo is also of considerable practical interest as 
probability statements can be made regarding any observed value of a max- 
imum likelihood estimator as n becomes large. 

Let us remark, however, these important properties are large-sample proper- 
ties. Unfortunately, very little can be said in the case of a small sample size; it 
may be biased and nonefficient. This lack of reasonable small-sample proper- 
ties can be explained in part by the fact that maximum likelihood estimation is 
based on finding the mode of a distribution by attempting to select the true 
parameter value. Estimators, in contrast, are generally designed to approach 
the true value rather than to produce an exact hit. Modes are therefore not as 
desirable as the mean or median when the sample size is small. 


Property 9.2: invariance property. It can be shown that, if O is the MLE of 8, 
then the MLE of a function of 0, say g(@), is g(Q), where g(@) is assumed to 
represent a one-to-one transformation and be differentiable with respect to 0. 


This important invariance property implies that, for example, if Dd is the 
MLE of the standard deviation o in a distribution, then the MLE of the 
variance o”, 2, is 0. 

Let us also make an observation on the solution procedure for solving like- 
lihood equations. Although it is fairly simple to establish Equation (9.99) or 
Equations (9.100), they are frequently highly nonlinear in the unknown estimates, 
and close-form solutions for the MLE are sometimes difficult, if not impossible, 
to achieve. In many cases, iterations or numerical schemes are necessary. 


Example 9.15. Let us consider Example 9.9 again and determine the MLEs of 
m and o?. The logarithm of the likelihood function is 


1 Co See cy 
InL= aot m) — nino” — 5nin 2m. (9.105) 


Let 6; =m, and 6) = 0°, as before; the likelihood equations are 
OonkL 12 » 
FS N (= 6) 0, 
00; 05 = 


OlnL 1 fe n 
x— == xj — 0 0. 
00; 3m ny 
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Solving the above equations simultaneously, the MLEs of m and o* are found 
to be 


. [x2 
Nee 


and 


n 


P 1 Poe 
gee 


The maximum likelihood estimators for m and o? are, therefore, 


n 


0; =-) XK =%, 


j=l 
(9.106) 


which coincide with their moment estimators in this case. Although O» is 
biased, consistency and asymptotic efficiency for both ©; and ©, can be easily 
verified. 


Example 9.16. Let us determine the MLE of @ considered in Example 9.12. 


Now, 
} for0<x<4@; 
S(x:0) = 4 8 se artic (9.107) 
0, elsewhere. 
The likelihood function becomes 
] n 
L(x1,X2,---,Xnj 9) = (3) , O< x; <0, for all i. (9.108) 


A plot of L is given in Figure 9.5. However, we note from the condition 
associated with Equation (9.108) that all sample values x; must be smaller than 
or equal to 6, implying that only the portion of the curve to the right of 
max(x1,...,X,) 1s applicable. Hence, the maximum of L occurs at 
6 = max (x1,X2,...,X,), or, the MLE for @ is 


6 = max(x1,x2,...,Xn); (9.109) 
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ia 


Figure 9.5 Likelihood function, L(@), for Example 9.16 


and the maximum likelihood estimator for @ is 
© = max(X1,X,...,Xn) = Xq. (9.110) 


This estimator is seen to be different from that obtained by using the moment 
method [Equation (9.75)] and, as we already commented in Example 9.12, it is 
a more logical choice. 

Let us also note that we did not obtain Equation (9.109) by solving the 
likelihood equation. The likelihood equation does not apply in this case as the 
maximum of LZ occurs at the boundary and the derivative is not zero there. 

It is instructive to study some of the properties of ) given by Equation 
(9.110). The pdf of O is given by [see Equation (9.19)] 


f(x) = Fy | (x)fx(x)- (9.111) 


With fx (x) given by Equation (9.107) and 


0, forx <0; 


Fy(x) = 7 for 0<x <0: (9.112) 
1, forx>46; 
we have 
nx’! 
fa(x)=4 gr > forOsxs8 (9.113) 
0, elsewhere. 
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The mean and variance of © are 


u n 
E{Q} -| xfa(x)dx = 8, (9.114) 
7 n 2 n 


We see that 2) is biased but consistent. 


Example 9.17. Let us now determine the MLE of @ = r° in Example 9.13. To 
carry out this estimation procedure, it is now necessary to determine the pdf of 
X given by Equation (9.77). Applying techniques developed in Chapter 5, we 
can show that X is characterized by the Rice distribution with pdf given by (see 
Benedict and Soong, 1967) 


x Olex e+e 
I fi > 0; 
frlxi9,2) = 2 o( 7 ) exo( 2? iF ne (9.116) 


0, elsewhere; 


where Ig is the modified zeroth-order Bessel function of the first kind. 
Given a sample of size n from population X, the likelihood function takes the 
form 


L=|[AG9,0°). (9.117) 
j=l 
The MLEs of @ and o”, 6 and a, satisfy the likelihood equations 
OlnL olnL 
eh aie =O, (9.118) 
0@ 00? 
which, upon simplifying, can be written as 
57H) 1=0 (9.119) 
n6!\/? <= To(3;) 
and 
pes ly 2-4 (9.120) 
2\nZ J ; : 
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where I, is the modified first-order Bessel function of the first kind, and 


sept 
ji, (9.121) 


o2 


As we can see, although likelihood equations can be established, they are 
complicated functions of 6 and o?, and we must resort to numerical means for 
their solutions. As we have pointed out earlier, this difficulty is often encoun- 
tered when using the method of maximum likelihood. Indeed, Example 9.13 
shows that the method of moments offers considerable computational advan- 
tage in this case. 

The variances of the maximum likelihood estimators for 0 and o* can be 
obtained, in principle, from Equations (9.119) and (9.120). We can also show 
that their variances can be larger than those associated with the moment 
estimators obtained in Example 9.13 for moderate sample sizes (see Benedict 
and Soong, 1967). This observation serves to remind us again that, although 
maximum likelihood estimators possess optimal asymptotic properties, they 
may perform poorly when the sample size is small. 


9.3.2 INTERVAL ESTIMATION 


We now examine another approach to the problem of parameter estimation. As 
stated in the introductory text of Section 9.3, the interval estimation provides, 
on the basis of a sample from a population, not only information on the 
parameter values to be estimated, but also an indication of the level of con- 
fidence that can be placed on possible numerical values of the parameters. 
Before developing the theory of interval estimation, an example will be used 
to demonstrate that a method that appears to be almost intuitively obvious 
could lead to conceptual difficulties. 

Suppose that five sample values —3, 2, 1.5, 0.5, and 2.1 — are observed from a 
normal distribution having an unknown mean m and a known variance o? = 9. 
From Example 9.15, we see that the MLE of m is the sample mean X and thus 

m= 


sGH2415405 $2.1) = 182. (9.122) 
Our additional task is to determine the upper and lower limits of an interval 
such that, with a specified level of confidence, the true mean m will lie in this 
interval. 

The maximum likelihood estimator for m is X, which, being a sum of 
normal random variables, is normal with mean m and variance o7/n = 9/5. 
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The standardized random variable U, defined by 


V5(X — m) 


U= a (9.123) 
is then N(0, 1) and it has pdf 
1 2 
fu(u) = ami? el? 99 <u<oo. (9.124) 
T 


Suppose we specify that the probability of U being in interval (—u, u,) is equal 
to 0.95. From Table A.3 we find that u,; = 1.96 and 


1.96 


P(-1.96 < U < 1.96) = fu(u)du = 0.95, (9.125) 
—1.96 


or, on substituting Equation (9.123) into Equation (9.125), 
P(X — 2.63 <m< X +2.63) = 0.95, (9.126) 
and, using Equation (9.122), the observed interval is 


P(—0.81 <m < 4.45) = 0.95. (9.127) 


Equation (9.127) gives the desired result but it must be interpreted carefully. 
The mean m, although unknown, is nevertheless deterministic; and it either lies 
in an interval or it does not. However, we see from Equation (9.126) that the 
interval is a function of statistic X. Hence, the proper way to interpret Equa- 
tions (9.126) and (9.127) is that the probability of the random interval 
(X — 2.63, X + 2.63) covering the distribution’s true mean m is 0.95, and Equa- 
tion (9.127) gives the observed interval based upon the given sample values. 

Let us place the concept illustrated by the example above in a more general 
and precise setting, through Definition 9.2. 


Definition 9.2. Suppose that a sample X;,X>,...,X, is drawn from a popula- 
tion having pdf f(x; 0), @ being the parameter to be estimated. Further suppose 
that L)(X1,...,X,) and Lo(X,...,X,) are two statistics such that L; < L»2 with 
probability 1. The interval (Z,, £2) is called a [100(1 — a)]% confidence interval 
for 6 if L; and L> can be selected such that 


P(L, <0<L))=1-a. (9.128) 


Limits L; and L2 are called, respectively, the lower and upper confidence limits 
for 6, and 1—a is called the confidence coefficient. The value of 1—a is 
generally taken as 0.90, 0.95, 0.99, and 0.999. 
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We now make several remarks concerning the foregoing definition. 


¢ Remark |: as we see from Equation (9.126), confidence limits are functions of 
a given sample. The confidence interval thus will generally vary in position 
and width from sample to sample. 

¢ Remark 2: for a given sample, confidence limits are not unique. In other 
words, many pairs of statistics L; and L> exist that satisfy Equation (9.128). 
For example, in addition to the pair (—1.96, 1.96), there are many other pairs 
of values (not symmetric about zero) that could give the probability 0.95 in 
Equation (9.125). However, it is easy to see that this particular pair gives the 
minimum-width interval. 

¢ Remark 3: in view of the above, it is thus desirable to define a set of quality 
criteria for interval estimators so that the ‘best’ interval can be obtained. 
Intuitively, the ‘best’ interval is the shortest interval. Moreover, since interval 
width L = L,—Ly, is a random variable, we may like to choose ‘minimum 
expected interval width’ as a good criterion. Unfortunately, there may not 
exist statistics L; and L> that give rise to an expected interval width that is 
minimum for all values of 6. 

e Remark 4: just as in point estimation, sufficient statistics also play an 
important role in interval estimation, as Theorem 9.5 demonstrates. 


Theorem 9.5: let L; and L> be two statistics based on a sample X),...,Xp 
from a population X with pdf f(x;0) such that P(L; <0 < L2)=1-a. Let 
Y=h(X,...,X,) be a sufficient statistic. Then there exist two functions R, 


and R» of Y such that P(R; <@< R))=1-—-—a and such that two interval 
widths L = Ly —L , and R= R> — R, have the same distribution. 


This theorem shows that, if a minimum interval width exists, it can be 
obtained by using functions of sufficient statistics as confidence limits. 


The construction of confidence intervals for some important cases will be carried 
out in the following sections. The method consists essentially of finding an appro- 
priate random variable for which values can be calculated on the basis of observed 
sample values and the parameter value but for which the distribution does not 
depend on the parameter. More general methods for obtaining confidence inter- 
vals are discussed in Mood (1950, chapter 11) and Wilks (1962, chapter 12). 


9.3.2.1 Confidence Interval for m in N(m,o”) with Known o” 


The confidence interval given by Equation (9.126) is designed to estimate the 
mean of a normal population with known variance. In general terms, the 
procedure shows that we first determine a (symmetric) interval in U to achieve 
a confidence coefficient of 1 — a. Writing uaz for the value of U above which 
the area under fy(u) is a/2, that is, P(U > uaz) = a/2 (see Figure 9.6), we have 
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—“Uqj2 0 Uqie2 


Figure 9.6 [100(1 — a)]% confidence limits for U 


P(—ugj, < U < Ugj2) =1—a. (9.129) 


Hence, using the transformation given by Equation (9.123), we have the general 
result 


FS <m< X41) — 1a, (9.130) 
n 


This result can also be used to estimate means of nonnormal populations with 
known variances if the sample size is large enough to justify use of the central 
limit theorem. 

It is noteworthy that, in this case, the position of the interval is a function of 
X and therefore is a function of the sample. The width of the interval, in 
contrast, is a function only of sample size n, being inversely proportional to n". 

The [1001 — a)] % confidence interval for m given in Equation (9.130) also 
provides an estimate of the accuracy of our point estimator X for m. As we see 
from Figure 9.7, the true mean m lies within the indicated interval with 
[100(1 — a)] % confidence. Since X is at the center of the interval, the distance 


oe 
o 


X— Uy jo a X + Uy jo— 
a/2 “42 x i 0/2 112 


Figure 9.7 Error in point estimator X for m 
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between X and m can be at most equal to one-half of the interval width. We 
thus have the result given in Theorem 9.6. 


Theorem 9.6: let X be an estimator for m. Then, with [100(1 — a)]% con- 
fidence, the error of using this estimator for m is less than 


Ua/27 
n2 


Example 9.18. Problem: let population X be normally distributed with 
known variance o?. If X is used as an estimator for mean m, determine the 
sample size n needed so that the estimation error will be less than a specified 
amount € with [100(1 — a)] % confidence. 

Answer: using the theorem given above, the minimum sample size n must 
satisfy 

oe Ug /27 
Te Syl/ae* 


Hence, the solution for n is 


= (“ety (9.131) 


9.3.2.2 Confidence Interval for m in N(m,o”) with Unknown o7 


The difference between this problem and the preceding one is that, since a is not 
known, we can no longer use 


u = orm) 


as the random variable for confidence limit calculations regarding mean m. Let 
us then use sample variance S? as an unbiased estimator for 0” and consider the 
random variable 


Y = (¥-m) ee (9.132) 


The random variable Y is now a function of random variables X and S. In 
order to determine its distribution, we first state Theorem 9.7. 


Theorem 9.7: Student’s t-distribution. Consider a random variable T defined by 


T= (4) (9.133) 


n 
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If U is N(O, 1), V is x?-distributed with n degrees of freedom, and U and V are 
independent, then the pdf of T has the form 


n a\ —(n+1)/2 
Fel) = ee (145) , 00 <1 <0. (9.134) 


This distribution is known as Student’s t-distribution with n degrees of freedom; 
it is named after W.S. Gosset, who used the pseudonym ‘Student’ in his 
research publications. 


Proof of Theorem 9.7: the proof is straightforward following methods given 
in Chapter 5. Sine U and V are independent, their jpdf is 


1 2 1 
—u? /2 (n/2)—1 ,—v/2 ; fe _ < < F 50 
fov(uy) = eu eecey e'), for —c0 <u < oo, and v > 0, 
0, elsewhere. 
(9.135) 


Consider the transformation from U and V to T and V. The method discussed 
in Section 5.3 leads to 


frv(t,v) =fov lg '(t,»), 93 ' (6 III, (9.136) 
where 
= yy 1/2 > 
8] mee v) = (") » 8 1G v)=y, (9.137) 
and the Jacobian is 
027! oe; | f 
—_ 1/2 py 1/2] 7 
a | Ze z vy 1/2 
: Sal (ile raf efan()"") =(-).. (9.138) 
0g5 0g5 0 1 n 
Ot Ov 


The substitution of Equations (9.135), (9.137), and (9.138) into Equation 
(9.136) gives the jpdf fry (t, v) of T and V. The pdf of T as given by Equation 
(9.134) is obtained by integrating fry (tf, v) with respect to v. 


It is seen from Equation (9.134) that the t-distribution is symmetrical about 
the origin. As n increases, it approaches that of a standardized normal random 
variable. 
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Returning to random variable Y defined by Equation (9.132), let 


— oy l 
U=(X—m) (=) 
and 
_ 2 
pis (n ue 
o 
Then 
-1/2 
Y= u() ; (9.139) 


where U is clearly distributed according to N(0, 1). We also see from Section 
9.1.2 that (n — 1)S?/o* has the chi-squared distribution with (n — 1) degrees of 
freedom. Furthermore, although we will not verify it here, it can be shown that 
X and S? are independent. In accordance with Theorem 9.7, random variable Y 
thus has a ¢-distribution with (m — 1) degrees of freedom. 

The random variable Y can now be used to establish confidence intervals for 
mean m. We note that the value of Y depends on the unknown mean m, but its 
distribution does not. 

The f-distribution is tabulated in Table A.4 in Appendix A. Let ty, ajo be the 
value such that 


a 
P(T > Lin gaj) a oe 


with n representing the number of degrees of freedom (see Figure 9.8). We have 
the result 


Pt tap oY apy 1 =o (9.140) 


Upon substituting Equation (9.132) into Equation (9.140), a [100(1 — a)]% 
confidence interval for mean m is thus given by 


~~ ‘'n-la S =, fn-l,a S 
Pia oye oe) Sie (9.141) 
n n'/2 


Since both X and S are functions of the sample, both the position and the width 
of the confidence interval given above will vary from sample to sample. 


TLFeBOOK 


Parameter Estimation 301 


fr(t) 


\ 


4) 
124 
oe 


—th, a/2 th, a/2 


Figure 9.8 [100(1 — a)]% confidence limits for T with n degrees of freedom 


Example 9.19. Problem: let us assume that the annual snowfall in the Buffalo 
area is normally distributed. Using the snowfall record from 1970-79 as given 
in Problem 8.2(g) (Table 8.6, page 257), determine a 95% confidence interval 
for mean m. 

Answer: for this example, a = 0.05, n = 10, the observed sample mean is 


1 
¥ = 7p (120.5 + 97.0 +++ +97.3) = 112.4, 


and the observed sample variance is 


= 5 {(120.5 = 112.4) + (97.0 — 112.4)? 4-+2¢ (97.3 = 112.4)" 


= 1414.3. 


Using Table A.4, we find that to 9.925 = 2.262. Substituting all the values given 
above into Equation (9.141) gives 


P(85.5 < m < 139.3) = 0.95. 
It is clear that this interval would be different if we had incorporated more 


observations into our calculations or if we had chosen a different set of yearly 
snowfall data. 
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9.3.2.3. Confidence Interval for o? in N(m,o7) 


An unbiased point estimator for population variance o? is S*. For the con- 
struction of confidence intervals for 07, let us use the random variable 


(n— 1)S? 


o : 


D= (9.142) 


which has been shown in Section 9.1.2 to have a chi-squared distribution with 
(n—1) degrees of freedom. Letting en o/2 be the value such that 
P(D> xz a2) = a/2 with n degrees of freedom, we can write (see Figure 9.9) 


P(XR-11-(a/2) < D < X%G-1,0/2) = 1-0, (9.143) 


which gives, upon substituting Equation (9.142) for D, 


_ 2 _ 4) e2 
pi@iDS) MAUS | _ 


: : | me (9.144) 
Xn-1, 0/2 Xn—1,1—-(a/2) 


Let us note that the [100(1 — a)]% confidence interval for o* as defined by 
Equation (9.144) is not the minimum-width interval on the basis of a given 
sample. As we see in Figure 9.9, a shift to the left, leaving area a/2 — € to the left 
and area a/2 + ¢€ to the right under the fp(d) curve, where « is an appropriate 
amount, will result in a smaller confidence interval. This is because the width 
needed at the left to give an increase of ¢ in the area is less than the correspond- 
ing width eliminated at the right. The minimum interval width for a given 


fp (Q) 
A 


2 2 
Xn,1—(a/2) Xnal 2 


Figure 9.9 [100(1 — a)]% confidence limits for D with n degrees of freedom 
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Figure 9.10 One-sided [100(1 — a)]% confidence limit for D with n degrees of freedom 


number of degrees of freedom can be determined by interpolation from tabu- 
lated values of the PDF of the chi-squared distribution. 

Table A.5 in Appendix A gives selected values of een for various values of n 
and a. For convenience, Equation (9.144) is commonly used for constructing 
two-sided confidence intervals for o* of a normal population. If a one-sided 
confidence interval is desired, it is then given by (see Figure 9.10) 


2 
Xn-1,a 


ole ws bs tae: (9.145) 


Example 9.20. Consider Example 9.19 again; let us determine both two-sided 
and one-sided 95% confidence intervals for o”. 
As seen from Example 9.19, the observed sample variance s?, is 


x? = 14143. 


The values of X$. 0.9759 X5, 0.025» and X$.0.05 are obtained from Table A.5 to be as 
follows: 


Maga =— 2700, Xi pgs = 19023, axe ggg = 16.919. 
Equations (9.144) and (9.145) thus lead to, with n = 10 and a = 0.05, 


P(669.12 < o* < 4714.33) = 0.95, 
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P(a” > 752.3) = 0.95. 


9.3.2.4 Confidence Interval for a Proportion 


Consider now the construction of confidence intervals for p in the binomial 
distribution 


In the above, parameter p represents the proportion in a binomial experiment. 
Given a sample of size n from population X, we see from Example 9.10 that an 
unbiased and efficient estimator for p is X. For large n, random variable X is 
approximately normal with mean p and variance p(1 — p)/n. 

Defining 


/ 
va p)PO— 2 o (9.146) 


random variable U tends to N(0, 1) as n becomes large. In terms of U, we have 
the same situation as in Section 9.3.2.1 and Equation (9.129) gives 


P(—ugj2 < U < ugj2) = 1—a. (9.147) 


The substitution of Equation (9.146) into Equation (9.147) gives 


i -: < (X —p) a ne 


a tr =l-a. (9.148) 


In order to determine confidence limits for p, we need to solve for p satisfying 
the equation 


< Uq/2, 


aa 


or, equivalently 


= uw p(1 — 
py < 0/2P( py 


~ (9.149) 
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Ly i's 1 
Figure 9.11 Parabola defined by Equation (9.150) 


Upon transposing the right-hand side, we have 


us 19 _ ue / = 
om oa —p|2X¥+—~]4+¥ <0. (9.150) 


n 


In Equation (9.150), the left-hand side defines a parabola, as shown in Figure 
9.11, and two roots L, and Lz of Equation (9.150) with the equal sign define the 
interval within which the parabola is negative. Hence, solving the quadratic 


equation defined by Equation (9.150), we have 
1/2 > \-l 
us 
(: tae) .| (9.151) 
n 


L ¥y ue / _ (Ua/2 Y1_-¥ ue / 
a a 2n ie ( )+ 4n 
¥- 3) ae 


For large n, they can be approximated by 
n 


(9.152) 


12 => xX + Uq/2 | 


An approximate [100(1 — a)]% confidence interval for p is thus given by, for 
large n, 


o(¥- a2 aC) ve p<X+uap a *) =1l—a| (9.153) 
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In this approximation, sample mean X is at the center of the interval for 
which the width is a function of the sample and the sample size. 


Example 9.21. Problem: in a random sample of 500 persons in the city of Los 
Angeles it was found that 372 did not approve of US energy policy. Determine 
a 95% confidence interval for p, the actual proportion of the Los Angeles 
population registering disapproval. 

Answer: in this example, n = 500, a = 0.05, and the observed sample mean is 
x = 372/500 = 0.74. Table A.3 gives uo.o25 = 1.96. Substituting these values 
into Equation (9.153) then yields 


P(0.74 — 0.04 < p < 0.74 + 0.04) = P(0.70 < p < 0.78) = 0.95. 


REFERENCES 


Anderson, R.L., and Bancroft, T.A., 1952, Statistical Theory in Research, McGraw-Hill, 
New York. 

Benedict, T.R., and Soong, T.T., 1967, “The Joint Estimation of Signal and Noise from 
the Sum Envelope”, JEEE Trans. Information Theory, YT-13 447-454. 

Fisher, R.A., 1922, “On the Mathematical Foundation of Theoretical Statistics”, Phil. 
Trans. Roy. Soc. London, Ser. A 222 309-368. 

Gerlough, D.L., 1955, “The Use of Poisson Distribution in Traffic”, in Poisson and 
Traffic, The Eno Foundation for Highway Traffic Control, Saugatuk, CT. 

Mood, A.M., 1950, Introduction to the Theory of Statistics, McGraw-Hill, New York. 

Neyman, J., 1935, “Su un Teorema Concernente le Cosiddeti Statistiche Sufficienti”, 
Giorn. Inst. Ital. Atturi. 6 320-334. 

Pearson, K., 1894, “Contributions to the Mathematical Theory of Evolution”, Phil. 
Trans. Roy. Soc. London, Ser. A 185 71-78. 

Soong, T.T., 1969, “An Extension of the Moment Method in Statistical Estimation”, 
SIAM J. Appl. Math. 17 560-568. 

Wilks, S.S., 1962, Mathematical Statistics, John Wiley & Sons Inc., New York. 


FURTHER READING AND COMMENTS 


The Cramer—Rao inequality is named after two well-known statisticians, H. Cramer and 
C.R. Rao, who independently established this result in the following references. How- 
ever, this inequality was first stated by Fisher in 1922 (see the Reference section). In fact, 
much of the foundation of parameter estimation and statistical inference in general, such 
as concepts of consistency, efficiency, and sufficiency, was laid down by Fisher in a series 
of publications, given below. 


Cramer, H., 1946, Mathematical Methods of Statistics, Princeton University Press, 
Princeton, NJ. 

Fisher, R.A., 1924, “On a Distribution Yielding the Error Functions of Several Well- 
known Statistics”, Proc. Int. Math. Congress, Vol. II, Toronto, 805-813. 


TLFeBOOK 


Parameter Estimation 307 


Fisher, R.A., 1925, Statistical Methods for Research Workers, 14th edn, Hafner, New 
York, (Ist edn, 1925). 

Fisher, R.A., 1925, “Theory of Statistical Estimation”, Proc. Camb. Phil. Soc. 22 700- 
725. 

Rao, C.R., 1945, “Information and Accuracy Attainable in the Estimation of Statistical 
Parameters”, Bull. Calcutta Math. Soc. 37 81-91. 


PROBLEMS 


The following notations and abbreviations are used in some statements of the problems: 


X = sample mean 

x = observed sample mean 

S? = sample variance 

s* = observed sample variance 

CRLB = Cramer-Rao lower bound 

ME = moment estimator, or moment estimate 

MLE = maximum likelihood estimator, or maximum likelihood estimate 
pdf = probability density function 

pmf = probability mass function 


9.1 In order to make enrollment projections, a survey is made of numbers of children in 
100 families in a school district; the result is given in Table 9.2. Determine x, the 
observed sample mean, and s?, the observed sample variance, on the basis of these 
100 sample values. 


Table 9.2. Data for Problem 9.1 


Children (No.) Families (No.) 


NYAWNKRWNFK SO 
A 


n= 100 


9.2 Verify that the variance of sample variance S* as defined by Equation (9.7) is given 
by Equation (9.10). 


9.3 Verify that the mean and variance of kth sample moment M, as defined by Equation 
(9.14) are given by Equations (9.15). 


9.4 Let X;,X2,...,X19 be a sample of size 10 from the standardized normal distribution 
N(O, 1). Determine probability P(X < 1). 


9.5 Let X1,X2,...,X19 be a sample of size 10 from a uniformly distributed random 
variable in interval (0, 1). 
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(a) Determine the pdfs of X(1) and X 10). 
(b) Find the probabilities PLX(1) > 0.5] and P[X(10) < 0.5]. 
(c) Determine E{X ay} and E{X oy}. 


9.6 A sample of size n is taken from a population X with pdf 


e*, forx>0; 
0, elsewhere. 


fx(x) = { 


Determine the probability density function of statistic X. (Hint: use the method of 
characteristic functions discussed in Chapter 4.) 


9.7 Two samples X; and X» are taken from an exponential random variable X with 
unknown parameter 9; that is, 


1 
fir(xs0) =7e!, x20. 


We propose two estimators for @ in the forms 


In terms of unbiasedness and minimum variance, which one is the better of the two? 


9.8 Let X; and X2 bea sample of size 2 from a population X with mean m and variance 


o. 


(a) Two estimators for m are proposed to be 


x ~— X4+-”X 

Fe ee gertees ie 
2 

“ X, + 2X. 

My =. 


Which is the better estimator? 
(b) Consider an estimator for m in the form 


M=aX,+(l—a)Xx, 0<a<l. 


Determine value a that gives the best estimator in this form. 


9.9 It is known that a certain proportion, say p, of manufactured parts is defective. 
From a supply of parts, n are chosen at random and are tested. Define the readings 
(sample X|,X2,...,X;) to be | if good and 0 if defective. Then, a good estimator for 
Dp, P, is 
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(a) Is P unbiased? 
(b) Is P consistent? 
(c) Show that P is an MLE of p. 


9.10 Let X be a random variable with mean m and variance a, and let X,,X>,...,X, be 
independent samples of X. Suppose an estimator for o”, A? is found from the formula 


Baa jy (2 — Xa)? + (Wa — 2)" + (n= Xn. 


Is A? an unbiased estimator? Verify your answer. 


9.11 The geometrical mean (X,X---X,,)!!" is proposed as an estimator for the unknown 
median of a lognormally distributed random variable X. Is it unbiased? Is it 
unbiased as n — oo? 


9.12 Let X;, X2,X3 bea sample of size three from a uniform distribution for which the pdf is 


1 
fx(x30) = ¢ 6? 
0, elsewhere. 


for0<x<9@; 


Suppose that aX; and bX (3) are proposed as two possible estimators for 6. 
(a) Determine a and b such that these estimators are unbiased. 
(b) Which one is the better of the two? In the above, Xj) is the jth-order statistic. 


9.13 Let X,,...,X, be a sample from a population whose kth moment a, = E{X*} 
exists. Show that the kth sample moment 


1d k 
M,=-\S x! 
k ny J 


is a consistent estimator for ax. 


9.14 Let @ be the parameter to be estimated in each of the distributions given below. For 
each case, determine the CRLB for the variance of any unbiased estimator for 0. 


(a) f(x:0) = ae > 0. 

(b) f(x: 6) = 0x°,0<x<1,0>0. 
(c) p(x; 6) = 6(1 — 6)!*, x = 0,1. 
(d) (x36) = 7S = 0,142). : 


9.15 Determine the CRLB for the variances of M and 22, which are, respectively, 
unbiased estimators for m and o? in the normal distribution N(m, 0”). 


9.16 The method of moments is based on equating the kth sample moment M;, to the 
kth population moment a,; that is 


My = a. 


(a) Verify Equations (9.15). 
(b) Show that M, is a consistent estimator for ax. 
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9.17 


9.18 


9.19 


9.20 
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Using the maximum likelihood method and the moment method, determine the 
respective estimators O of @ and compare their asymptotic variances for the 
following two cases: 

(a) Case 1: 


| = 52 
If (x39) = 0 75 a mu | , where m is a known constant. 
T 


(b) Case 2: 


|, 
exp] 790 1 for x > 0; 
0, elsewhere. 


Consider each distribution in Problem 9.14. 

(a) Determine an ME for 0 on the basis of a sample of size n by using the first- 
order moment equation. Determine its asymptotic efficiency (i.e. its efficiency 
as nm — oo). (Hint: use the second of Equations (9.62) for the asymptotic 
variance of ME.) 

(b) Determine the MLE for 0. 


The number of transistor failures in an electronic computer may be considered as a 

random variable. 

(a) Let X be the number of transistor failures per hour. What is an appropriate 
distribution for X? Explain your answer. 

(b) The numbers of transistor failures per hour for 96 hours are recorded in Table 
9.3. Estimate the parameter(s) of the distribution for X based on these data by 
using the method of maximum likelihood. 


Table 9.3. Data for Problem 9.19 


Hourly failures (No.) Hours (No.) 


0 59 
1 Dif 
2 9 
3 1 
>3 oO 

Total = 96 


(c) A certain computation requires 20 hours of computing time. Use this model 
and find the probability that this computation can be completed without a 
computer breakdown (a breakdown occurs when two or more transistors fail). 


Electronic components are tested for reliability. Let p be the probability of an 
electronic component being successful and 1 — p be the probability of component 
failure. If X is the number of trials at which the first failure occurs, then it has the 
geometric distribution 


px(ksp) =(1—p)p*", k=1,2,.... 
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Suppose that a sample X,,...,X,, is taken from population X, each X; consisting of 

testing X; components when the first failure occurs. 

(a) Determine the MLE of p. 

(b) Determine the MLE of P(X > 9), the probability that the component will not 
fail in nine trials. Note: 


9.21 The pdf of a population X is given by 


2x 

ae ee 
fxls0) = 2 for0<x<9@; 
0, elsewhere. 


Based on a sample of size n: 
(a) Determine the MLE and ME for 06. 
(b) Which one of the two is the better estimator? 


9.22 Assume that X has a shifted exponential distribution, with 
fy(xja) =e, x>a. 


On the basis of a sample of size n from X, determine the MLE and ME for a. 


9.23 Let X,,X2,...,X, be a sample of size n from a uniform distribution 


1 1 

eos Re < = 

fa)= for@—FSxSO+5; 
0, elsewhere. 


Show that every statistic h(X,,...,X,) satisfying 
1 1 
Xn) a) < A(X,. : .,Xn) < X) +5 


is an MLE for 0, where Xj is the jth-order statistic. Determine an MLE for 6 when 
the observed sample values are (1.5, 1.4, 2.1, 2.0, 1.9, 2.0, 2.3), with n = 7. 


9.24 Using the 214 measurements given in Example 9.11 (see Table 9.1), determine the 
MLE for X in the exponential distribution given by Equation (9.70). 


9.25 Let us assume that random variable X in Problem 8.2(j) is Poisson distributed. 
Using the 58 sample values given (see Figure 8.6), determine the MLE and ME for 
the mean number of blemishes. 


9.26 The time-to-failure T of a certain device has a shifted exponential distribution; 
that is, 


Ae!) for t > to; 
0, elsewhere. 


Ir(t;to,A) = { 
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Let T),T2,...,T, bea sample from T. | 7 

(a) Determine the MLE and ME for \ (Amr and Ame, respectively) assuming fo is 
known. 

(b) Determine the MLE and ME for fo (Tomy and Tome, respectively) assuming A 
is known. 

(c) Determine the MLEs and MEs for both X and fp assuming both are unknown. 


9.27 If X1,X2,...,X, is a sample from the gamma distribution; that is, 


ryr—l 
ae e*, x>0, r,A>0, 
T(r) 


fxr, A) = 


show that: 

(a) If ris known and 4 is the parameter to be estimated, both the MLE and ME 
for \are A=1/X. 

(b) If both r and X are to be estimated, then the method of moments and the 
method of maximum likelihood lead to different estimators for r and X. (It is 
not necessary to determine these estimators.) 


9.28 Consider the Buffalo yearly snowfall data, given in Problem 8.2(g) (see Table 8.6) 
and assume that a normal distribution is appropriate. 
(a) Find estimates for the parameters by means of the moment method and the 
method of maximum likelihood. 
(b) Estimate from the model the probability of having another blizzard of 1977 
[P(X > 199.4)]. 


9.29 Recorded annual flow Y (in cfs) of a river at a given point are 141, 146, 166, 209, 228, 
234, 260, 278, 319, 351, 383, 500, 522, 589, 696, 833, 888, 1173, 1200, 1258, 1340, 
1390, 1420, 1423, 1443, 1561, 1650, 1810, 2004, 2013, 2016, 2080, 2090, 2143, 2185, 
2316, 2582, 3050, 3186, 3222, 3660, 3799, 3824, 4099, and 6634. Assuming that Y 
follows a lognormal distribution, determine the MLEs of the distribution parameters. 


9.30 Let X; and Xz bea sample of size 2 from a uniform distribution with pdf 


1 


f(x) = 8 for0<x <9; 
0, 


elsewhere. 


Determine constant c so that the interval 


0<0<c(X% +X) 


is a [100(1 — a)]% confidence interval for 6. 


9.31 The fuel consumption of a certain type of vehicle is approximately normal, with 
standard deviation 3 miles per gallon. If a sample of 64 vehicles has an average fuel 
consumption of 16 miles per gallon: 

(a) Determine a 95% confidence interval for the mean fuel consumption of all 
vehicles of this type. 

(b) With 95% confidence, what is the possible error if the mean fuel consumption 
is taken to be 16 miles per gallon? 

(c) How large a sample is needed if we wish to be 95% confident that the mean will 
be within 0.5 miles per gallon of the true mean? 
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9.32 A total of 93 yearly Buffalo snowfall measurements are given in Problem 8.2(g) 
(see Table 8.6, page 255). Assume that it is approximately normal with standard 
deviation o = 26 inches. Determine 95% confidence intervals for the mean using 
measurements of (a) 1909 to 1939, (b) 1909 to 1959, (c) 1909 to 1979, and (d) 1909 
to 1999. Display these intervals graphically. 


9.33 Let X; and X» be independent sample means from two normal populations 
N(m, 07) and N(m2, 03), respectively. If ot and oF are known, show that a 
{100(1 — a)]% confidence interval for m,; — mz is 


2 


= a3, 7 2 1/2 -" = pe o 1/2 
P\(X1 — X2) wa (2 | 2) < my —m < (X, — X2)4 toa 14 2) =p, 
1 


ny 


where 7, and nz are, respectively, the sample sizes from N(m1, 5) and N(my, 05), 
and ug is the value of standardized normal random variable U such that 
PU > Ug/2) = a/2. 


9.34 Let us assume that random variable X in Problem 8.2(e) has a Poisson distribution 
with pmf 


Me” 


=e eee 


Use the sample values of X given in Problem 8.2(e) (see Table 8.5, page 255) 

and: 

(a) Determine MLE X for 2. 

(b) Determine a 95% confidence interval for \ using asymptotic properties of 
MLE J. 


9.35 Assume that the lifespan of US males is normally distributed with unknown 
mean m and unknown variance o*. A sample of 30 mortality histories of US males 
shows that 


1 32 
x= 39 2 = 71.3 years, 


30 
r= 55 a: X)° = 128 (years)’. 


Determine the observed values of 95% confidence intervals for m and o?. 


9.36 The life of light bulbs manufactured in a certain plant can be assumed to be 
normally distributed. A sample of 15 light bulbs gives the observed sample mean 
x = 1100 hours and the observed sample standard deviation s = 50 hours. 
(a) Determine a 95% confidence interval for the average life. 
(b) Determine two-sided and one-sided 95% confidence intervals for its 
variance. 


9.37 A total of 12 of 100 manufactured items examined are found to be defective. 
(a) Find a 99% confidence interval for the proportion of defective items in the 
manufacturing process. 
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(b) With 99% confidence, what is the possible error if the proportion is estimated 
to be 12/100 = 0.12? 


9.38 In a public opinion poll such as the one described in Example 9.21, determine the 
minimum sample size needed for the poll so that with 95% confidence the sample 
means will be within 0.05 of the true proportion. [Hint: use the fact that 
X(1—X) < 1/4 in Equation (9.153).] 
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Model Verification 


The parameter estimation procedures developed in Chapter 9 presume a dis- 
tribution for the population. The validity of the model-building process based 
on this approach thus hinges on the substantiability of the hypothesized dis- 
tribution. Indeed, if the hypothesized distribution is off the mark, the resulting 
probabilistic model with parameters estimated by any, however elegant, proced- 
ure would, at best, still give a poor representation of the underlying physical or 
natural phenomenon. 

In this chapter, we wish to develop methods of testing or verifying a hypothe- 
sized distribution for a population on the basis of a sample taken from the 
population. Some aspects of this problem were addressed in Chapter 8, in 
which, by means of histograms and frequency diagrams, a graphical compar- 
ison between the hypothesized distribution and observed data was made. In the 
chemical yield example, for instance, a comparison between the shape of a 
normal distribution and the frequency diagram constructed from the data, as 
shown in Figure 8.1, suggested that the normal model is reasonable in that case. 

However, the graphical procedure described above is clearly subjective and 
nonquantitative. On a more objective and quantitative basis, the problem of 
model verification on the basis of sample information falls within the frame- 
work of testing of hypotheses. Some basic concepts in this area of statistical 
inference are now introduced. 


10.1 PRELIMINARIES 


In our development, statistical hypotheses concern functional forms of the 
assumed distributions; these distributions may be specified completely with 
prespecified values for their parameters or they may be specified with para- 
meters yet to be estimated from the sample. 

Let X;,X2,...,X, be an independent sample of size n from a population X 
with a hypothesized probability density function (pdf) f(x;@) or probability 
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mass function (pmf) p(x;0), where @ may be specified or unspecified. We denote 
by hypothesis H the hypothesis that the sample represents n values of a random 
variable with pdf f(x;@) or p(x;@). This hypothesis is called a simple hypothesis 
when the underlying distribution is completely specified; that is, the parameter 
values are specified together with the functional form of the pdf or the pmf; 
otherwise, it is a composite hypothesis. To construct a criterion for hypotheses 
testing, it is necessary that an alternative hypothesis be established against 
which hypothesis H can be tested. An example of an alternative hypothesis is 
simply another hypothesized distribution, or, as another example, hypothesis 
H can be tested against the alternative hypothesis that hypothesis H is not true. 
In our applications, the latter choice is considered more practical and we shall 
in general deal with the task of either accepting or rejecting hypothesis H on 
the basis of a sample from the population. 


10.1.1 TYPE-I AND TYPE-II ERRORS 


As in parameter estimation, errors or risks are inherent in deciding whether a 
hypothesis H should be accepted or rejected on the basis of sample information. 
Tests for hypotheses testing are therefore generally compared in terms of the 
probabilities of errors that might be committed. There are basically two types 
of errors that are likely to be made — namely, reject H when in fact H is true or, 
alternatively, accept H when in fact H is false. We formalize the above with 
Definition 10.1. 


Definition 10.1. in testing hypothesis H, a Type-I error is committed when H 
is rejected when in fact H is true; a Type-II error is committed when H is 
accepted when in fact H is false. 


In hypotheses testing, an important consideration in constructing statistical 
tests is thus to control, insofar as possible, the probabilities of making these 
errors. Let us note that, for a given test, an evaluation of Type-I errors can be 
made when hypothesis H is given, that is, when a hypothesized distribution is 
specified. In contrast, the specification of an alternative hypothesis dictates 
Type-II error probabilities. In our problem, the alternative hypothesis is simply 
that hypothesis H is not true. The fact that the class of alternatives is so large 
makes it difficult to use Type-II errors as a criterion. In what follows, methods 
of hypotheses testing are discussed based on Type-I errors only. 


10.2 CHI-SQUARED GOODNESS-OF-FIT TEST 


As mentioned above, the problem to be addressed is one of testing hypothesis H 
that specifies the probability distribution for a population X compared with the 


TLFeBOOK 


Model Verification 317 


alternative that the probability distribution of X is not of the stated type on the 
basis of a sample of size n from population X. One of the most popular and most 
versatile tests devised for this purpose is the chi-squared (\~*) goodness-of-fit 
test introduced by Pearson (1900). 


10.2.1 THE CASE OF KNOWN PARAMETERS 


Let us first assume that the hypothesized distribution is completely specified 
with no unknown parameters. In order to test hypothesis H, some statistic 
h(X,,X2,...,Xpn) of the sample is required that gives a measure of deviation of 
the observed distribution as constructed from the sample from the hypothe- 
sized distribution. 

In the x? test, the statistic used is related to, roughly speaking, the difference 
between the frequency diagram constructed from the sample and a correspond- 
ing diagram constructed from the hypothesized distribution. Let the range 
space of X be divided into k mutually exclusive intervals A,,A2,..., and Ax, 
and let N; be the number of X; falling into A;,i = 1,2,...,k. Then, the observed 
probabilities P(A;) are given by 


N; 
observed P(A) =—, bE 12. yk: (10.1) 


The theoretical probabilities P(A;) can be obtained from the hypothesized 
population distribution. Let us denote these by 


theoretical P(A;) = pi, 1=1,2,...,k. (10.2) 
A logical choice of a statistic giving a measure of deviation is 
k 2 
Ni 
A pe) 10.3 
ya(F-a) (10.3) 
which is a natural least-square type deviation measure. Pearson (1900) showed 


that, if we take coefficient c; = n/p;, the statistic defined by Expression (10.3) 
has particularly simple properties. Hence, we choose as our deviation measure 


(10.4) 
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Let us note that D is a statistic since it is a function of N;, which are, in turn, 
functions of sample X,,...,X,. The distribution of statistic D is given in 
Theorem 10.1, attributable to Pearson (1900). 


Theorem 10.1: assuming that hypothesis H is true, the distribution of D 
defined by Equation (10.4) approaches a chi-squared distribution with (k — 1) 
degrees of freedom as n— oo. Its pdf is given by [see Equation (7.67)] 


(k-1)/2pn(k—1 ay (k—-3)/2,.—d/2 > 0: 
fold) = [ae-mer (Est) | aed, for d > 0; Hiei) 


0, elsewhere. 


Note that this distribution is independent of the hypothesized distribution. 


Proof of Theorem 10.1: The complete proof, which can be found in Craméer 
(1946) and in other advanced texts in statistics, will not be attempted here. To 
demonstrate its plausibility, we only sketch the proof for the k = 2 case. 

For k = 2, random variable D is 


Since NV; + No =n, and p; + p2 = 1, we can write 


(M = "py, [n — M —n(1 — pi) 
np np2 


1 1 (M — mpi)” 
=(Ni-2A a + ) ot 
oe 1) mp, Np2 


D= 
(10.6) 


.. mpi (1 — pi) 


Now, recalling that N, is the number of, say, successes in n trials, with p; being 
the probability of success, it is a binomial random variable with E{N,} = np; 
and var{N,} = npi(1 — p;) if hypothesis H is true. As n increases, we have seen 
in Chapter 7 that N; approaches a normal distribution by virtue of the central 
limit theorem (Section 7.2.1). Hence, the distribution of random variable U, 
defined by 


_ Ni — mpi 
[mpi (1 —p,)|'?’ 


approaches N(0, 1) as n > oo. Since 


D=U?’, 
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following Equation (10.6), random variable D thus approaches a chi-squared 
distribution with one degree of freedom, and the proof is complete for k = 2. 
The proof for an arbitrary k proceeds in a similar fashion. 


By means of Theorem 10.1, a test of hypothesis H considered above can be 
constructed based on the assignment of a probability of Type-I error. Suppose 
that we wish to achieve a Type-I error probability of a. The x7 test suggests 
that hypothesis H is rejected whenever 


k 2 
i 
O= Dap, 7? Mite (10.7) 


and is accepted otherwise, where d is the sample value of D based on sample 
values x;,i= 1,...,n, and 4% takes the value such that (see Figure 10.1) 


P(D > Xt-1,0) =a. 


Since D has a Chi-squared distribution with (k — 1) degrees of freedom for 
large n, an approximate value for Xs can be found from Table A.5 in 
Appendix A for the x? distribution when a is specified. 

The probability a of a Type-I error is referred to as the significance level in this 
context. As seen from Figure 10.1, it represents the area under f p(d) to the right 
of ae Letting a = 0.05, for example, the criterion given by Equation (10.7) 
implies that we reject hypothesis H whenever deviation measure d as calculated 
from a given set of sample values falls within the 5% region. In other words, we 
expect to reject H about 5% of the time when in fact H is true. Which significance 
level should be adopted in a given situation will, of course, depend on the 


f(d) 


4 


Ves = 


2 
Xk-1,0 


Figure 10.1. Chi-squared distribution with (k — 1) degrees of freedom 
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particular case involved. In practice, common values for a are 0.001, 0.01, and 
0.05; a value of a between 5% and 1% is regarded as almost significant, a value 
between 1% and 0.1% as significant; and a value below 0.1% as highly significant. 

Let us now give a step-by-step procedure for carrying out the y* test when 
the distribution of a population X is completely specified. 


e Step 1: divide range space X into k mutually exclusive and numerically 
convenient intervals A;,i = 1,2,...,k. Let n; be the number of sample values 
falling into A;. As a rule, if the number of sample values in any A; is less than 
5, combine interval A; with either A;_; or Aj41. 

e Step 2: compute theoretical probabilities P(A ;) = p;,i = 1,2,...,k, by means 
of the hypothesized distribution. 

e Step 3: construct d as given by Equation (10.7). 

e Step 4: choose a value of a and determine from Table A.5 for the y? 
distribution of (k — 1) degrees of freedom the value of ae 

e Step 5: reject hypothesis H if d > N patie Otherwise, accept H. 


Example 10.1. Problem: 300 light bulbs are tested for their burning time ¢ (in 
hours), and the result is shown in Table 10.1. Suppose that random burning 
time T is postulated to be exponentially distributed with mean burning time 
1/A = 200 hours; that is, AX = 0.005, per hour, and 


frit) =0.005e 9", ¢>0. (10.8) 


Test this hypothesis by using the 7 test at the 5% significance level. 

Answer: the necessary steps in carrying out the x? test are indicated in Table 10.2. 
The first column gives intervals A;, which are chosen in this case to be the 
intervals of t given in Table 10.1. The theoretical probabilities P(A ;) = p; in the 
third column are easily calculated by using Equation (10.8). For example, 


100 
Pi = P(A\) = 0.005 e-0! dr = 1 —e = 0.39; 
0 
200 
pr = P(A) = 0.00570! dt = 1 —e! — 0.39 = 0.24. 
100 


Table 10.1. Sample values for 
Example 10.1 


Burning time, f Number 
t< 100 121 
100 <t< 200 78 
200 < t < 300 43 
300 <t 58 
n= 300 
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Table 10.2 Table for \? test for Example 10.1 


Interval, A; nj Pi ND; re? /np; 


t< 100 121) 0.39 117) 125.1 
100 <t< 200 78 = 0.24 72 84.5 
200 <t< 300 43 0.15 45 41.1 
300 <t 58 = 0.22 66 51.0 


300 =©1.00 300 301.7 


Note: n;, observed number of occurrences; pj, 
theoretical P(A;). 


For convenience, the theoretical numbers of occurrences as predicted by the 
model are given in the fourth column of Table 10.2, which, when compared 
with the value in the second column, give a measure of goodness of fit of the 
model to the data. Column 5 (n?/npi) is included in order to facilitate the 
calculation of d. Thus, from Equation (10.7) we have 


k 2 
Nn; _ = 
a Or a 


Now, k= 4. From Table A.5 for the ° distribution with three degrees of 
freedom, we find 


XG gg = 1815: 


Sinced < %, 0.05» We accept at the 5% significance level the hypothesis that the 
observed data represent a sample from an exponential distribution with 
» = 0.005. 


Example 10.2. Problem: a six-year accident record of 7842 California drivers 
is given in Table 8.2. On the basis of these sample values, test the hypothesis 
that X, the number of accidents in six years per driver, is Poisson-distributed 
with mean rate \= 0.08 per year at the 1% significance level. 

Answer: since X is discrete, a natural choice of intervals A; is those centered 
around the discrete values, as indicated in the first column of Table 10.3. Note 
that interval x > 5 would be combined with 4< x <5 if number n7 were less 
than 5. 

The hypothesized distribution for X is 


AOE" . ~ (O:48).e5"* 
pees y ak a 5) MSOF Oe. (10.9) 


TLFeBOOK 


322 Fundamentals of Probability and Statistics for Engineers 


Table 10.3. Table for y* test for Example 10.2 


Interval, A; 7; Di NDi n? (np; 
x <0 5147 0.6188 4853 5459 
O0<x<l 1859 0.2970 2329 1484 
l<x <2 595 0.0713 559 633 
2<x<3 167 0.0114 89 313 
3<x<4 54 0.0013 10 292 
4<x<5 14 0.0001 1 196 
5<x 6 0.0001 1 36 
7842 1.0 7842 8413 


Note: nj;, observed number of occurrences; p;, 
theoretical P(A;). 


We thus have 


(0.48)'! ¢-948 


P(Ai) = pi= G=pr f= 1,2,... 


6 
P(A1) = pp =1-S pi, 
i=l 
These values are indicated in the third column of Table 10.3. 
Column 5 of Table 10.3 gives 


kK 2 


Nn; on = 
tog 8413 — 7842 = 571. 


With k = 7, the value of Mie = NE ot is found from Table A.5 to be 
Ne soi — 10812. 


Since d > xe, 0.01, the hypothesis is rejected at the 1% significance level. 


10.2.2. THE CASE OF ESTIMATED PARAMETERS 


Let us now consider a more common situation in which parameters in the 
hypothesized distribution also need to be estimated from the data. 

A natural procedure for a goodness-of-fit test in this case is first to estimate 
the parameters by using one of the methods developed in Chapter 9 and then to 
follow the x? test for known parameters, already discussed in Section 7.2.1. In 
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doing so, however, a complication arises in that theoretical probabilities p; 
defined by Equation (10.2) are, being functions of the distribution parameters, 
functions of the sample. The statistic D now takes the form 


k 2 k 2 
n N; A N; 
D= 5 (F-A) = ) a hn, (10.10) 


iat NP: 


where P; is an estimator for p; and is thus a statistic. We see that D is now 
a much more complicated function of X1,X2,...,X,. The important question 
to be answered is: what is the new distribution of D? 

The problem of determining the limiting distribution of D in this situation 
was first considered by Fisher (1922, 1924), who showed that, as n — oo, the 
distribution of D needs to be modified, and the modification obviously depends 
on the method of parameter estimation used. Fortunately, for a class of 
important methods of estimation, such as the maximum likelihood method, 
the modification required is a simple one, namely, statistic D still approaches a 
chi-squared distribution as n — oo but now with (k —r-— 1) degrees of free- 
dom, wherer is the number of parameters in the hypothesized distribution to be 
estimated. In other words, it is only necessary to reduce the number of degrees 
of freedom in the limiting distribution defined by Equation (10.5) by one for 
each parameter estimated from the sample. 

Wecan now State a step-by-step procedure for the case in which r parameters 
in the distribution are to be estimated from the data. 


e Step 1: divide range space X into k mutually exclusive and numerically con- 
venient intervals A;,i = 1,...,k. Let nj be the number of sample values fall- 
ing into A;. Asa rule, if the number of sample values in any A; is less than 5, 
combine interval A; with either A;_; or Aj41. 

e Step 2: estimate the r parameters by the method of maximum likelihood from 
the data. 

e Step 3: compute theoretical probabilities P(A ;) = p;,i = 1,...,k, by means of 
the hypothesized distribution with estimated parameter values. 

e Step 4: construct d as given by Equation (10.7). 

e Step 5: choose a value of a and determine from Table A.5 for the x? 
distribution of (k —r—1) degrees of freedom the value of 1G eile It is 
assumed, of course, thatk—r I1> 0. 

e Step 6: reject hypothesis H if d > eee Otherwise, accept H. 


Example 10.3. Problem: vehicle arrivals at a toll gate on the New York State 
Thruway were recorded. The vehicle counts at one-minute intervals were taken 
for 106 minutes and are given in Table 10.4. On the basis of these observations, 
determine whether a Poisson distribution is appropriate for X, the number of 
arrivals per minute, at the 5% significance level. 
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Table 10.4 One-minute arrivals, for Example 10.3 


Vehicles per minute (No.) Number of occurrences 


0 0 
1 0 
2 1 
3 3 
4 5 
5 7 
6 13 
7 12 
8 8 
9 9 
10 13 
11 10 
12 5 
13 6 
14 4 
T5 5 
16 4 
17 0 
18 1 
n= 106 
Answer: the hypothesized distribution is 
X ar 
py(x) = 8 5 BO (10.11) 


where parameter \ needs to be estimated from the data. Thus, r= 1. 

To proceed, we first determine appropriate intervals A; such that n; > 5 for 
all i; these are shown in the first column of Table 10.5. Hence, k= 11. 

The maximum likelihood estimate for A is given by 


Ee ee 
ee ia 


The substitution of this value for parameter A in Equation (10.11) permits us to 
calculate probabilities P(A;) = p;. For example, 


4 
Pi => py(/) = 0.052, 


j=0 
P2 = py(5) = 0.058. 
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Table 10.5 Table for x7 test for Example 10.3 


Interval, 4; nj Pi nPi n?[np; 
O<x<5 9 0.052 5.51 14.70 
5<x<6 7 0.058 6.15 7.97 
6<x<7 13 0.088 9.33 18.11 
T<x< 8 12 0.115 12.19 11.81 
8<x<9 8 0.131 13.89 4.61 
9<x< 10 9 0.132 13.99 5.79 
10<x< 11 13 0.120 12.72 13.29 
ll<x< 12 10 0.099 10.49 9.53 
12<x< 13 5 0.075 7.95 3.14 
13<x< 14 6 0.054 5.72 6.29 
14<x 14 0.076 8.06 24.32 

106 119.56 


106 1.0 : 


ky 2 


d=) Ai 


Npj 


i=1 


Vande = 1092, 


These theoretical probabilities are given in the third column of Table 10.5. 
From column 5 of Table 10.5, we obtain 


n= 119.56 — 106 = 13.56. 


Table A.5 with a = 0:05 and k —r — 1 = 9 degrees of freedom gives 


325 


Since d < X3,0.08° the hypothesized distribution with 4 = 9.09 is accepted at 
the 5% significance level. 


Example 10.4. Problem: based upon the snowfall data given in Problem 8.2(g) 
from 1909 to 1979, test the hypothesis that the Buffalo yearly snowfall can be 
modeled by a normal distribution at 5% significance level. 

Answer: for this problem, the assumed distribution for X, the Buffalo yearly 
snowfall, measured in inches, is N(m,o*) where m and o” must be estimated 
from the data, Since the maximum likelihood estimator for m and o? are 


M =X, and yo 


[(m — 


= 


Q 


_ 9 


= 79 Ss 


1 2 
=H Xys 


83.6)” 


1)/n|S*, respectively, we have 


70 
ae = 83.6, 


j=! 


= 777A. 
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Table 10.6 Table for y* test for Example 10.4 


Interval, A; Nj Di ni ni |[npi 
x < 56 13 0.161 11.27 15.00 
56< x< 72 10 0.178 12.46 8.03 
7J2< x< 88 20 0.224 15.68 25.51 


88< x< 104 13 0.205 14.35 11.78 
104<x< 120 8 0.136 9.52 6.72 
120< x 6 0.096 6.72 5.36 


70 1.0 70 72.40 


With intervals A; defined as shown in the first column of Table 10.6, theoretical 
probabilities P(A;) now can be calculated with the aid of Table A.3. For 
example, the first two of these probabilities are 


56 83.6 
P(A) = Pix < 56) = Pl oe OM 
Av SES 2) (u<= = 


= 1-— Fy(0.990) = 1 — 0.8389 = 0.161; 


) = Fy(—0.990) 


P(A2) = P(56 < X < 72) = P(—0.990 < U < —0.416) 
= [I — Fu(0.416)] — [1 — Fu(0.990)] 
= 0.339 — 0.161 = 0.178. 


The information given above allows us to construct Table 10.6. Hence, 
we have 


—n= 72.40 — 70 = 2.40. 


KES sD 
oti 
SS Mi 


L 


The number of degrees of freedom in this case is k— r— 1= 6— 2— 1= 3. 
Table A.5 thus gives 


Na oR Tel 


Since d< X3 005 normal distribution N(83.6, 777.4) is acceptable at the 5% 
significance level. 


Before leaving this section, let us remark again that statistic D in the x? test is 
x?-distributed only when n— oo. It is thus a large sample test. As a rule, n> 50 
is considered satisfactory for fulfilling the large-sample requirement. 
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10.3 KOLMOGOROV-SMIRNOV TEST 


The so-called Kolmogorov-Smirnov goodness-of-fit test, referred to as the K-S 
test in the rest of this chapter, is based on a statistic that measures the deviation 
of the observed cumulative histogram from the hypothesized cumulative dis- 
tribution function. 

Given a set of sample values x1,%2,...,x, observed from a population X, a 
cumulative histogram can be constructed by (a) arranging the sample values in 
increasing order of magnitude, denoted here by x(1),x(2),...,X(n), (b) determin- 
ing the observed distribution function of X at x(1),x(2),..., denoted by 
F°[xa], F°[xgy], ..., from relations F°lx@] = i/n, and (c) connecting the values 
of F°[x ()] by straight-line segments. 

The test statistic to be used in this case is 


\ (10.12) 


where Xj) is the ith-order statistic of the sample. Statistic D, thus measures the 
maximum of absolute values of the n differences between observed probability 
distribution function (PDF) and hypothesized PDF evaluated for the observed 
samples. In the case where parameters in the hypothesized distribution must be 
estimated, the values for Fy[X()] are obtained by using estimated parameter 
values. 

While the distribution of D> is difficult to obtain analytically, its distribution 
function at various values can be computed numerically and tabulated. It can be 
shown that the probability distribution of Dz is independent of the hypothesized 
distribution and is a function only of n, the sample size (e.g. see Massey, 1951). 

The execution of the K-S test now follows that of the y? test. At a specified 
a significance level, the operating rule is to reject hypothesis H if dz > Cniq3 
otherwise, accept H. Here, dz is the sample value of Do, and the value of cp, ais 
defined by 


P(D> > Cha) = a. (10.13) 


The values of cy,q_ for a=0.01,0.05, and 0.10 are given in Table A.6 in 
Appendix A as functions of n. 

It is instructive to note the important differences between this test and the x? 
test. Whereas the x7 test is a large-sample test, the K-S test is valid for all values 
of n. Furthermore, the K-S test utilizes sample values in their unaltered and 
unaggregated form, whereas data lumping is necessary in the execution of the 
x? test. On the negative side, the K-S test is strictly valid only for continuous 
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distributions. We also remark that the values of c,,q given in Table A.6 are based 
on a completely specified hypothesized distribution. When the parameter values 
must be estimated, no rigorous method of adjustment is available. In these cases, 
it can be stated only that the values of cp, should be somewhat reduced. 

The step-by-step procedure for executing the K—S test is now outlined as 
follows: 


e Step 1: rearrange sample values x;,x2,...,x, in increasing order of magni- 
tude and label them x1), x(2),...,X(n)- 

¢ Step 2: determine observed distribution function F°(x) at each Xi by using 
Pew] = i/n. 

e Step 3: determine the theoretical distribution function Fy (x) at each x(j) by 
using the hypothesized distribution. Parameters of the distribution are esti- 
mated from the data if necessary. 

e Step 4: form the differences F(x) — Fy(xq@)| for i= 1,2,...,n. 

e Step 5: calculate 


db = max{|F°[x¢)] = Fy(xc|}- 


The determination of this maximum value requires enumeration of n quan- 
tities. This labor can be somewhat reduced by plotting F(x) and Fx(x) as 
functions of x and noting the location of the maximum by inspection. 
e Step 6: choose a value of a and determine from Table A.6 the value of cy, q. 
e Step 7: reject hypothesis H if dz > cn,.. Otherwise, accept H. 


Example 10.5. Problem: 10 measurements of the tensile strength of one type 
of engineering material are made. In dimensionless forms, they are 30.1, 30.5, 
28.7, 31.6, 32.5, 29.0, 27.4, 29.1, 33.5, and 31.0. On the basis of this data set, test 
the hypothesis that the tensile strength follows a normal distribution at the 5% 
significance level. 

Answer: a reordering of the data yields x(1) = 27.4, xa) = 28.7,...,X 10) = 
33.5. The determination of F°(x,j) is straightforward. We have, for example, 


Poi) =04,. O87) 30:2, 5.5 JO35) =4: 


With regard to the theoretical distribution function, estimates of the mean and 
variance are first obtained from 


> 


1 2 
Reig oa = 30.3, 


o= (" ; )s = 7p D9 ~ 303)? = 3.14. 
j=l 
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The values of Fy [x(] can now be found based on distribution N (30.3, 3.14) for 
X. For example, with the aid of Table A.3 for standardized normal random 


variable U, we have 


27.4 — 30.3 
V3.14 
= 1 — Fy (1.64) = 1 — 0.9495 = 0.0505, 


Fy(27.4) = Fo( ) = Fy(-1.64) 


28.7305 
Fy(28.7) = Fy ( 
= 1 — 0.8159 = 0.1841, 


) = Fy(—0.90) 


and so on. 
In order to determine d), it is constructive to plot F(x) and Fy(x) as 


functions of x, as shown in Figure 10.2. It is clearly seen from the figure that 
the maximum of the differences between F°(x) and F(x) occurs at x = X(4) = 
29.1. Hence, 


dy = |F°(29.1) — Fy(29.1)| = 0.4 — 0.2483 = 0.1517. 


With a = 0.05 and n = 10, Table A.6 gives 


C10,0.05 = 0.41. 


F° (x), F x(x) 


Figure 10.2 F°(x) and Fy (x) in Example 10.5. 
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Since dz < Cjo,0.05, we accept normal distribution N(30.3,3.14) at the 5% sig- 
nificance level. 

Let us remark that, since the parameter values were also estimated from the 
data, it is more appropriate to compare dz with a value somewhat smaller than 
0.41. In view of the fact that the value of dz is well below 0.41, we are safe in 
making the conclusion given above. 
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FURTHER READING AND COMMENTS 


We have been rather selective in our choice of topics in this chapter. A number 
of important areas in hypotheses testing are not included, but they can be found 
in more complete texts devoted to statistical inference, such as the following: 


Lehmann, E.L., 1959, Testing Statistical Hypotheses, John Wiley & Sons Inc. New York. 


PROBLEMS 


10.1 In the y? test, is a hypothesized distribution more likely to be accepted at a = 0.05 
than at a = 0.01? Explain your answer. 


10.2 To test whether or not a coin is fair, it is tossed 100 times with the following 
outcome: heads 41 times, and tails 59 times. Is it fair on the basis of these tosses at 
the 5% significance level? 


10.3 Based upon telephone numbers listed on a typical page of a telephone directory, 
test the hypothesis that the last digit of the telephone numbers is equally likely to be 
any number from 0 to 9 at the 5% significance level. 


10.4 The daily output of a production line is normally distributed with mean m = 8000 
items and standard deviation o = 1000 items. A second production line is set up, 
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Table 10.7 Production-line data for Problem 10.4 


Daily output interval Number of occurrences 
< 4000 3 
4 000-5 000 3 
5 000-6 000 7 
6 000-7 000 16 
7000-8 000 27 
8 000-9 000 22 
9 000-10 000 11 
10 000-11 000 8 
11 000-12 000 2 
> 12.000 1 
n= 100 


and 100 daily output readings are taken, as shown in Table 10.7. On the basis of 
this sample, does the second production line behave in the same statistical manner 
as the first? Use a = 0.01. 


10.5 In a given plant, a sample of a given number of production items was taken from 
each of the five production lines; the number of defective items was recorded, as 
shown in Table 10.8. Test the hypothesis that the proportion of defects is constant 
from one production line to another. Use a = 0.01. 


Table 10.8 Production-line data for Problem 10.5 


Production line Number of defects 
1 11 
2: 13 
3 9 
4 12 
5 8 


10.6 We have rejected in Example 10.2 the Poisson distribution with \ = 0.08 on the 
basis of accident data at the 1% significance level. At the same a: 
(a) Would a Poisson distribution with estimated from the data be acceptable? 
(b) Would a negative binomial distribution be more appropriate? 


10.7 The data on the number of arrivals of cars at an intersection in 360 10s intervals 
are as shown in Table 10.9. 
Three models are proposed: 
model |: 
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Table 10.9 Arrival of cars at intersection, for Problem 10.7 


Cars per interval Number of observations 
0 139 
1 128 
2 55 
3 25 
4 13 

n= 360 

model 2: 
er 
Py(x) = x! ’ x=0,1,..., 


where \ is estimated from the data; 
model 3: 


x+k-1 - Ee 
( k—1 )k py" x=0,1,..., 


where k and p are estimated from the data. 

(a) Use the x? test; are these models acceptable at the 5% significance level? 
(b) In you opinion, which is a better model? Explain your answer. 

Note: for model 3, 


k =3 
pees, Leese 2g 
p 
k(1 — p) 
2; 
Onn S 
X Pe 


10.8 Car pooling is encouraged in a city. A survey of 321 passenger vehicles coming into 
the city gives the car occupancy profile shown in Table 10.10. Suggest a probabil- 
istic model for X, the number of passengers per vehicle, and test your hypothesized 
distribution at a = 0.05 on the basis of this survey. 


Table 10.10 Car occupancy (number of passengers 
per vehicle, excluding the driver), for Problem 10.8 


Occupancy Vehicles (No.) 

0 224 

1 47 

2 31 

es) 16 

>4 3 
n=321 
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10.9 Problem 8.2(c) gives 100 measurements of time gaps (see Table 8.4). On the basis 
of these data, postulate a likely distribution for X and test your hypothesis at the 
5% significance level. 


10.10 Consider the data given in Problem 8.2(d) for the sum of two consecutive time 
gaps. Postulate a likely distribution for X and test your hypothesis at the 5% 
significance level. 


10.11 Problem 8.2(e) gives data for one-minute vehicle arrivals (see Table 8.5). Postulate 
a likely distribution for X and test your hypothesis at the 5% significance level. 


10.12 Problem 8.2(h) gives a histogram for X, the peak combustion pressure (see Figure 
8.4). On the basis of these data, postulate a likely distribution for X and test your 
hypothesis at the 5% significance level. 


10.13 Suppose that the number of drivers sampled is 200. Based on the histogram given 
in Problem 8.2(i) (see Figure 8.5), postulate a likely distribution for X,; and test 
your hypothesis at the 1% significance level. 


10.14 Problem 8.2(j) gives a histogram for X, the number of blemishes in television tubes 
(see Figure 8.6). On the basis of this sample, postulate a likely distribution for X 
and test your hypothesis at the 5% significance level. 


10.15 A total of 24 readings of the annual sediment load (in 10° tons) in the Colorado 
River at the Grand Canyon are (arranged in increasing order of magnitude) 49, 
50, 50, 66, 70, 75, 84, 85, 98, 118, 122, 135, 143, 146, 157, 172, 177, 190, 225, 235, 
265, 270, 400, 480. Using the Kolmogorov—Smirnov test at the 5% significance 
level, test the hypothesis that the annual sediment load follows a lognormal 
distribution (data are taken from Beard, 1962). 


10.16 For the snowfall data given in Problem 8.2(g) (see Table 8.6), use the Kolmo- 
gorov—Smirnov test and test the normal distribution hypothesis on the basis of 
snowfall data from 1909-2002. 
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Linear Models and Linear 
Regression 


The tools developed in Chapters 9 and 10 for parameter estimation and model 
verification are applied in this chapter to a very useful class of models encoun- 
tered in science and engineering. A commonly occurring situation is one in 
which a random quantity, Y, is a function of one or more independent (and 
deterministic) variables x;,x2,..., and x,,. For example, wind load (Y) acting 
on a structure is a function of height (x); the intensity (Y) of strong motion 
earthquakes is dependent on the distance from the epicenter (x); housing price 
(Y) is a function of location (x;) and age (x2); and chemical yield (Y) may be 
related to temperature (x,), pressure (x2), and acid content (x3). 

Given a sample of Y values with their associated values of x;, i=1,2,...,m, 
we are interested in estimating on the basis of this sample the relationship 
between Y and the independent variables x;,x2,..., and x,,. In what follows, 
we concentrate on some simple cases of the broadly defined problem stated 
above. 


11.1 SIMPLE LINEAR REGRESSION 


We assume in this section that random variable Y is a function of only one 
independent variable and that their relationship is linear. By a linear relation- 
ship we mean that the mean of Y, E{Y}, is known to be a linear function of x, 
that is, 


E{Y} =a+ x. (11.1) 


The two constants, intercept a and slope 7, are unknown and are to be 
estimated from a sample of Y values with their associated values of x. Note 
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that E{Y} is a function x. In any single experiment, x will assume a certain 
value x; and the mean of Y will take the value 


E{Y;} =a-t Gx;. (11.2) 


Random variable Y is, of course, itself a function of x. If we define a random 
variable E by 


E=Y-—(a+ x), (11.3) 


we can write 


Y=a+6x+8, (11.4) 


where E has mean 0 and variance o”, which is identical to the variance of Y. The 
value of o” is not known in general but it is assumed to be a constant and not 
a function of x. 

Equation (11.4) is a standard expression of a simple linear regression model. 
The unknown parameters a and ( are called regression coefficients, and random 
variable E represents the deviation of Y about its mean. As with simple models 
discussed in Chapters 9 and 10, simple linear regression analysis is concerned 
with estimation of the regression parameters, the quality of these estimators, 
and model verification on the basis of the sample. We note that, instead of 
a simple sample such as Y;, Y2,...,Y, aS in previous cases, our sample in the 
present context takes the form of pairs (x1, Y1), (%2, Y2),...,(4n, Yn). For each 
value x; assigned to x, Y; is an independent observation from population Y 
defined by Equation (11.4). Hence, (;, Y;),i = 1,2,...,n, may be considered 
as a sample from random variable Y for given values x;,x2,..., and x, of x; 
these x values need not all be distinct but, in order to estimate both a and £, 
we will see that we must have at least two distinct values of x represented in 
the sample. 


11.1.1 LEAST SQUARES METHOD OF ESTIMATION 


As one approach to point estimation of regression parameters a and {, the 
method of least squares suggests that their estimates, @ and B, be chosen so 
that the sum of the squared differences between observed sample values 
y,; and the estimated expected value of Y,a4+ xi, is minimized. Let us 
write 


e; = yi — (& + Bxj). (11.5) 
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Estimated regression line: 


A 
y=a+ Bx 


True regression line: 
© Y=a+t BX 


Figure 11.1 The least squares method of estimation 
The least-square estimates @ and B, respectively, of a and ( are found by 
minimizing 


0=S 12 = Spi (44 Arde. (11.6) 
i=1 i=l 


In the above, the sample-value pairs are (x1, y1),(%2,¥2),---,(%n,¥n), and 
e;,t =1,2,...,n, are called the residuals. Figure 11.1 gives a graphical presen- 
tation of this procedure. We see that the residuals are the vertical distances 
between the observed values of Y,y;, and the least-square estimate @ + {Xx of 
true regression line a + (x. 

The estimates and ( are easily found based on the least-square procedure. 
The results are stated below as Theorem 11.1. 


Theorem 11.1: consider the simple linear regression model defined by 
Equation (11.4). Let (v1, 1), (%2,2),---,(@n, Yn) be observed sample values of Y 
with associated values of x. Then the least-square estimates of a and ( are 


a=y— Gx, (11.7) 


n n = 
B= i901) Ses ; (11.8) 
i=1 
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where 


and 


Proof of Theorem 11.1: estimates @ and (@ are found by taking partial 
derivatives of Q given by Equation (11.6) with respect to a and {, setting these 
derivatives to zero and solving for @ and (3. Hence, we have 


ey 2b — (& + Bx)], 


Upon simplifying and setting the above equations to zero, we have the so-called 
normal equations: 


na +nx@ = ny, (11.9) 
nxa+ BS x7 = )° xii. (11.10) 
i=1 i=l 
Their solutions are easily found to be those given by Equations (11.7) and 
(11.8). 


To ensure that these solutions correspond to the minimum of the sum of 
squared residuals, we need to verify that 


°’O 
Be 
and 
°’O &~a 
D= 0a 08 50, 
eg a9 
da0B 0 
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at @ and B. Elementary calculations show that 


ome) 
02 2n > 0, 


and 


D=4n) (x; -%) >0 


i=1 


The proof of this theorem is thus complete. Note that D would be zero if all 
x; take the same value. Hence, at least two distinct x; values are needed for the 
determination of @ and (2. 


It is instructive at this point to restate the foregoing results by using a more 
compact vector—matrix notation. As we will see, results in vector—-matrix form 
facilitate calculations. Also, they permit easy generalizations when we consider 
more general regression models. 

In terms of observed sample values (x1, y1), (%2,¥2),--->(Xn, Yn), we have a 
system of observed regression equations 


yi=atPx;+e, i=1,2,...,n. (11.11) 
Let 
1 x Bal el 
1 x y2 e2 
C ae ’ y = € ’ e a 9 
1 Xn Vn en 
and let 


a 
0= : 
[5 
Equations (11.11) can be represented by the vector—matrix equation 
y=CO+e. (11.12) 


The sum of squared residuals given by Equation (11.6) is now 


O =e'e =(y— C0)" (y— CO). (11.13) 
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The least-square estimate of 8, 6, is found by minimizing Q. Applying the 
variational principle discussed in Section 9.3.1.1, we have 


30 = —86'C'(p — C0) — (y — C0)' C80 
= —280'C'(y — CO). 


Setting 6O = 0, the solution for @ is obtained from normal equation 


CT(y — C6) =0, (11.14) 
or 
c'c6=C'y, 
which gives 
6=(cC'C)'Cly. (11.15) 


In the above, the inverse of matrix C'C exists if there are at least two distinct 
values of x; represented in the sample. 

We can easily check that Equation (11.15) is identical to Equations (11.7) 
and (11.8) by noting that 


1 x 
aon a | lL .% si ne 
=|. Ker 884 | a8 nx Ux ? 
1 Xn 
Ji 
i 4 17)” 4 
nl PPLE 
X, X2 Xn dri 
Yn 


and 


1 
n n 
y- {Sx ny} Saf - nx} x 


i=1 


i=1 
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Table 11.1 Percentage yield, y;, with process temperature, x;, for Example 11.1 


i 


1 2 3 4 5 6 7 8 9 10 


x (°C) 45 50 55 60 65 70 75 80 85 90 
y 43 45 48 51 55 57 59 63 66 68 


Example 11.1. Problem: it is expected that the average percentage yield, Y, 
from a chemical process is linearly related to the process temperature, x, in °C. 
Determine the least-square regression line for E {Y } on the basis of 10 observa- 
tions given in Table 11.1. 

Answer: in view of Equations (11.7) and (11.8), we need the following 
quantities: 


1< 1 
y= _ oo 454+ +...49 — 67. 
x ae 10 “45 50 0) = 67.5, 
5s ine 1 
F=-\ yi =TAB+4S +--+ 68) = 55.5, 


S > (xi — ¥)(vi — J) = 1182.5. 
i=1 


The substitution of these values into Equations (11.7) and (11.8) gives 


~ 1182.5 
B= 3967.5 — 09% 


& = 55.5 — 0.57(67.5) = 17.03. 


The estimated regression line together with observed sample values is shown 
in Figure 11.2. 


It is noteworthy that regression relationships are valid only for the range 
of x values represented by the data. Thus, the estimated regression line in 
Example 11.1 holds only for temperatures between 45°C and 90°C. Extrapolation 
of the result beyond this range can be misleading and is not valid in general. 

Another word of caution has to do with the basic linear assumption between 
E{Y} and x. Linear regression analysis such as the one performed in Example 
11.1 is based on the assumption that the true relationship between E{Y } and 
x is linear. Indeed, if the underlying relationship is nonlinear or nonexistent, 
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y= 17.03 + 0.57x 


Figure 11.2 Estimated regression line and observed data for Example 11.1 


linear regression produces meaningless results even if a straight line appears 
to provide a good fit to the data. 


11.1.2.) PROPERTIES OF LEAST-SQUARE ESTIMATORS 


The properties of the estimators for regression coefficients @ and ( can be 
determined in a straightforward fashion following the vector—matrix expression 
Equation (11.15). Let Aand B denote, respectively, the estimators for a and ( 
following the method of least squares, and let 


~ |A 
=|]. 11.1 
‘ (11.16) 
We see from Equation (11.15) that 
@=(c'c) 'c'Y, (11.17) 
where 
Y, 
Ve Ns (11.18) 
Yn 
and Y;,j = 1,2,...,n, are independent and identically distributed according to 
Equation (11.4). Thus, if we write 
Y=CO+E, (11.19) 
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then E is a zero-mean random vector with covariance matrix A = o7I, I being 
the n x n identity matrix. 

The mean and variance of estimator © are now easily determined. In view of 
Equations (11.17) and (11.19), we have 


E{@} =(C'C) 'CTE{Y} 
=(C'C)'C™(CO + E{E}] (11.20) 
=(C'C)'(C'C)a=8. 


Hence, estimators A and B for a and GB, respectively, are unbiased. 
The covariance matrix associated with © is given by, as seen from Equation 
(11.17), 


cov{O} = E{(® — 8)(6 — 6)"} 
=(C'C)'CTeov{ Y}C(CTC)'. 


But cov{Y } = o°J; we thus have 
cov{O} = o°(CTC) !CTC(CTC) | =07(CTC)". (11.21) 


The diagonal elements of the matrix in Equation (11.21) give the variances of 
A and B. In terms of the elements of C, we can write 


i=1 


n n 1 
var{A} = ess Sos -s7 (11.22) 
i=l 
-1 
var{B} =o Soe = o (11.23) 


It is seen that these variances decrease as sample size n increases, according to 1/n. 
Thus, it follows from our discussion in Chapter 9 that these estimators are consistent — 
a desirable property. We further note that, for a fixed n, the variance of B can be 
reduced by selecting the x; in such a way that the denominator of Equation (11.23) is 
maximized; this can be accomplished by spreading the x; as far apart as possible. In 
Example 11.1, for example, assuming that we are free to choose the values of x ;, the 
quality of B is improved if one-half of the x readings are taken at one extreme of the 
temperature range and the other half at the other extreme. However, the sampling 
strategy for minimizing var(A) for a fixed n is to make X as close to zero as possible. 

Are the variances given by Equations (11.22) and (11.23) minimum variances 
associated with any unbiased estimators for a and (3? An answer to this import- 
ant question can be found by comparing the results given by Equations (11.22) 
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and (11.23) with the Cramér—Rao lower bounds defined in Section 9.2.2. In 
order to evaluate these lower bounds, a probability distribution of Y must be 
made available. Without this knowledge, however, we can still show, in Theorem 
11.2, that the least squares technique leads to linear unbiased minimum-variance 
estimators for a and (3; that is, among all unbiased estimators which are linear 
in Y, least-square estimators have minimum variance. 


Theorem 11.2: let random variable Y be defined by Equation (11.4). Given 
a sample (x1, Y1), (2, Y>),...,(%n, Yn) of Y with its associated x values, least- 
square estimators A and B given by Equation (11.17) are minimum variance 
linear unbiased estimatorsfor a and (3, respectively. 


Proof of Theorem 11.2: the proof of this important theorem is sketched 
below with use of vector—matrix notation. 
Consider a linear unbiased estimator of the form 


@* =((c'c) 'c'+GI¥. (11.24) 


We thus wish to prove that G = 0 if ©" is to be minimum variance. 
The unbiasedness requirement leads to, in view of Equation (11.19), 


GC=0. (11.25) 
Consider now the covariance matrix 
cov{@*} = E{(@* — 6)(@* — 6) '}. (11.26) 


Upon using Equations (11.19), (11.24), and (11.25) and expanding the covari- 
ance, we have 


cov{@*} = o7[(CTC) | + GG". 
Now, in order to minimize the variances associated with the components of e*, 


we must minimize each diagonal element of GG'. Since the iith diagonal 
element of GG' is given by 


(GG")y -r4 
where gj is the ijth element of G, we must have 


gj =0, for all i andj. 


and we obtain 


Q 
l| 
o 


(11.27) 
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This completes the proof. The theorem stated above is a special case of the 
Gauss—M arkov theorem. 


Another interesting comparison is that between the least-square estimators 
for a and @ and their maximum likelihood estimators with an assigned dis- 
tribution for random variable Y. It is left as an exercise to show that the 
maximum likelihood estimators for a and £ are identical to their least-square 
counterparts under the added assumption that Y is normally distributed. 


11.1.3. UNBIASED ESTIMATOR FOR oc? 


As we have shown, the method of least squares does not lead to an estimator 
for variance o* of Y, which is in general also an unknown quantity in linear 
regression models. In order to propose an estimator for 07, an intuitive choice is 


Se =kY [¥;— (44 Bx)’, (11.28) 
i=! 
where coefficient k is to be chosen so that m2 is unbiased. In order to carry out 
the expectation of 52, we note that [see Equation (11.7)] 
Y,;-— A— Bx; = V=(Y =Bx) = Be 
. (11.29) 
= (Y; — Y) — B(x; —X). 


Hence, it follows that 


n n n 


do — A Bx)’ = S00 YY — BY a — 5y’, (11.30) 


8 - NH - Y)=BY (x;-x)’. (11.31) 


Upon taking expectations term by term, we can show that 


E{S2} = Ked 0 Aes BY (x; = or 
i=1 


i=1 


= k(n —2)o’. 


TLFeBOOK 


346 Fundamentals of Probability and Statistics for Engineers 


Hence, 2 is unbiased with k = 1/(n — 2), giving 


= 53> — (A+ Bx;))’, (11.32) 


or, in view of Equation (11.30), 


gee) OE eas. (11.33) 


Example 11.2. Problem: use the results given in Example 11.1 and determine 
an unbiased estimate for 0. 
Answer: we have found in Example 11.1 that 


n 


So (xi — X)° = 2062.5, 


i=1 
B= 0.57. 


In addition, we easily obtain 


n 


Si — 9)” = 680.5. 


i=l 
Equation (11.33) thus gives 


nN 


a= =; [680.5 — (0.57)°(2062.5)] 
= 1.30. 


Example 11.3. Problem: an experiment on lung tissue elasticity as a function 
of lung expansion properties is performed, and the measurements given in 
Table 11.2 are those of the tissue’s Young’s modulus (¥ ), in gcm~, at varying 
values of lung expansion in terms of stress (x), in gcem~*. Assuming that E{Y } 
is linearly related to x and that oY =o’ (a constant), determine the least-square 
estimates of the regression coefficients and an unbiased estimate of 0”. 


Table 11.2 Young’s modulus, y (gcem~*), with stress, x (gcm~7), for Example 11.3 


x 2 2.5 3 5 7 9 10 12 15 16 17 18 19 20 
y 9.1 19.2 18.0 31.3 40.9 32.0 54.3 49.1 73.0 91.0 79.0 68.0 110.5 130.8 
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Answer: in this case, we have n = 14. The quantities of interest are 
n 


X= ee qq t25+- -+ +20) = 11.11, 


1 n 
y= 749-1 19.2 + 130.8) = 57.59 
y= =) +19.2+- ) 


ae — x) = 546.09, 


(y; — y)° = 17, 179.54, 
i=] 


xe — X)(¥; — J) = 2862.12. 


i=l 
The substitution of these values into Equations (11.7), (11.8), and (11.33) gives 


__ 2862.12 
~ 546.09 
& = 57.59 — 5.24(11.11) = —0.63, 


LA 


ar (17, 179.54 — (5.24)? (546.09)] = 182.10. 

The estimated regression line together with the data are shown in Figure 11.3. 
The estimated standard deviation is ¢ = 182.10 = 13.49g cm, and the 
1o-band is also shown in the figure. 


11.1.4. CONFIDENCE INTERVALS FOR REGRESSION 
COEFFICIENTS 


In addition to point estimators for the slope and intercept in linear regression, it 
is also easy to construct confidence intervals for them and for a + Gx, the mean 
of Y, under certain distributional assumptions. In what follows, let us assume 
that Y is normally distributed according to N(a + (x, 0”). Since estimators A, 
B, and 4+ Bx are linear functions of the sample of Y, they are also normal 
random variables. Let us note that, when sample size n is large, A, B, and 
A+ Bx are expected to follow normal distributions as a consequence of the 
central limit theorem (Section 7.2.1), no matter how Y is distributed. 

We follow our development in Section 9.3.2 in establishing the desired 
confidence limits. Based on our experience in Section 9.3.2, the following are 
not difficult to verify: 
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Figure 11.3 Estimated regression line and observed data, for Example 11.3 


e Result i: let m2 be the unbiased estimator for o? as defined by Equation 
(11.33), and let 


[2 a ae (11.34) 


It follows from the results given in Section 9.3.2.3 that D is a y?-distributed 
random variable with (n — 2) degrees of freedom. 


e Result ii: consider random variables 


n n -1 
(A -a) = S- 5] [ "(i = (11.35) 
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and 


-1 
(B- 8) |S x7] (11.36) 


where, as seen from Equations dl. 20), (11.22), and (11.23), a and £ are, 
respectively, the means of A and B and the denominators are, respectively, 
the standard deviations of 4 and B with o estimated by ¥2. The derivation 
given in Section 9.3.2.2 shows that each of these random variables has a 
t-distribution with (n — 2) degrees of freedom. 


e Result iii: estimator E{Y} for the mean of Y is normally distributed with 
mean q+ (x and variance 


var{ E{Y}} = var{A + Bx} 
= var{ A} + x’var{B} + 2xcov{ A, B} 


“1 
ee Sots (Fede - 2] (11.37) 
; i=] 


-1 


Hence, again following the derivation given in Section 9.3.2.2, random variable 
-1/2 


-1 
[E(Y} - (a+ Bx) yy 1 (0-3? Sots = (11.38) 


is also t-distributed with (n — 2) degrees of freedom. 


Based on the results presented above, we can now easily establish confidence 
limits for all the parameters of interest. The results given below are a direct 
consequence of the development in Section 9.3.2. 


e Result 1: a [100(1 — y)]% confidence interval for a is determined by [see 
Equation (9.141)] 


1/2 


-1 
= v7 , (11.39) 


Li2=AF tn—2,7/2 (8 i) f (x 


=] 
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e Result 2: a [100(1 — y)% confidence interval for (@ is determined by [see 
Equation (9.141)] 


1/2 
n 


-l 
Li2 a Ba tn—-2,7/2 m2 Sots ais * : (11.40) 


i=1 


e Result 3: a [100(1 — 7)]% confidence interval for E{Y } = a+ Gx is deter- 
mined by [see Equation (9.141)] 


-1 
Liz = E(Y} F tay ©? 1+ (r=? Soin — 3) . | (11.41) 


e Result 4: a two-sided [100(1 — y)% confidence interval for o is determined 
by [see Equation (9.144)] 


_ 952 
L- ne 2) 
Xn-2,y/2 
= (11.42) 
Ll) = a 
Xn—2,1-7/2 


If a one-sided confidence interval for 7 is desired, it is given by [see Equation 
(9.145)] 


_ 952 
ae aA (11.43) 
Xn-1,y 


A number of observations can be made regarding these confidence intervals. In 
each case, both the position and the width of the interval will vary from sample 
to sample. In addition, the confidence interval for a+ Gx is shown to be a 
function of x. If one plots the observed values of L; and Ly they form a 
confidence band about the estimated regression line, as shown in Figure 11.4. 
Equation (11.41) clearly shows that the narrowest point of the band occurs at 
x =X; it becomes broader as x moves away from X in either direction. 


Example 11.4. Problem: in Example 11.3, assuming that Y is normally 
distributed, determine a 95% confidence band for a + Gx. 


TLFeBOOK 


Linear Models and Linear Regression 351 
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Figure 11.4 Confidence band for E{ Y} =a+ 6x 


Answer: equation (11.41) gives the desired confidence limits, with n = 14, 
7y = 0.05, and 


EQ) = &+ Bx = 0.63 + 5.24x, 
tn—-2,7/2 = 112.0.025 = 2.179, from Table A.4, 


¥= 11.11, 
So (x; — ¥)” = 546.09, 
i=1 

o2 = 182.10. 


The observed confidence limits are thus given by 


1/2 
i tL) ; 
14 546.09 


lio = (—0.63 + 5.24x) = 21794 182.10 


This result is shown graphically in Figure 11.5. 


11.1.5. SIGNIFICANCE TESTS 


Following the results given above, tests of hypotheses about the values of a and 
2 can be carried out based upon the approach discussed in Chapter 10. Let us 
demonstrate the underlying ideas by testing hypothesis Ho: = (o against 
hypothesis H,: 2 4 39, where (io is some specified value. 
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Figure 11.5 The 95% confidence band for E{Y }, for Example 11.4 
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>t 


i -1/2 
Figure 11.6 Probability density function of T = (B— a SoG - sr 


i=1 

Using Bas the test statistic, we have shown in Section 11.1.4 that the random 
variable defined by Equation (11.36) has a f-distribution with n — 2 degrees of 
freedom. Suppose we wish to achieve a Type-I error probability of 7. We would 
reject Ho if |(3 — Go| exceeds (see Figure 11.6) 
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n -1 
tn—2,4/24 © pa = = (11.44) 


Similarly, significance tests about the value of q can be easily carried out with 
use of A as the test statistic. 

An important special case of the above is the test of Ho: =O against 
H,:3 #0. This particular situation corresponds essentially to the significance 
test of linear regression. Accepting Ho is equivalent to concluding that there is 
no reason to accept a linear relationship between E{Y } and x at a specified 
significance level 7. In many cases, this may indicate the lack of a causal 
relationship between E{Y } and independent variable x. 


Example 11.5. Problem: it is speculated that the starting salary of a clerk is a 
function of the clerk’s height. Assume that salary (Y) is normally distributed and 
its mean is linearly related to height (x); use the data given in Table 11.3 to test 
the assumption that E{Y } and x are linearly related at the 5% significance level. 


Table 11.3 Salary, y (in $10000), with height, x (in feet), 
for Example 11.5 


x oT 5.7 5.7 5.7 6.1 6.1 6.1 6.1 
y 2.25 2.10 1.90 1.95 240 1.95 2.10 2.25 


Answer: in this case, we wish to test Ho: G = 0 against H,: 6 4 0, with y = 0:05. 
From the data in Table 11.3, we have 


= 631; 
tn—-2,y/2 = 160.025 = 2.447, from Table A.4, 


n 


ga Su — 9 - PO -»7] = 0.02, 


i=l i=l 


‘ -1 
16,0.025 0 pa oa =) = 0.61. 
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Since B = 0.31 < 0.61, we accept Hy. That is, we conclude that the data do not 
indicate a linear relationship between E{Y } and x; the probability that we are 
wrong in accepting Ho is 0.05. 

In closing, let us remark that we are often called on to perform tests of 
simultaneous hypotheses. For example, one may wish to test Ho:a =0 and 
(= 1 against Hi}:a 40 or 8 41 or both. Such tests involve both estimators 
A and B and hence require their joint distribution. This is also often the case in 
multiple linear regression, to be discussed in the next section. Such tests 
customarily involve F-distributed test statistics, and we will not pursue them 
here. A general treatment of simultaneous hypotheses testing can be found in 
Rao (1965), for example. 


11.2 MULTIPLE LINEAR REGRESSION 


The vector—matrix approach proposed in the preceding section provides a smooth 
transition from simple linear regression to linear regression involving more than 
one independent variable. In multiple linear regression, the model takes the form 


E{Y} = Bo + Bix + Box2 + +++ + BnXm- (11.45) 


Again, we assume that the variance of Y is o and is independent of x1,x2,..., and 
Xm. AS in simple linear regression, we are interested in estimating (m + 1) regres- 
sion coefficients Jo, 3),...,and Gm, obtaining certain interval estimates, and testing 
hypotheses about these parameters on the basis of a sample of Y values with their 
associated values of (x1,%2,...,X). Let us note that our sample of size n in this 
case takes the form of arrays (%11,X21,---,Xm1. V1), (%12,X22,---,Xm2,V2),---, 
(X1nsX2n>+-+,Xmn,Yn). For each set of values x;;,k = 1,2,...,m, of x;, Y; is an 
independent observation from population Y defined by 


Y = Bo + Bixi +++ + BmXm + E. (11.46) 


As before, E is the random error, with mean 0 and variance o”. 


11.2.1 LEAST SQUARES METHOD OF ESTIMATION 
To estimate the regression coefficients, the method of least squares will again be 


employed. Given observed sample-value sets (%1;,X2;,.--,Xmis Vi), i =1,2,...,n, 
the system of observed regression equations in this case takes the form 


Vi = Bo + Bix +++: + BnXmi +e: , b= 12 ok (11.47) 
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If we let 
Lox Xa +++ Xm yi e| 
1 X12 X22 + Xm2 y2 2 
C = + ¢ y = Z e = 5 
1 Xin X2n *** Xmn Yn en 
and 
Bo 
By 
O=]| . |, 
Bm 


Equation (11.47) can be represented by vector—matrix equation: 


y=CO+e. (11.48) 


Comparing Equation (11.48) with Equation (11.12) in simple linear regression, 
we see that the observed regression equations in both cases are identical except 
that the C matrix is now an n x (m + 1) matrix and @ is an (m + 1)-dimensional 
vector. Keeping this dimension difference in mind, the results obtained in the 
case of simple linear regression based on Equation (11.12) again hold in the 
multiple linear regression case. Thus, without further derivation, we have for 
the solution of least-square estimates 0 of 0 [see Equation (11.15)] 


6=(C'C)'!C'y. (11.49) 


The existence of matrix inverse (cTcy requires that there are at least (m +4 1) 
distinct sets of values of (%1;,%2;,...,%Xmi) represented in the sample. It is noted 
that C'C isa (m+ 1)x (m+1) symmetric matrix. 


Example 11.6. Problem: the average monthly electric power consumption (Y) 
at a certain manufacturing plant is considered to be linearly dependent on the 
average ambient temperature (x;) and the number of working days in a month 
(x2). Consider the one-year monthly data given in Table 11.4. Determine the 
least-square estimates of the associated linear regression coefficients. 


Table 11.4 Average monthly power consumption y (in thousands of kwh), with 
number of working days in the month, x2, and average ambient temperature, x,, (in °F) 
for Example 11.6 


x1 20 26 41 55 60 67 75 79 70 55 45 33 
x2 23 21 24 25 24 26 25 25 24 25 25 23 
y 210 206 260 244 271 285 270 265 234 241 258 230 
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Answer: in this case, C is a 12 x 3 matrix,and 


12 626 290 

C'C= | 626 36,776 15,336], 
290 15,336 7,028 
2,974 

Cly = | 159,011 
72, 166 


We thus have, upon finding the inverse of C'C by using either matrix inversion 
formulae or readily available matrix inversion computer programs, 


—33.84 
6=(C'C) 'Cly= 0.39 |, 
10.80 


or 


By = —33.84, 6, =0.39, ~; = 10.80. 


The estimated regression equation based on the data is thus 


EQ} = Bo + Bix + Box 
= —33.84 + 0.39x,; + 10.80x2. 


Since Equation (11.48) is identical to its counterpart in the case of simple linear 
regression, much of the results obtained therein concerning properties of least- 
square estimators, confidence intervals, and hypotheses testing can be dupli- 
cated here with, of course, due regard to the new definitions for matrix C and 
vector 0. . 

Let us write estimator © for @ in the form 


@=(C'C) 'Cc'Y. (11.50) 
We see immediately that 
E{O} = (C'C) 'CTE{Y} =. (11.51) 


Hence, least-square estimator O is again unbiased. It also follows from Equa- 
tion (11.21) that the covariance matrix for © is given by 


cov{@} = 0?(CTC) |. (1152) 
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Confidence intervals for the regression parameters in this case can also be 
established following similar procedures employed in the case of simple linear 
regression. Concerning hypotheses testing, it was mentioned in Section 11.1.5 
that testing of simultaneous hypotheses is more appropriate in multiple linear 
regression, and that we will not pursue it here. 


11.35 OTHER REGRESSION MODELS 


In science and engineering, one often finds it necessary to consider regression 
models that are nonlinear in the independent variables. Common examples of 
this class of models include 


Y=6+8ixt+ Bx +E, (11.53) 
Y = Go exp(Gix + B), (11.54) 
Y = Bo + Bix, + Gox2 + Bux; + Boox5 + Bix1x2 + E, (11.55) 
Y = 66; + E. (11.56) 


Polynomial models such as Equation (11.53) or Equation (11.55) are still 
linear regression models in that they are linear in the unknown parameters 
Bo, G1, G2,..., [etc. Hence, they can be estimated by using multiple linear 
regression techniques. Indeed, let x; = x, and x2 = x? in Equation (11.53), it 
takes the form of a multiple linear regression model with two independent 
variables and can thus be analyzed as such. Similar equivalence can be estab- 
lished between Equation (11.55) and a multiple linear regression model with 
five independent variables. 

Consider the exponential model given by Equation (11.54). Taking logar- 
ithms of both sides, we have 


InY =In6o + Bix+ E. (11.57) 


In terms of random variable In Y , Equation (11.57) represents a linear regres- 
sion equation with regression coefficients In G9 and (4). Linear regression tech- 
niques again apply in this case. Equation (11.56), however, cannot be conveniently 
put into a linear regression form. 


Example 11.7. Problem: on average, the rate of population increase (Y) asso- 
ciated with a given city varies with x, the number of years after 1970. Assuming that 


E{Y} = Bo + Bix+ Box’, 


compute the least-square estimates for Go, G1, and (G2 based on the data pre- 
sented in Table 11.5. 


TLFeBOOK 


358 Fundamentals of Probability and Statistics for Engineers 


Table 11.5 Population increase, y, with 
number of years after 1970, x, for Example 11.7 


x 0 1 2 3 4 > 
y(%) 1.03 1.32 1.57 1.75 1.83 2.33 


Answer: let x; = x, x2 = x”, and let 


Po 
O=]| 61}. 
(2 


The least-square estimate for 0, 6, is given by Equation (11.49), with 


0 
1 
4 
9 


io) 

II 
Re Ree eee 
ABWN RK © 


6 
5 


Ne 


and 


1.03 
132 
| 157 
Y= | 1.75 
1.83 
33 


Thus 
G: ss So" 9.83 
6=(C'C)'Cly=|15 55 225 28.68 
55 225 979 110.88 
1.07 
= | 0.20], 
0.01 


or 


By =1.07, ~,=0.20, and % =0.01. 
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Let us note in this example that, since x2 = coe matrix C is constrained in that 
its elements in the third column are the squared values of their corresponding 
elements in the second column. It needs to be cautioned that, for high-order 
polynomial regression models, constraints of this type may render matrix C'C 
ill-conditioned and lead to matrix-inversion difficulties. 
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FURTHER READING 


Some additional useful references on regression analysis are given below. 


Anderson, R.L., and Bancroft, T.A., 1952,Statistical Theory in Research,McGraw-Hill, 
New York. 

Bendat, J.S., and Piersol, A.G., 1966, Measurement and Analysis of Random Data, John 
Wiley & Sons Inc., New York. 

Draper, N., and Smith, H., 1966, Applied Regression Analysis, John Wiley & Sons Inc., 
New York. 

Graybill, F.A., 1961, An Introduction to Linear Statistical Models, Volume 1. McGraw- 
Hill, New York. 


PROBLEMS 


11.1 A special case of simple linear regression is given by 
Y= 6x+E. 


Determine: x 

(a) The least-square estimator B for B; 

(b) The mean and variance of B; 

(c) An unbiased estimator for ”, the variance of Y. 


11.2 In simple linear regression, show that the maximum likelihood estimators for a and 
6 are identical to their least-square estimators when Y is normally distributed. 


11.3 Determine the maximum likelihood estimator for variance o” of Y in simple linear 
regression assuming that Y is normally distributed. Is it a biased estimator? 


11.4 Since data quality is generally not uniform among data points, it is sometimes 
desirable to estimate the regression coefficients by minimizing the sum of weighted 
squared residuals; that is, @ and ( in simple linear regression are found by minimizing 


n 
) Wi e, 
i=1 
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where w; are assigned weights. In vector—matrix notation, show that estimates 
a@ and 6 now take the form 


where 


al 0 
Ww 


11.5 (a) In simple linear regression [Equation (11.4)]. use vector—matrix notation and 
show that the unbiased estimator for o”? given by Equation (11.33) can be 
written in the form 


32 =—s((¥- c6)"(Y — cé)). 


(b) In multiple linear regression [Equation (11.46)], show that an unbiased esti- 
mator for o? is given by 


= 1 


y2 = 


=——_[(¥ — €8)"(¥ — C8)]. 


11.6 Given the data in Table 11.6: 


Table 11.6 Data for Problem 11.6 


x 0 1 2 3 4 5 6 7 8 9 
y 32 3.1 39 47 43 44 48 533 5.9 6.0 


(a) Determine the least-square estimates of a@ and @ in the linear regression 
equation 


Y=a+(Px+E. 


(b) Determine an unbiased estimate of o”, the variance of Y. 
(c) Estimate E{Y } atx =5. 

(d) Determine a 95% confidence interval for (3. 

(e) Determine a 95% confidence band for a + (x. 


11.7 In transportation studies, it is assumed that, on average, peak vehicle noise level 
(Y) is linearly related to the logarithm of vehicle speed (v). Some measurements 
taken for a class of light vehicles are given in Table 11.7. Assuming that 


Y=a+/logiyv+ E, 
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Table 11.7 Noise level, y (in dB) with vehicle 
speed, v (in km h-'), for Problem 11.7 


v 20 30 40 50 60 70 80 90 100 
y 55 63 68 7O 72 78 74 76 79 


determine the estimated regression line for Y as a function of logy v. 


11.8 An experimental study of nasal deposition of particles was carried out and 
showed a linear relationship between E{Y} and Ind?f, where Y is the fraction 
of particles of aerodynamic diameter, d (in mm), that is deposited in the nose 
during an inhalation of fd min~'). Consider the data given in Table 11.8 (four 
readings are taken at each value of In d?f). Estimate the regression parameters in 
the linear regression equation 


E{Y}=a+6lnd’f, 
and estimate o?, the variance of Y. 


Table 11.8 Fraction of particles inhaled of diameter d (in mm), with In d?f 
(f is inhalation, in 1 min~), for Problem 11.8 


In d7f 1.6 1.7 2.0 2.8 3.0 3.0 3.6 


y 0.39 0.41 0.42 0.61 0.83 0.79 0.98 
0.30 0.28 0.34 0.51 0.79 0.69 0.88 
0.21 0.20 0.22 0.47 0.70 0.63 0.87 
0.12 0.10 0.18 0.39 0.61 0.59 0.83 


11.9 For a study of the stress-strain history of soft biological tissues, experimental 
results relating dynamic moduli of aorta (D) to stress frequency (w) are given in 
Table 11.9. 

(a) Assuming that E{D} = a+ Gw, and oH = o°, estimate regression coefficients 
a and (3. 

(b) Determine a one-sided 95% confidence interval for the variance of D. 

(c) Test if the slope estimate is significantly different from zero at the 5% 
significance level. 


Table 11.9 The dynamic modulus of aorta, d (normalized) with frequency, 
w (in Hz), for Problem 11.9 


w 1 2 3 4 5 6 7 8 9 10 
d 1.60 1.51 140 1.57 160 159 1.80 1.59 1.82 1.59 


11.10 Given the data in Table 11.10 
(a) Determine the least-square estimates of Go, 31, and 32 assuming that 


E{Y} = Bo + Bix1 + ox2. 
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Table 11.10 Data for Problem 11.10 


tek 2 4: Tf Bee we 2 
xm 1 B  Be ho he VS OS 
y 20 31 48 49 54 68 69 7.5 


(b) Estimate E{ Y} at xj = x2 =2. 


11.11 In Problem 11.7, when vehicle weight is taken into account, we have the multiple 
linear regression equation 


Y = 8 + Bi logig v + G2 logig w + E, 


where w is vehicle unladen weight in Mg. Use the data given in Table 11.11 and 
estimate the regression parameters in this case. 


Table 11.11 Noise level, y (in dB), with vehicle weight (unladen, 
in Mg) and vehicle speed (in km h-), for Problem 11.11 


v 20 40 60 80 100 120 
w 1.0 1.0 1.7 3.0 1.0 0.7 
y 54 59 78 91 78 67 


11.12 Given the data in Table 11.12: 


Table 11.12 Data for Problem 11.12 


(a) Determine the least-square estimates of Go, 3), and (2 assuming that 
E{Y} = Bo + Bix + fox’. 


(b) Estimate E{Y} at x = 3. 


11.13 A large number of socioeconomic variables are important to account for mortal- 
ity rate. Assuming a multiple linear regression model, one version of the model for 
mortality rate (Y) is expressed by 


Y = Bo + Pixi + 2x2 + (3x3 + Gaxat EB, 
where 


x, = mean annual precipitation in inches, 

xX = education in terms of median school years completed for those over 25 years 
old 

x3 = percentage of area population that is nonwhite, 

x4 = relative pollution potential of SO» (sulfur dioxide). 
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Table 11.13 Data for Problem 11.13 


xy 13 11 21 30 35 27 27 40 
x2 9 10.5 11 10 9 12.3 9 9 
X3 1.5 7 21 27 30 6 27 33 
x4 4 21 64 67 17 28 82 101 
y 795 841 820 1050 1010 970 980 1090 


Some available data are presented in Table 11.13. Determine the least-square 
estimate of the regression parameters. 
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A.1 BINOMIAL MASS FUNCTION 


Table A.1 Binomial mass function: a table of 
nN\ kK n—-k 
k) = ())pk - 
Py(k) i )P (k=py 
for n = 2 to 10, p = 0.01 to 0.50 


n ek P 


0.01 0.05 0.10 0.15 0.20 0.25 030 4 0.35 040 045 0.49 0.50 


2 0 0.9801 0.9025 0.8100 0.7225 0.6400 0.5625 0.4900 0.4444 0.4225 0.3600 0.3025 0.2601 0.2500 
1 0.0198 0.0950 0.1800 0.2550 0.3200 0.3750 0.4200 0.4444 0.4550 0.4800 0.4950 0.4998 0.5000 
2 0.0001 0.0025 0.0100 0.0225 0.0400 0.0625 0.0900 0.1111 0.1225 0.1600 0.2025 0.2401 0.2500 


0 0.9703 0.8574 0.7290 0.6141 0.5120 0.4219 0.3430 0.2963 0.2746 0.2160 0.1664 0.1327 0.1250 
1 0.0294 0.1354 0.2430 0.3251 0.3840 0.4219 0.4410 0.4444 0.4436 0.4320 0.4084 0.3823 0.3750 
2 0.0003 0.0071 0.0270 0.0574 0.0960 0.1406 0.1890 0.2222 0.2389 0.2880 0.3341 0.3674 0.3750 
3 0.0000 0.0001 0.0010 0.0034 0.0080 0.0156 0.0270 0.0370 0.0429 0.0640 0.0911 0.1176 0.1250 


0.9606 0.8145 0.6561 0.5220 0.4096 0.3164 0.2401 0.1975 0.1785 0.1296 0.0915 0.0677 0.0625 
0.0388 0.1715 0.2916 0.3685 0.4096 0.4219 0.4116 0.3951 0.3845 0.3456 0.2995 0.2600 0.2500 
0.0006 0.0135 0.0486 0.0975 0.1536 0.2109 0.2646 0.2963 0.3105 0.3456 0.3675 0.3747 0.3750 
0.0000 0.0005 0.0036 0.0115 0.0256 0.0469 0.0756 0.0988 0.1115 0.1536 0.2005 0.2400 0.2500 
0.0000 0.0000 0.0001 0.0005 0.0016 0.0039 0.0081 0.0123 0.0150 0.0256 0.0410 0.0576 0.0625 


RwWNr OO 


0.9510 0.7738 0.5905 0.4437 0.3277 0.2373 0.1681 0.1317 0.1160 0.0778 0.0503 0.0345 0.0312 
0.0480 0.2036 0.3280 0.3915 0.4096 0.3955 0.3602 0.3292 0.3124 0.2592 0.2059 0.1657 0.1562 
0.0010 0.0214 0.0729 0.1382 0.2048 0.2637 0.3087 0.3292 0.3364 0.3456 0.3369 0.3185 0.3125 
0.0000 0.0011 0.0081 0.0244 0.0512 0.0879 0.1323 0.1646 0.1811 0.2304 0.2757 0.3060 0.3125 
0.0000 0.0000 0.0004 0.0022 0.0064 0.0146 0.0284 0.0412 0.0488 0.0768 0.1128 0.1470 0.1562 
0.0000 0.0000 0.0000 0.0001 0.0003 0.0010 0.0024 0.0041 0.0053 0.0102 0.0185 0.0283 0.0312 


nk WN KF OS 


0.9415 0.7351 0.5314 0.3771 0.2621 0.1780 0.1176 0.0878 0.0754 0.0467 0.0277 0.0176 0.0156 
0.0571 0.2321 0.3543 0.3993 0.3932 0.3560 0.3025 0.2634 0.2437 0.1866 0.1359 0.1014 0.0938 
0.0014 0.0305 0.0984 0.1762 0.2458 0.2966 0.3241 0.3292 0.3280 0.3110 0.2780 0.2437 0.2344 
0.0000 0.0021 0.0146 0.0415 0.0819 0.1318 0.1852 0.2195 0.2355 0.2765 0.3032 0.3121 0.3125 


wWnNnrF oO 
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Table A.1 Continued 


0.01 


0.05 


0.10 


0.15 


0.20 


0.25 


P 


0.30 4 


0.35 


0.40 


0.45 


0.49 


0.50 


0.0000 
0.0000 
0.0000 
0.9321 
0.0659 
0.0020 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 


YADUBWNKF TAWA 


0.9227 
0.0746 
0.0026 
0.0001 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 


oCornnannkwWNr OS 


0.9135 
0.0830 
0.0034 
0.0001 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 


C©omArIQI aN WNH SC 


10 0.9044 
0.0914 
0.0042 
0.0001 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 


OoOmAANDNFWNHrH SC 


= 
So 


0.0001 
0.0000 
0.0000 
0.6983 
0.2573 
0.0406 
0.0036 
0.0002 
0.0000 
0.0000 
0.0000 


0.6634 
0.2793 
0.0515 
0.0054 
0.0004 
0.0000 
0.0000 
0.0000 
0.0000 


0.6302 
0.2985 
0.0629 
0.0077 
0.0006 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 


0.5987 
0.3151 
0.0746 
0.0105 
0.0010 
0.0001 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 


0.0012 
0.0001 
0.0000 
0.4783 
0.3720 
0.1240 
0.0230 
0.0026 
0.0002 
0.0000 
0.0000 


0.4305 
0.3826 
0.1488 
0.0331 
0.0046 
0.0004 
0.0000 
0.0000 
0.0000 


0.3874 
0.3874 
0.1722 
0.0446 
0.0074 
0.0008 
0.0001 
0.0000 
0.0000 
0.0000 


0.3487 
0.3874 
0.1937 
0.0574 
0.0112 
0.0015 
0.0001 
0.0000 
0.0000 
0.0000 
0.0000 


0.0055 
0.0004 
0.0000 
0.3206 
0.3960 
0.2097 
0.0617 
0.0109 
0.0012 
0.0001 
0.0000 


0.2725 
0.3847 
0.2376 
0.0839 
0.0185 
0.0026 
0.0002 
0.0000 
0.0000 


0.2316 
0.3679 
0.2597 
0.1069 
0.0283 
0.0050 
0.0006 
0.0000 
0.0000 
0.0000 


0.1969 
0.3474 
0.2759 
0.1298 
0.0401 
0.0085 
0.0012 
0.0001 
0.0000 
0.0000 
0.0000 


0.0154 
0.0015 
0.0001 
0.2097 
0.3670 
0.2753 
0.1147 
0.0287 
0.0043 
0.0004 
0.0000 


0.1678 
0.3355 
0.2936 
0.1468 
0.0459 
0.0092 
0.0011 
0.0001 
0.0000 


0.1342 
0.3020 
0.3020 
0.1762 
0.0661 
0.0165 
0.0028 
0.0003 
0.0000 
0.0000 


0.1074 
0.2684 
0.3020 
0.2013 
0.0881 
0.0264 
0.0055 
0.0008 
0.0001 
0.0000 
0.0000 


0.0330 
0.0044 
0.0002 
0.1335 
0.3115 
0.3115 
0.1730 
0.0577 
0.0115 
0.0013 
0.0001 


0.1001 
0.2670 
0.3115 
0.2076 
0.0865 
0.0231 
0.0038 
0.0004 
0.0000 


0.0751 
0.2253 
0.3003 
0.2336 
0.1168 
0.0389 
0.0087 
0.0012 
0.0001 
0.0000 


0.0563 
0.1877 
0.2816 
0.2503 
0.1460 
0.0584 
0.0162 
0.0031 
0.0004 
0.0000 
0.0000 


0.0595 0.0823 
0.0102 0.0165 
0.0007 0.0014 
0.0824 0.0585 
0.2471 0.2048 
0.3177 0.3073 
0.2269 0.256 
0.0972 0.1280 
0.0250 0.0384 
0.0036 0.0064 
0.0002 0.0005 


0.0576 0.0390 
0.1977 0.156 
0.2965 0.273 
0.2541 0.273 
0.1361 0.1707 
0.0467 0.0683 
0.0100 0.017 
0.0012 0.0024 
0.0001 0.0002 


0.0404 0.0260 
0.1556 0.117 
0.2668 0.234 
0.2668 0.273 
0.1715 0.2048 
0.0735 0.1024 
0.0210 0.034 
0.0039 0.0073 
0.0004 0.0009 
0.0000 0.000 


0.0282 0.0173 
0.1211 0.0867 
0.2335 0.195 
0.2668 0.260 
0.2001 0.2276 
0.1029 0.1366 
0.0368 0.0569 
0.0090 0.0163 
0.0014 0.0030 
0.0001 0.0003 
0.0000 0.0000 


0.0951 
0.0205 
0.0018 
0.0490 
0.1848 
0.2985 
0.2679 
0.1442 
0.0466 
0.0084 
0.0006 


0.0319 
0.1373 
0.2587 
0.2786 
0.1875 
0.0808 
0.0217 
0.0033 
0.0002 


0.0207 
0.1004 
0.2162 
0.2716 
0.2194 
0.1181 
0.0424 
0.0098 
0.0013 
0.0001 


0.0135 
0.0725 
0.1757 
0.2522 
0.2377 
0.1536 
0.0689 
0.0212 
0.0043 
0.0005 
0.0000 


0.1382 
0.0369 
0.0041 
0.0280 
0.1306 
0.2613 
0.2903 
0.1935 
0.0774 
0.0172 
0.0016 


0.0168 
0.0896 
0.2090 
0.2787 
0.2322 
0.1239 
0.0413 
0.0079 
0.0007 


0.0101 
0.0605 
0.1612 
0.2508 
0.2508 
0.1672 
0.0743 
0.0212 
0.0035 
0.0003 


0.0060 
0.0403 
0.1209 
0.2150 
0.2508 
0.2007 
0.1115 
0.0425 
0.0106 
0.0016 
0.0001 


0.1861 
0.0609 
0.0083 
0.0152 
0.0872 
0.2140 
0.2918 
0.2388 
0.1172 
0.0320 
0.0037 


0.0084 
0.0548 
0.1569 
0.2568 
0.2627 
0.1719 
0.0703 
0.0164 
0.0017 


0.0046 
0.0339 
0.1110 
0.2119 
0.2600 
0.2128 
0.1160 
0.0407 
0.0083 
0.0008 


0.0025 
0.0207 
0.0736 
0.1665 
0.2384 
0.2340 
0.1596 
0.0746 
0.0229 
0.0042 
0.0003 


0.2249 
0.0864 
0.0139 
0.0090 
0.0603 
0.1740 
0.2786 
0.2676 
0.1543 
0.0494 
0.0068 


0.0046 
0.0352 
0.1183 
0.2273 
0.2730 
0.2098 
0.1008 
0.0277 
0.0033 


0.0023 
0.0202 
0.0776 
0.1739 
0.2506 
0.2408 
0.1542 
0.0635 
0.0153 
0.0016 


0.0012 
0.0114 
0.0495 
0.1267 
0.2130 
0.2456 
0.1966 
0.1080 
0.0389 
0.0083 
0.0008 


0.2344 
0.0938 
0.0156 
0.0078 
0.0547 
0.1641 
0.2734 
0.2734 
0.1641 
0.0547 
0.0078 


0.0039 
0.0312 
0.1094 
0.2188 
0.2734 
0.2188 
0.1094 
0.0312 
0.0039 


0.0020 
0.0176 
0.0703 
0.1641 
0.2461 
0.2461 
0.1641 
0.0703 
0.0176 
0.0020 


0.0010 
0.0098 
0.0439 
0.1172 
0.2051 
0.2461 
0.2051 
0.1172 
0.0439 
0.0098 
0.0010 


From Parzen, E., 1960, 


Modern Probability Theory and Its Applications, John Wiley & Sons, with permission. 
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A.2, POISSON MASS FUNCTION 


Table A.2 Poisson mass function: a table of 


Px (0, t) = 


(At)Ke 


k} 


—At 


’ 


for k = 0 to 24, Ar = 0.1 to 10 


367 


At 


0.1 
0.2 
0.3 
0.4 
0.5 


0.6 
0.7 
0.8 
0.9 
1.0 


1.1 
1.2 
1.3 
1.4 
1.5 


1.6 
1.7 
1.8 
1.9 
2.0 


2.2 
2.4 
2.6 
2.8 
3.0 


3:2 
3.4 
3.6 
3.8 
4.0 


5.0 
6.0 
7.0 
8.0 
9.0 
10.0 


k 


0.9048 
0.8187 
0.7408 
0.6703 
0.6065 


0.5488 
0.4966 
0.4493 
0.4066 
0.3679 


0.3329 
0.3012 
0.2725 
0.2466 
0.2231 


0.2019 
0.1827 
0.1653 
0.1496 
0.1353 


0.1108 
0.0907 
0.0743 
0.0608 
0.0498 


0.0408 
0.0334 
0.0273 
0.0224 
0.0183 


0.0067 
0.0025 
0.0009 
0.0003 
0.0001 
0.0000 


0.0905 
0.1637 
0.2222 
0.2681 
0.3033 


0.3293 
0.3476 
0.3595 
0.3659 
0.3679 


0.3662 
0.3614 
0.3543 
0.3452 
0.3347 


0.3230 
0.3106 
0.2975 
0.2842 
0.2707 


0.2438 
0.2177 
0.1931 
0.1703 
0.1494 


0.1304 
0.1135 
0.0984 
0.0850 
0.0733 


0.0337 
0.0149 
0.0064 
0.0027 
0.0011 
0.0005 


0.0045 
0.0164 
0.0333 
0.0536 
0.0758 


0.0988 
0.1217 
0.1438 
0.1647 
0.1839 


0.2014 
0.2169 
0.2303 
0.2417 
0.2510 


0.2584 
0.2640 
0.2678 
0.2700 
0.2707 


0.2681 
0.2613 
0.2510 
0.2384 
0.2240 


0.2087 
0.1929 
0.1771 
0.1615 
0.1465 


0.0842 
0.0446 
0.0223 
0.0107 
0.0050 
0.0023 


0.0002 
0.0011 
0.0033 
0.0072 
0.0126 


0.0198 
0.0284 
0.0383 
0.0494 
0.0613 


0.0738 
0.0867 
0.0998 
0.1128 
0.1255 


0.1378 
0.1496 
0.1607 
0.1710 
0.1804 


0.1966 
0.2090 
0.2176 
0.2225 
0.2240 


0.2226 
0.2186 
0.2125 
0.2046 
0.1954 


0.1404 
0.0892 
0.0521 
0.0286 
0.0150 
0.0076 


0.0000 
0.0001 
0.0002 
0.0007 
0.0016 


0.0030 
0.0050 
0.0077 
0.0111 
0.0153 


0.0203 
0.0260 
0.0324 
0.0395 
0.0471 


0.0551 
0.0636 
0.0723 
0.0812 
0.0902 


0.1082 
0.1254 
0.1414 
0.1557 
0.1680 


0.1781 
0.1858 
0.1912 
0.1944 
0.1954 


0.1755 
0.1339 
0.0912 
0.0573 
0.0337 
0.0189 


0.0000 
0.0000 
0.0001 
0.0002 


0.0004 
0.0007 
0.0012 
0.0020 
0.0031 


0.0045 
0.0062 
0.0084 
0.0111 
0.0141 


0.0176 
0.0216 
0.0260 
0.0309 
0.0361 


0.0476 
0.0602 
0.0735 
0.0872 
0.1008 


0.1140 
0.1264 
0.1377 
0.1477 
0.1563 


0.1755 
0.1606 
0.1277 
0.0916 
0.0607 
0.0378 


0.0000 
0.0000 


0.0000 
0.0001 
0.0002 
0.0003 
0.0005 


0.0008 
0.0012 
0.0018 
0.0026 
0.0035 


0.0047 
0.0061 
0.0078 
0.0098 
0.0120 


0.0174 
0.0241 
0.0319 
0.0407 
0.0504 


0.0608 
0.0716 
0.0826 
0.0936 
0.1042 


0.1462 
0.1606 
0.1490 
0.1221 
0.0911 
0.0631 


0.0000 
0.0000 
0.0000 
0.0001 


0.0001 
0.0002 
0.0003 
0.0005 
0.0008 


0.0011 
0.0015 
0.0020 
0.0027 
0.0034 


0.0055 
0.0083 
0.0118 
0.0163 
0.0216 


0.0278 
0.0348 
0.0425 
0.0508 
0.0595 


0.1044 
0.1377 
0.1490 
0.1396 
0.1171 
0.0901 


0.0000 


0.0000 
0.0000 
0.0001 
0.0001 
0.0001 


0.0002 
0.0003 
0.0005 
0.0006 
0.0009 


0.0015 
0.0025 
0.0038 
0.0057 
0.0081 


0.0111 
0.0148 
0.0191 
0.0241 
0.0298 


0.0653 
0.1033 
0.1304 
0.1396 
0.1318 
0.1126 


0.0000 
0.0000 
0.0000 


0.0000 
0.0001 
0.0001 
0.0001 
0.0002 


0.0004 
0.0007 
0.0011 
0.0018 
0.0027 


0.0040 
0.0056 
0.0076 
0.0102 
0.0132 


0.0363 
0.0688 
0.1014 
0.1241 
0.1318 
0.1251 


0.0000 
0.0000 
0.0000 
0.0000 


0.0001 
0.0002 
0.0003 
0.0005 
0.0008 


0.0013 
0.0019 
0.0028 
0.0039 
0.0053 


0.0181 
0.0413 
0.0710 
0.0993 
0.1186 
0.1251 


0.0000 
0.0000 
0.0001 
0.0001 
0.0002 


0.0004 
0.0006 
0.0009 
0.0013 
0.0019 


0.0082 
0.0225 
0.0452 
0.0722 
0.0970 
0.1137 


12 


0.0000 
0.0000 
0.0001 


0.0001 
0.0002 
0.0003 
0.0004 
0.0006 


0.0034 
0.0113 
0.0264 
0.0481 
0.0728 
0.0948 
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Table A.2 Continued 
At k 
13 14 15 16 17 18 19 20 21 22 23 24 
5.0 0.0013 0.0005 0.0002 
6.0 0.0052 0.0022 0.0009 0.0003 0.0001 
7.0 0.0142 0.0071 0.0033 0.0014 0.0006 0.0002 0.0001 
8.0 0.0296 0.0169 0.0090 0.0045 0.0021 0.0009 0.0004 0.0002 0.0001 
9.0 0.0504 0.0324 0.0194 0.0109 0.0058 0.0029 0.0014 0.0006 0.0003 0.0001 
10.0 0.0729 0.0521 0.0347 0.0217 0.0128 0.0071 0.0037 0.0019 0.0009 0.0004 0.0002 0.0001 


From Parzen, E., 1960, Modern Probability and Its Applications, John Wiley & Sons, with permission. 
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A.3. STANDARDIZED NORMAL DISTRIBUTION FUNCTION 


Table A.3 Standardized normal distribution function: a table of 


u 
/ e*/? dx, 
—o0o . 


for u = 0.0 to 3.69 


Fyu(u) = 


1 


(2x)? 


369 


u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359 
0.1 0.5398 0.5438 ~—(0.5478 (0.5517 s(0.5557 «0.5596 0.5636 0.5675. 0.5714. 0.5733 
0.2 0.5793 0.5832. s«0.5871 ~=—-0.5910 0.5948 ~—(0.5987 0.6026 ~—-:0.6064.~0.6103— (0.6141 
0.3. 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 :~=—s «0.6406 = (0.6443 —(0.6480 (0.6517 
0.4 0.6554 0.6591 0.6628 ~—s:0.6664. ~—s«0.6700-— «0.6736 ~=—«0.6772—S «0.6808 ~—s:0.6844.—(0.6879 
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 «0.7190 «0.7224 
0.6 0.7257 0.7291 ~—-0.7324—S «0.7357 s«0.7389-«0.7422—Ss«0.7454—(0.7486~—0.7517—s«0.7549 
0.7 0.7580 0.7611 ~—-0.7642—S «0.7673 «0.7704. s(0.7734. 0.7764. —s(0.7794. 0.7823 0.7852 
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023. —s«0.8051~=—s:0.8078~—s«0.8106 0.8133 
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389 

0 0.8413 0.8438 = 0.8461~—Ss«(0.8485.—s0.8508 ~—0.8531 (0.8554. (0.8577 «0.8599 (0.8621 

1 0.8643 0.8665. ~——-0.8686-~—- 0.8708 ~—-0.8729~—s- 0.8749 ~—s 0.8770 ~—s0.8790-~—s«0.8810~—<0.8830 

2 0.8849 0.8869 ~—- 0.8888 ~—- 0.8907 «0.8925. 0.8944. —s«0.8962—s: 0.8980 0.8997 0.9015 

3 0.9032 0.9049 0.9066 ~—s- 0.9082 —s:0.9099-—s «0.9115 0.9131 0.9147 0.9162: 0.9177 

4 0.9192 0.9207 0.9222 —s:0.9236-~—s 0.9251 0.9265 -—s0.9279-~—s0.9292-— «0.9306 ~— 0.9319 

5 0.9332 0.9345. 0.9357 «0.9370 -~—Ss«<0.9382—S «0.9394. «0.9406 =~ 0.9418 0.9429 0.9441 

6 0.9452 0.9463 0.9474. 0.9484. 0.9495. 0.9505 0.9515. 0.9525. 0.9535. 0.9545 

7 0.9554 0.9564. 0.9573 0.9482 «0.9591 0.9599 (0.9608 ~—s 0.9616 0.9625 0.9633 

8 0.9641 0.9649 0.9656 ~—-0.9664._—s: 0.9671 —-0.9678~—s0.9686-—0.9693. «(0.9699 0.9706 

9 0.9713 0.9719 0.9726 —-0.9732-—-0.9738 ~—s-0.9744.-—s:0.9750-—s:0.9756 0.9761 «0.9767 
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 ~—s:<0.9812——«0..9817 
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857 
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890 
2.3 0.9893 0.9896 ~—- 0.9898 -~—s- 0.9901 0.9904. (0.9906 -~—s-: 0.9909 «0.9911 ~—- 0.9913 0.9916 
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936 
2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 ~—-0.9948_-—s0.9949 0.9951 0.9952 
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964 
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974 
2.8 0.8874 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981 
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986 
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 ~—-0.9989 «0.9989 -—s:0.9989-—«0.9990-—Ss«0.9990 
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 _—_-0,9993 
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994. 0.9994. 0.9995 0.9995 0.9995 
3.3 0.9995 0.9995 0.9995 0.9996 ~—- 0.9996 _-—s-0.9996_-—s-0.9996-—s:(0.9996-—s0.9996-— 0.9997 
3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998 
3.6 0.9998 0.9998 0.9999 0.9999 0.9999 0.9999 _-—-0,9999 0.9999 0.9999 0.9999 


From Parzen, E., 1960, Modern Probability and Its Applications, John Wiley & Sons, with permission. 
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A.4. STUDENT’S t DISTRIBUTION WITH 7 DEGREES OF FREEDOM 


Table A.4 Student’s distribution with n degrees of 
Freedom: a table of ty. in P(T > th,a) = a, for a = 0.005 


to 0.10, 7 = 1,2,... 
n a 
0.10 0.05 0.025 0.01 0.005 


3.078 6.314 12.706 31.821 63.657 
1.886 2.920 4.303 6.965 9.925 
1.638 2.353 3.182 4.541 5.841 
1.533 2.132 2.776 3.747 4.604 
1.476 2.015 2.571 3.365 4.032 


1.440 1.943 2.447 3.143 3.707 
1.415 1.895 2.365 2.998 3.499 
1.397 1.860 2.306 2.896 3.355 
1.383 1.833 2.262 2.821 3.250 
1.372 1.812 2.228 2.764 3.169 


COmMND ABWN 


11 1.363 1.796 2.201 2.718 3.106 
12 1.356 1.782 2.179 2.681 3.055 
13 1.350 1.771 2.160 2.650 3.012 
14 1.345 1.761 2.145 2.624 2.977 
15 1.341 1.753 2.131 2.602 2.947 


16 1.337 1.746 2.120 2.583 2.921 
17 1.333 1.740 2.110 2.567 2.898 
18 1.330 1.734 2.101 2.552 2.878 
19 1.328 1.729 2.093 2.539 2.861 
20 1.325 1.725 2.086 2.528 2.845 


21 1.323 1.721 2.080 2.518 2.831 
22 1.321 1.717 2.074 2.508 2.819 
23 1.319 1.714 2.069 2.500 2.807 
24 1.318 1.711 2.064 2.492 2.979 
25 1.316 1.708 2.060 2.485 2.787 


26 1.315 1.706 2.056 2.479 2.779 
27 1.314 1.703 2.052 2.473 2.771 
28 1.313 1.701 2.048 2.467 2.763 
29 1.311 1.699 2.045 2.462 2.756 
oo 1.282 1.645 1.960 2.326 2.576 


From Fisher, R.A., 1925, Statistical Methods for Research Workers, 


14th edn, Hafner Press. Reproduced by permission of The University of 
Adelaide, Australia. 
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A.5 CHI-SQUARED DISTRIBUTION WITH n DEGREES OF FREEDOM 


Table A.5 Chi-squared distribution with n degrees of freedom: a table of eae in 


P(D > x2.) = a, for a = 0.005 to 0.995, n= | to 30 


n a 
0.995 0.99 0.975 0.95 0.05 0.025 0.01 0.005 
1 0.04393 0.07157 ~—- 0.09982—Sss«0.0?393. Ss 3.841 = «5.024. Ss 6.635 ~—s 7.879 
2 0.0100 0.0201 0.0506 0.103 5.991 7.378 9.210 10.597 
3 0.717 0.115 0.216 0.352 7.815 9.348 11.346 12.838 
4 0.207 0.297 0.484 0.711 9.488 11.143 13.277 14.860 
5 0.412 0.554 0.831 1.145 11.070 12.832 15.086 16.750 
6 0.676 0.872 1.237 1.635 12.592 14.449 16812 18.548 
7 0.989 1.239 1.690 2.167 14.067. 16.013 18.475 20.278 
8 1.344 1.646 2.180 2.733 15.507 17.535 20.090 21.955 
9 1.735 2.088 2.700 3.325 16.919 19.023 21.666 23.589 
10 2.156 2.558 3.247 3.940 18.307 20.483 23.209 25.188 
11 2.603 3.053 3.816 4.575 19.675 21.920 24.725 26.757 
12 3.074 3.571 4.404 5.226 21.026 23.337 26.217 28.300 
13 3.565 4.107 5.009 5.892 22.362 24.736 27.688 29.819 
14 4.075 4.660 5.628 6.571 23.685 26.119 29.141 31.319 
15 4.601 5.229 6.262 7.261 24.996 27.488 30.578 32.801 
16 5.142 5.812 6.908 7.962 26.296 28.845 32.000 34.267 
17 5.697 6.408 7.564 8.672 27.587 30.191 33.409 35.718 
18 6.265 7.015 8.231 9.390 28.869 31.526 34.805 37.156 
19 6.844 7.633 8.907 10.117 30.144 32.852 36.191 38.582 
20 ~=—-7.434 8.260 9.591 10.851 31.410 34.170 37.566 39.997 
21 = 8.034 8.897 10.283 11.591 32.671 35.479 38.932 41.401 
22 8.643 9.542 10.982 12.338 33.924 36.781 40.289 42.796 
23 =: 9.260 10.196 11.689 13.091 35.172 38.076 41.638 44.181 
24 =—-9.886 10.856 12.401 13.848 36.415 39.364 42.980 45.558 
25 10.520 11.524 13.120 14.611 37.652 40.646 44.314 46.928 
26 ~=11.160 12.198 13.844 15.379 38.885 41.923 45.642 48.290 
27 ~—-:11.808 12.879 14.573 16.151 40.113 43.194 46.963 49.645 
28 12.461 13.565 15.308 16.928 41.337. 44.461 48.278 50.993 
29 13.121 14.256 16.047 17.708 42.557 45.722 49.588 52.336 
30. 13.787 14.953 16.791 18.493 43.773 46.979 50.892 53.672 


From Pearson, E.S. and Hartley, H.O., 1954, Biometrika Tables for Statisticians, Volume 1, Cambridge 


University Press, with permission. 
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A.6 D2, DISTRIBUTION WITH SAMPLE SIZE n 


Table A.6 Dp distribution with sample size n: a table of c,,. in 
P(D2 > na) = a, for a= 0.01 to 0.10, m = 5,10,... 


n a 
0.10 0.05 0.01 
3 0.51 0.56 0.67 
10 0.37 0.41 0.49 
15 0.30 0.34 0.40 
20 0.26 0.29 0.35 
25 0.24 0.26 0.32 
30 0.22 0.24 0.29 
40 0.19 0.21 0.25 
ged 1.22 1.36 1.63 
: va va vin 


From Lindgren, B.W., 1962, Statistical Theory, Macmillan, with permission. 
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A large number of computer software packages and spreadsheets are now 
available that can be used to generate probabilities such as those provided in 
Tables A.1—-A.6 as well as to perform other statistical calculations. For exam- 
ple, some statistical functions available in Microsoft® Excel’ 2000 are listed 
below, which can be used to carry out many probability calculations and to do 
many exercises in the text. 


AVEDEV: gives the average of the absolute deviations of data points from 
their mean 

AVERAGE: gives the average of its arguments 

AVERAGEA: gives the average of its arguments, including numbers, text, and 
logical values 

BETADIST: gives the beta probability distribution function 

BETAINV: gives the inverse of the beta probability distribution function 

BINOMDIST: gives the individual term binomial probability 

CHIDIST: gives the one-tailed probability of the Chi-squared distribution 

CHIINV: gives the inverse of the one-tailed probability of the Chi-squared 
distribution 

CHITEST: gives the test for independence 

CONFIDENCE: gives the confidence interval for a population mean 

CORREL: gives the correlation coefficient between two data sets 

COUNT: counts how many numbers are in the list of arguments 

COUNTA: counts how many values are in the list of arguments 

COVAR: gives covariance, the average of the products of paired deviations 

CRITBINOM: gives the smallest value for which the binomial distribution 
function is less than or equal to the criterion value 

DEVSQ: gives the sum of squares of deviations 

EXPONDIST: gives the exponential distribution 

FORECAST: gives a value along a linear trend 

FREQUENCY: gives a frequency distribution as a vertical array 
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GAMMADIST: gives the gamma distribution 

GAMMAINYV: gives the inverse of the gamma distribution function 

GAMMALN: gives the natural logarithm of the gamma function 

GEOMEAN: gives the geometric mean 

GROWTH: gives values along an exponential trend 

HYPGEOMDIST: gives the hypergeometric distribution 

INTERCEPT: gives the intercept of the linear regression line 

KURT: gives the kurtosis of a data set 

LARGE: gives the Ath largest value in a data set 

LINEST: gives the parameters of a linear trend 

LOGEST: gives the parameters of an exponential trend 

LOGINYV: gives the inverse of the lognormal distribution 

LOGNORMDIST: gives the lognormal distribution function 

MAX: gives the maximum value in a list of arguments 

MAXA: gives the maximum value in a list of arguments, including numbers, 

text, and logical values 

MEDIAN: gives the median of the given numbers 

MIN: gives the minimum value in a list of arguments 

MINA: gives the smallest value in a list of arguments, including numbers, text, 

and logical values 

MODE: gives the most common value in a data set 

NEGBINOMDIST: gives the negative binomial distribution 

NORMDIST: gives the normal distribution function 

NORMINYV: gives the inverse of the normal distribution function 

NORMSDIST: gives the standardized normal distribution function 

NORMSINYV-: gives the inverse of the standardized normal distribution function 

PERCENTILE: gives the Ath percentile of values in a range 

PERCENTRANK: gives the percentage rank of a value in a data set 

PERMUT: gives the number of permutations for a given number of objects 

POISSON: gives the Poisson distribution 

PROB: gives the probability that values in a range are between two limits 

QUARTILE: gives the quartile of a data set 

RANK: gives the rank of a number in a list of numbers 

SKEW: gives the skewness of a distribution 

SLOPE: gives the slope of the linear regression line 

SMALL: gives the kth smallest value in a data set 

STANDARDIZE: gives a normalized value 

STDEV: estimates standard deviation based on a sample 

STDEVA: estimates standard deviation based on a sample, including numbers, 
text, and logical values 

STDEVP: calculates standard deviation based on the entire population 

STDEVPA: calculates standard deviation based on the entire population, 
including numbers, text, and logical values 
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STEYX: gives the standard error of the predicted y value for each x in the 
regression 

TDIST: gives the Student’s ¢-distribution 

TINV: gives the inverse of the Student’s ¢-distribution 

TREND: gives values along a linear trend 

TRIMMEAN: gives the mean of the interior of a data set 

TTEST: gives the probability associated with a Student’s ¢-test 

VAR: estimates variance based on a sample 

VARA: estimates variance based on a sample, including numbers, text, and 
logical values 

VARP: calculates variance based on the entire population 

VARPA: calculates variance based on the entire population, including num- 
bers, text, and logical values 

WEIBULL: gives the Weibull distribution 
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Problems 


CHAPTER 2 


2.1 (a) Incorrect, (b) Correct, (c) Correct, (d) Correct, (e) Correct, 
(f) Correct 

2.4 (a) {1,2,...,10$, (b) {1,3,4,5,6}, (©) {2,7}, (d) {2,4,6,7, 8, 9, 10}, 
(e) {1,2,...,10}, (ff) {1,3,4,5, 6}, (g) {1,5} 

2.7 (aA BC, (b) ABC, (c) (ABC)U(ABC)U(A BC), (d) AUBUC, 
(e) (ABC) U(ABC), (f) ABC, (g)(AB)U(BC)U(CA), (h) ABC, 
(i) ABC 

2.9 (a) AUB, (b) ABUAB 

2.11 (a) 0.00829, (b) 0.00784, (c) 0.00829 

2.14 (a) 0.553, (b) 0.053, (c) 0.395 

2.16 0.9999 

2.18 (a) 0.8865, (b) [1 — (1 — pa) — poll — C= pa) — po) 

2.20 No 

2.22 No, (a) P(A) = P(B) = 0.5, (b) Impossible 

2.23 Under condition of mutual exclusiveness: (a) false, (b) true, 
(c) false, (d) true, (e) false 
Under condition of independence: (a) true, (b) false, (c) false, 
(d) false, (e) true 

2.24 (a) Approximately 10->, (b) Yes, (c) 0.00499 

P96 ay yy 

t t—to 

2.28 (a) 0.35, (b) 0.1225, (c) 0.65 

2.30 (a) 0.08, (b) 0.375 

2.32 (a) 0.351, (b) 0.917, (c) 0.25 

2.34 (a) 0.002, (b) 0.086, (c) 0.4904 
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CHAPTER 3 


3.1 (a)a=1, 


@= 1, forx=5 
aa oe 0, elsewhere 


(c)a= 2, PO) 50 for x = 1,2,... 
(e)a>0, 


lw for0<x%=1 
Hx) = { 0, elsewhere 


ora=0, 


aye 1, forx=0 
eS 0, elsewhere 


(g) a= 1/2, neither pdf nor pmf exists 
3.2 (a) 1, 1/3, 63/64, 1 —e—, 1,1,(2—e-'7)/2 


(b) 1,1, 127/128, e-#/2 — e-7, 1 — (1/2), 1/2, (e- "4 — e-7/2)/2 


3.4 (a) 
0, for x < 90 
Fy(x)=4 0.1x-—9, for 90 <x < 100 
1, for x > 100 
(b) 


0, for x <0 
Fy(x) =< 2x-—x*, for0O<x<1 


Ts forx>1 


1 1 
(c) Fy(x) = qtan' x +5, for —co <x <0 
TT 


3.6 2/3 
3.9 
0, forx<0 
Fy(x) = a for0<x<b 
1, forx>b 
1 
—, f <x< 
(OEP or0<x<b 
0, elsewhere 
3.11 3/a 
3.12 (b) 1/6 
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Appendix C: Answers to Selected Problems 


oe _ J 0.6, forx=1 J 06, fory= 
ote Ge Bey tae for x = 2 rr =4 09 for y = 2 
(ili) , _jse*, forx>0 _ je’, fory>0 
fae) = 0, elsewhere Fx) 0, elsewhere 
(b): G@) No, (iti) Yes 
3.17 [Fy(x) — Fy(100)]/[1 — Fy(100)], x > 100 
3.19 (a) 0.087, (b) 0.3174, (c) 0.274 
3.22 0.0039 
see) 0.016, for x=1 
0.035, forx=2 
0.080, for x=3 
Py,(x) = 4 0.125, forx=4 
0.415, forx=5 
0.192, forx=6 
0.137, forx=7 
(b) Table of py,y,@ J) 
i j 
1 2 3 4 5 6 7 
1 0.006 0.004 0.003 0.003 0.004 0.000 0.000 
2 0.002 0.009 0.008 0.005 0.010 0.002 0.001 
3. 0.003 0.008 0.015 0.014 0.031 0.008 0.005 
4 0.001 0.004 0.015 0.027 0.051 0.017 0.011 
5 0.002 0.007 0.029 0.054 0.196 0.075 0.050 
6 0.001 0.002 0.005 0.015 0.071 0.060 0.032 
7 0.000 0.001 0.005 0.008 0.052 0.030 0.038 


CHAPTER 4 


4.1 (a)5,0; (c) 2,2; (e) a/(a+1), a/[(at+ 1° (a+ 2)); (g) 1,3 


4.3 2.44min 

4.6 (a) 1/2, (b)2,4; (c)0,1 
4.12 (a)(l—p)/A, (b) 1/A 
4.14 24min 
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4.16 P(|X — 1| < 0.75) > 0.41 by the Chebyshev inequality, P(|X¥ — 1] < 0.75) 


= 0.75 
4.19 (a) P(55< ¥ <85)>0 


(b) P(55 < X < 85) > 5/9, much more improved bound 
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4.20 3/4 
4.23 1.53 
4.25 oy,[(ox, + ox) (o%, . oT! 
4.27 (a) my, + mx, T% oY 
(b) ox,|(o%, + By Sit approaches one if oF > Oy 
4.28 n, 2n 
4.30 (a) by(t) = e*”, 5, 0 


(0) dy) = Nel, 2,2 

a 

Jel" 1 2 2. 1 
© 40 =F (1-3) +a 


CHAPTER 5 


5.1 (a) 
, fory<8 


for8<y<17 


2 


0 
1 
3 
1, fory>17 


(b) 0, fory<8 


4, 


= for8<y<17 
1, fory>17 


5.3 


1 
ye for-l<y<2 


>) 


9 
fy) = 
9. for2<y<5 


; fory < -l 


0, fory>5 


33 1 


fy) = ¥ y(2n)'? 
0, elsewhere 


en in y/2. for y>0 


5.9 


2 
{xe for0<x<a 
x 


0, elsewhere 
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5.10 (a) 


fy w) = 


0, elsewhere 


my = 1.7la x 10°, Oey = 8.05a? x 10° 
(b) Same as (a) 
5.12 Y is discrete and 


ye fy(x)dx, for y=1 
Py(y) = 0 
J fede, for y=0 


5.14 (a) 


1 
fala) = | 0.08r9(ma)!/?’ 


0, elsewhere 


0.19 (w/a)! eee 7 (w/a)? 
2a(w/a)!/? \ 36.6 36.6 
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6.96 
| , forw>0 


for 41(0.99r9)° < a < 4n(1.0119)” 


(b) 
1 3v\ 4 ; 4 , 
ae =7(0. <v<=n(l. 
Fy(v) = 4 0.08zr0 (=) » for z7(0.99r0)" < v < za(1.01r0) 
0, elsewhere 
5.16 (a) 
pad for —2<y<0 
fry) = ame ee 


0, elsewhere 


(b) Same as (a) 
5.21 


(a +4 a + es + Gn) en artart tan) 
frQ= 
0, elsewhere 


fort >0 


5.23 fy) = / Fe COE Ene AC meee ees eer 


5:25 
ye, fory>0 


0, elsewhere 


ror { 
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5.27 
3 2 
, fory>0 
fy) =4 (1 +y)* 
0, elsewhere 
5.29 


fro(t,) = 2n0? 


0, elsewhere 


ca —r? [207 fe > 
faley= | pAORT ANG 
0, elsewhere 


1 
fale 1 eee 


0, elsewhere 


Rand © are independent 


CHAPTER 6 


6.3. (a) 0.237, (b) 3.75 
6.5 0.611, 4.2 


68 (@)1— > ("phd py 


(b) 32 =m (7p - py 


k=m+1 
6.10 0.584 


strel k—-1 F 
6.12 "(1 — pet 
2 (( 1 er p) 
6.14 0.096 

6.17 (a) 0.349, (b) 5 

6.26 0.93 

6.28 1.4 x 10°74 

6.30 py(k) = 22.5* e~-5/k!, k= 0,1,2,... 


v\ k V fuss 
6.32 p,(0, 1) = (=) Cx SE DD) 


- a es i eee 


r : 
ere, forr>0,and—-r7<¢é<7 
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CHAPTER 7 


7.1 0.847 
7.3 (a) 0.9, (b) 0.775 
7.6 (a) 4.566 x10, (b) 0.8944, (c) 0.383, (d) 0.385 
7.9 Xp» is preferred in both cases 
7.14 0.0062 
7.20 (a) 0.221 
(b) 


1 fas 
10) = damacaTore | or" (oom) | frre 


0, elsewhere 
my =a+b 
7.22 0.153 


7.30 (a) 0.056, (b) 0.989 
7.34 0.125, 0, 0, 0.875. No partial failure is possible 


7.36 
2 aie » | [Fr(y) — Fr(y—s)]" “fy (vy —s)fy(y)dy, for s>0 
fs(s) _ —oo 
0, elsewhere 
CHAPTER 8 


8.2 (a) (i) Type-l asymptotic maximum-value distribution is suggested 
(ii) a = 0.025, u = 46.92 
(d) G) Gamma is suggested, (ii) A & 0.317 


(f) @) Poisson is suggested, (ii) v & 45.81 
(h) (i) Normal is suggested, (ii) m & 2860, o & 202.9 
Gj) G) Poisson is suggested, (ii) v = 7.0 


(i) (i) Lognormal is suggested, (ii) Oy = 76.2, Ge ~ 0.203 


CHAPTER 9 


9.1 1.75, 27.96 
9.5 (a) 

- P10; for 0S <1 
)= os elsewhere 
10(1—z)’, forO<z<1 
0, elsewhere 


oe { 
(c) 0.091, 0.91 
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9.7 0, is better 

9.11 It is biased, but unbiased as n — oo 

9.14 (a) @/n, (b)@/n, (c) O00 —8)/n, (d) O/n 
9.15 o7/n,204/n 


1 
9.20 ¢ SS 
(a) 1 y 
9 1 1 k-1 
(b) eI =) 


9.22 Amt = Xa), Ame =X —-1 
9.24 \ = 0.13 sec7! 
9.26 (a) Ami = Ame = (T — tp)! 
(b) To. = Tay» Tome = FT —- C/A) 
(c) . ; 
Ami =[T — Tay", Tom = Ta) 
Avi = (Np Sg ear MG SFY? 
9.30 (2a)! 
9.32 (a) 2 = 63.65, 81.55, (b) 11, = 70.57, 84.43, (Cc) 1.2 = 77.74, 89.46 
9.34 (a) 9.16, (b) li,2 = 8.46, 9.86 


9.36 (a) /1,2 = 1072,1128, (b) 4,2 = 1340, 6218 and /; = 1478 
9.38 384 


CHAPTER 10 


10.1. More likely to be accepted at a = 0.01 
10.3 Hypothesis is accepted 

10.5 Hypothesis is accepted 

10.8 Poisson hypothesis is rejected 

10.10 Gamma hypothesis is accepted 

10.12 Normal hypothesis is accepted 

10.14 Poisson hypothesis is accepted 

10.16 Hypothesis is accepted 


CHAPTER 11 


11.1 (a) 
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387 
(b) 
‘ sl 
E(B} =p, var(B} =o? e “) | 
i=1 
(c) 
a2 1 n = 
i _ Bx.)? 
y mar eos Bx;) 
11.3 = A= Bey: E{=?} = m2 , hence biased. 


11.7) 14.98 + nates 

11.9 (a) @= 1.486 and G = 0.022, (b) /; = 0.006, 
ferent from zero 

11.11 By = 66.18, By = 0.42, By = 46. 10 

11.13 Bo = 717. 18, B= 10.84, b= —3.78, B= 


(c) Not significantly dif- 


—1.57, By = 0.38 
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Average value, see Mean 
Axioms of probability, 13-14 


Bayes’s theorem, 24-25 

Bernoulli trials, 161 

Beta distribution, 221—226, 237 
generalized, 225-226 
mean, 223, 237 
variance, 223, 237 

Bias, 265 

Binomial distribution, 43, 162, 182-183 
characteristic function, 164 
mean, 164, 184 
Poisson approximation, 182-183 
table, 365-366 
variance, 164, 184 

Boole’s inequality, 30 

Brownian motion, 106 


Cauchy distribution, 126 
Central limit theorem, 199-201 
Characteristic function, 98 
joint, 108 
Chebyshev inequality, 86-87 
Chi-squared distribution, 219-221, 236 
mean, 221, 236 
table, 371 
variance, 221, 236 
Chi-squared text, 316 
Coefficient of excess, 83 
Coefficient of skewness, 83 
Coefficient of variation, 81 
Computer software, 3, 375-377 
Confidence interval, 295, 296, 298, 302 
Confidence limit, 347 
Consistency, 274 
Correlation, 88—90 
perfect, 90 
zero, 90 


Correlation coefficient, 88—89 
Covariance, 88 
matrix, 93 
Cramer-Rao inequality, 267-270 
lower bound (CRLB), 269 
Cumulant, 101 
Cumulative distribution function see 
Probability distribution function 


D> distribution, 327 
table, 372 
De Morgan’s laws, 11-12 
Density function see Probability density 
function 
Distribution function, see Probability 
distribution function 


Efficiency, 270 
asymptotic, 271 
Error, 316 
type I, 316 
type II, 316 
Estimate, 264 
Estimator, 265 
consistent, 274 
efficient, 270,271 
sufficient, 275 
unbiased minimum-variance, 266 
Event, 12 
Excel 2000, 3 
Expectation, 75-76 
conditional, 83-85 
mathematical, 75 
operator, 75 
Exponential distribution, 45, 78, 215-219, 
236 
mean, 215, 236 
variance, 215, 236 
Exponential failure law, 218 
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Extreme-value distribution, 226, 
type I, 228, 237 
type II, 233, 237 
type III, 234, 237 


Failure rate, see Hazard function 
Fisher-Neyman factorization criterion, 275 
Frequency diagram, 248 
Function of random variables, 119, 137 
moments, 134 
probability distributions, 120 


Gamma distribution, 212-215, 236 
mean, 213, 236 
variance, 213, 236 
Gaus—Markov theorem, 345 
Gaussian distribution, see Normal 
distribution 
Geometric distribution, 167, 184 
mean, 168, 184 
variance, 168, 184 
Gumbel’s extreme value, 228 
distribution, 228 


Hazard function, 218 

Histogram, 248 
cumulative, 327 

Hypergeometric distribution, 167, 184 
mean, 184 
variance, 184 

Hypothesis testing, see Test of hypothesis 


Independence, 19-20 
mutual, 18 
Interarrival time, 215 


Jacobian, 149 
Kolmogorov—Smirnov test, 327 


Law of large numbers, 96 
Least-square estimator, 354-355 
covariance, 356 
linear unbiased minimum variance, 344 
mean, 355 
variance, 355 
Likelihood equation, 288 
Likelihood function, 288 
Linear regression, 335 
multiple, 354 
other models, 357 
simple, 335 
variance, 343 
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Lognormal distribution, 209-212, 236 
mean, 211, 236 
variance, 211, 236 


MacLaurin series, 99 
Markovian property, 27 
Markov’s inequality, 115 
Mass function, see Probability mass function 
Maximum likelihood estimate, 288 
Maximum likelihood estimator, 288-289 
consistency, 289 
efficiency, 289 
invariance property, 290 
Mean, 76-77 
conditional, 84 
Median, 76 
Mode, 78 
Moment, 76, 78 
central, 79 
joint, 87 
joint central, 87 
Moment estimate, 278 
Moment estimator (ME), 278-280 
combined, 284 
consistency, 279 
Moment-generating function, 112, 117 
Multinomial distribution, 172, 184 
covariance, 173 
mean, 173, 184 
variance, 173, 184 
Mutual exclusiveness, 13 


Negative binomial distribution, 169, 184 
mean, 171, 184 
variance, 171, 184 
Normal distribution, 107, 196-199, 236 
bivariate, 111 
characteristic function, 198 
mean, 198, 236 
multivariate, 205 
standardized, 201 
table, 369 
variance, 198, 236 
Normal equation, 338 
Nuisance parameter, 284 


Parameter estimation, 259 
interval estimation, 294-295 
maximum likelihood method, 287 
moment method, 278 
point estimation, 277 
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Pascal distribution, see Negative binomial 
distribution 
Poisson distribution, 173-176, 184 
mean, 176, 184 
table, 367 
variance, 176, 184 
Population, 259 
Probability, 13 
assignment, 16, 17 
conditional, 20-21 
function, 13 
measure, 13 
Probability density function (pdf), 44-46 
conditional, 62-63 
joint Gpdf), 49-51 
marginal, 57 
Probability distribution function (PDF), 39-41 
bivariate, 49 
conditional, 61 
joint (JPDF), 49-51 
marginal, 50 
mixed-type, 46 
Probability mass function (pmf), 41, 43 
conditional, 61 
joint Gpmf), 51-55 
marginal, 52 


Random experiment, 12 
Random sample, see Sample 
Random variable, 37—39 
continuous, 38 
discrete, 38 
function of, 120 
sum of, 145 
Random vector 
Random walk, 52 
Range space, 120 
Regression coefficient, 336 
confidence interval, 347 
least-square estimate, 344 
test of hypothesis, 316 
Relative likelihood, 16-17 
Reliability, 60, 218 
Residual, 337 
Return period, 169 


Sample, 259 
size, 260 
value, 260 

Sample mean, 97, 261 
mean, 261 
variance, 261 
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Sample moment, 263-264 
Sample point, 12 
Sample space, 12 
Sample variance, 262-263 
mean, 262 
variance, 262 
Schwarz inequality, 92 
Set, 8-12 
complement of, 9 
countable (enumerable), 8 
disjoint, 10 
element, 8 
empty, 9 
finite, 8 
infinite, 8 
subset of, 8 
uncountable (nonenumerable), 8 
Set operation, 9-12 
difference, 10 
intersection (product), 10 
union (sum), 9 
Significance level, 319 
Spreadsheet, 3 
Standard deviation, 79-81 
Statistic, 260 
sufficient, 275 
Statistical independence, see 
Independence 
Sterling’s formula, 107 
Student’s ¢-distribution, 298-299 
table, 370 
Sum of random variables, 93, 
145-146 
characteristic function, 104-105 
moment, 94 
probability distribution, 106, 146 


Test of hypothesis, 316 
Total probability theorem, 23 
Tree diagram, 27-28 


Unbiasedness, 265 

Uniform distribution, 57, 189, 236 
bivariate, 193 
mean, 192, 236 
variance, 192, 236 

Unimodal distribution, 79 


Variance, 79, 82 
Venn diagram, 9 


Weibull distribution, 235 
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